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1 Technical appendix

1.1 Hoeffding decomposition

For the kernel h defined in Lemma 2.1, define that hc(z1, . . . , zc) = Eh(z1, . . . , zc, Zc+1, · · · , Z4),

where Zi = (Xi, Yi) =D (X, Y ) for c = 1, 2, 3, 4. Let z = (x, y), z′ = (x′, y′), z′′ = (x′′, y′′)

and z′′′ = (x′′′, y′′′). Let (X ′, Y ′), (X ′′, Y ′′) and (X ′′′, Y ′′′) be independent copies of (X, Y ).

Direct calculation yields that

h1(z) =
1

2

{
E|x−X|(|Y ′ − Y ′′|+ |y − Y | − |y − Y ′| − |Y − Y ′|)

+ E|X −X ′|(|y − Y ′′|+ |Y − Y ′| − |y − Y | − |Y ′ − Y ′′|)
}

=
1

2

{
E|x−X|[V (Y ′, Y ′′) + V (y, Y )− V (y, Y ′)− V (Y, Y ′′)]

+ E|X −X ′|[V (y, Y ′′) + V (Y, Y ′)− V (y, Y )− V (Y ′, Y ′′)]

}
=

1

2

{
E(|x−X| − |X −X ′|)[V (y, Y )− V (Y, Y ′′)] + E|X −X ′|V (Y, Y ′)

}
=

1

2

{
EU(x,X)V (y, Y ) + dCov2(X, Y )

}
.
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Similarly, we obtain

h2(z, z
′) =

1

6

{
U(x, x′)V (y, y′) + dCov2(X, Y )

+ EU(x,X)(2V (y, Y )− V (y′, Y ))

+ EU(x′, X)(2V (y′, Y )− V (y, Y ))

}
,

and

h3(z, z
′, z′′) =

1

12

{
(2U(x, x′)− U(x′, x′′)− U(x, x′′))V (y, y′)

+ (2U(x, x′′)− U(x, x′)− U(x′, x′′))V (y, y′′)

+ (2U(x′, x′′)− U(x, x′)− U(x, x′′))V (y′, y′′)

+ E(2U(x,X)− U(x′, X)− U(x′′, X))V (y, Y )

+ E(2U(x′, X)− U(x,X)− U(x′′, X))V (y′, Y )

+ E(2U(x′′, X)− U(x,X)− U(x′, X))V (y′′, Y )

}
,

and

h4(z, z
′, z′′, z′′′)

=
1

12

{
(2U(x, x′) + 2U(x′′, x′′′)− U(x, x′′)− U(x, x′′′)− U(x′, x′′)− U(x′, x′′′))(V (y, y′) + V (y′′, y′′′))

+ (2U(x, x′′) + 2U(x′, x′′′)− U(x, x′)− U(x, x′′′)− U(x′′, x′)− U(x′′, x′′′))(V (y, y′′) + V (y′, y′′′))

+ (2U(x, x′′′) + 2U(x′′, x′)− U(x, x′′)− U(x, x′)− U(x′′′, x′′)− U(x′′′, x′))(V (y, y′′′) + V (y′, y′′))

}
.

1.1.1 Proof of Proposition 2.1

Proof. For the ease of notation, we drop the subscript n, that is, (Xi, Yi) =D (X, Y ), where

the distribution of (X, Y ) is allowed to depend on n. Under the null of mutual independence

between X and Y , dCov2(X, Y ) = 0. It can be easily seen that h1(z) = 0. And h2 and h3

can be simplified as,

h2(z, z
′) =

1

6
U(x, x′)V (y, y′),
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and

h3(z, z
′, z′′) =

1

12

{
(2U(x, x′)− U(x′, x′′)− U(x, x′′))V (y, y′)

+ (2U(x, x′′)− U(x, x′)− U(x′, x′′))V (y, y′′)

+ (2U(x′, x′′)− U(x, x′)− U(x, x′′))V (y′, y′′)

}
.

We deduce that

var(h2(Z,Z
′)) =

1

36
EU(X,X ′)2V (Y, Y ′)2 := ν2,

and

var(h3(Z,Z
′, Z ′′)) =

3

144
var{(2U(X,X ′)− U(X ′, X ′′)− U(X,X ′′))V (Y, Y ′)}

=
1

24

[
2EU(X,X ′)2V (Y, Y ′)2 + EU(X,X ′′)2V (Y, Y ′)2

]
=o(nν2),

and also

var(h4(Z,Z
′, Z ′′, Z ′′′)) =

6

144
EV (Y, Y ′)2[U(X,X ′′) + U(X ′, X ′′′) + U(X ′, X ′′)

+ U(X,X ′′′)− 2U(X,X ′)− 2U(X ′′, X ′′′)]2

=
1

6
{EV (Y, Y ′)2U(X,X ′′)2 + EU(X,X ′)2EV (Y, Y ′)2

+ EU(X,X ′)2V (Y, Y ′)2}

=o(n2ν2).

The sample distance covariance can be decomposed as in (4) under the null. The readers

are referred to Serfling (1980) for more details.

Under the local alternative, we assume that

var(K(X, Y )) = o(n−1ν2), var(K(X, Y ′)) = o(ν2).

This condition implies that

var(h1(Z)) = o(n−1ν2), var(h2(Z,Z
′)) = ν2(1 + o(1)).

Moreover, we have

var(h3(Z,Z
′, Z ′′)) ≤C

{
ν2 + EU(X,X ′′)2V (Y, Y ′)2 + EU(X,X ′′)U(X ′, X ′′)V (Y, Y ′)2

}
≤C
{
ν2 + EU(X,X ′′)2V (Y, Y ′)2

}
,
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and

var(h4(Z,Z
′, Z ′′, Z ′′′)) ≤C ′

{
ν2 + EU(X,X ′′)2V (Y, Y ′)2 + EU(X,X ′)2EV (Y, Y ′)2

}
,

where C and C ′ are some constants which are independent of n and p. Therefore, the same

decomposition can be derived under assumptions (1)-(3).

1.2 Proofs of the main results

1.2.1 Proof of Lemma 2.1

Proof. Denote 1 ∈ Rn as the vector of all ones, (n)k = n!/(n − k)!, Ink is the collections of

k-tuples of indices from {1, 2, . . . , n} such that each index occurs only once. By Lemma 1 of

Park et al. (2015), it can be shown that

dCov2n(X, Y ) =
1

n(n− 3)

(
tr(AB) +

1TA11TB1

(n− 1)(n− 2)
− 21TAB1

(n− 2)

)
= (n)−14

∑
(i,j,k,l)∈In4

(AijBij + AijBkl − 2AijBik)

=
1(
n
4

) ∑
i<j<k<l

h(Zi, Zj, Zk, Zl)

where

h(Zi, Zj, Zk, Zl) =
1

4!

(i,j,k,l)∑
(s,t,u,v)

(AstBst + AstBuv − 2AstBsu)

=
1

6

(i,j,k,l)∑
s<t,u<v

(AstBst + AstBuv)−
1

12

(i,j,k,l)∑
(s,t,u)

AstBsu

with Zi = (Xi, Yi), and the last summation is over all permutations of the 4-tuples of indices

(i, j, k, l). It is straightforward to verify that

E

 ∑
(i,j)∈In2

AijBij

 = E[tr(AB)] = (n)2 · E|X −X ′||Y − Y ′|,

E

 ∑
(i,j,q,r)∈In4

AijBqr

 = E[1TA11TB1− 41TAB1 + 2tr(AB)] = (n)4 · E|X −X ′|E|Y − Y ′|,

E

 ∑
(i,j,r)∈In3

AijBir

 = E[1TAB1− tr(AB)] = (n)3 · E|X −X ′||Y − Y ′′|.

Therefore, dCov2n(X, Y ) is unbiased and it is a fourth-order U-statistic.
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1.2.2 Proof of Theorem 3.1

Define the following quantities,

V1 = E[H(W,W ′)2H(W,W ′′)2],

V2 = E[H(W,W ′)H(W,W ′′)H(W ′′′,W ′)H(W ′′′,W ′′)],

V3 = E[H(W,W ′)4].

We first present the following three propositions.

Proposition 1.1. Define Mr :=
∑r

j=2

∑j−1
i=1 H(Wi,Wj). Then Mr is a martingale relative

to the natural filtration with respect to {Wi}ri=1.

Proof. Define the natural filtration Fj = σ(W1,W2, ...,Wj). Notice that under the null

E[H(Wi,Wj)] = E[H(Wi,Wj)|Wi] = E[H(Wi,Wj)|Wj] = 0.

It follows that Mr ∈ Fr and E(Mr) = 0. For any s ≥ r,

E(Ms|Fr) =
r∑
j=2

j−1∑
i=1

H(Wi,Wj) + E

[
s∑

j=r+1

j−1∑
i=1

H(Wi,Wj)

∣∣∣∣Fr
]

=Mr +
s∑

j=r+1

r∑
i=1

E [H(Wi,Wj)|Fr] +
s∑

j=r+2

j−1∑
i=r+1

E [H(Wi,Wj)]

=Mr +
s∑

j=r+1

r∑
i=1

E

[ ∑
1≤l<m≤p

Ul(W
(l)
i ,W

(l)
j )Um(W

(m)
i ,W

(m)
j )|Wi

]
=Mr.

Therefore, Mr is a zero mean martingale sequence.

Proposition 1.2. Define Wj =
∑j−1

i=1 H(Wi,Wj) and the natural filtration Fj with respect

to Wj. Then under the assumption that

V1
nS4

→ 0,
V2
S4
→ 0, (1)

we have

B−2n

n∑
j=2

E(W2
j |Fj−1)→p 1, (2)

where B2
n = n(n− 1)S2/2.
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Proof of Proposition 1.2. Notice that

n∑
j=2

E[W2
j ] =

n∑
j=2

E
[ j−1∑
i,i′=1

∑
1≤l<m≤p

Ul(W
(l)
i ,W

(l)
j )Um(W

(m)
i ,W

(m)
j )

·
∑

1≤l′<m′≤p

Ul′(W
(l′)
i′ ,W

(l′)
j )Um′(W

(m′)
i′ ,W

(m′)
j )

]

=
n∑
j=2

j−1∑
i=1

EH(Wi,Wj)
2

=
n(n− 1)

2
S2 = B2

n.

Define Lj(Wi,Wk) = E[H(Wi,Wj)H(Wk,Wj)|Fj−1] for i, k < j, and note that

E[W2
j |Fj−1] = E[

j−1∑
i=1

j−1∑
k=1

H(Wi,Wj)H(Wk,Wj)|Fj−1] =

j−1∑
i=1

j−1∑
k=1

Lj(Wi,Wk).

If i ≤ k and i′ ≤ k′ then

E[Lj(Wi,Wk)Lj′(Wi′ ,Wk′)]

=EH(W,W ′)2H(W,W ′′)2 if i = k = i′ = k′,

=E[H(W,W ′)H(W,W ′′)H(W ′′′,W ′)H(W ′′′,W ′′)] if i = i′ 6= k = k′, or i = k′ 6= k = i′,

=[EH(W,W ′)2]2 if i = k 6= i′ = k′,

=0 otherwise,

and also

E[Lj(Wi,Wk)]E[Lj′(Wi′ ,Wk′)]

=EH(Wi,Wj)H(Wk,Wj)EH(Wi′ ,Wj′)H(Wk′ ,Wj′)

=[EH(W,W ′)2]2 if i = k, i′ = k′,

=0 otherwise.

Therefore,

var

(
n∑
j=2

E[W2
j |Fj−1]

)
=

n∑
j,j′=2

j−1∑
i,k=1

j′−1∑
i′,k′=1

cov(Lj(Wi,Wk), Lj′(Wi′ ,Wk′))

=
∑
j=j′

[(j − 1)V1 + 2(j − 1)(j − 2)V2 − (j − 1)S4]

+ 2
∑

2≤j<j′≤n

[(j − 1)V1 + 2(j − 1)(j − 2)V2 − (j − 1)S4].

6



Under the assumption (1), we have

4

n2(n− 1)2S4
var

(
n∑
j=2

E[W2
j |Fj−1]

)
→ 0.

Therefore (2) holds.

Proposition 1.3. Define Wj =
∑j−1

i=1 H(Wi,Wj) and the natural filtration Fj with respect

to Wj. Under the assumption
V1
nS4

→ 0,
V3
n2S4

→ 0, (3)

we have
n∑
j=2

B−2n E
(
W2

j I(|Wj| > εBn)|Fj−1
)
→p 0, (4)

where Bn = n(n− 1)S2/2.

Proof of Proposition 1.3. Notice that

n∑
j=2

B−2n E
(
W2

j 1(|Wj| > εBn)|Fj−1
)
≤

n∑
j=2

B−2n (εBn)−sE
(
|Wj|2+s|Fj−1

)
for some s > 0. It suffices to show that for s = 2

n∑
j=2

B−4n E
(
W4

j |Fj−1
)
→p 0.

To this end, we show that
n∑
j=2

B−4n E
(
W4

j

)
→p 0. (5)

Some algebra yields that

n∑
j=2

E[W4
j ] =

n∑
j=2

j−1∑
i1,i2,i3,i4=1

EH(Wi1 ,Wj)H(Wi2 ,Wj)H(Wi3 ,Wj)H(Wi,Wj)

=
n∑
j=2

j−1∑
i=1

E[H(Wi,Wj)
4] + 3

n∑
j=2

j−1∑
i 6=i′

E[H(Wi,Wj)
2H(Wi′ ,Wj)

2]

=
n(n− 1)

2
V3 +O(n3V1).

Therefore, under (3), (5) holds.

We present the following lemma which is useful in the proof of Theorem 3.1.
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Lemma 1.1. Let a(x) = max{|E[|X − X ′|] − 2E[|x − X ′|]|,E[|X − X ′|]}. Then we have

|U(x, x′)| ≤ max{a(x), a(x′)}.

Proof of Lemma 1.1. By the triangle inequality, we have |E[|X − x′|]− |x− x′|| ≤ E[|x−X ′|]
for x, x′ ∈ R. Thus |U(x, x′)| ≤ max{|E[|X − X ′|] − 2E[|x − X ′|]|,E[|X − X ′|]} = a(x).

Switching x and x′, we get |U(x, x′)| ≤ a(x′). The conclusion thus follows.

Proof of Theorem 3.1. We show that Assumption A1 implies both (1) and (3) under the

null, i.e., V1
nS4 → 0, V2

S4 → 0 and V3
n2S4 → 0. We write a . b if a is less or equal to b up to a

multiplicative constant. By Lemma 1.1 and the fact that E[a(X)] . E[|X −E[X]|], we have∑p
l=1 dCov

4(W (l))

[
∑p

l=1 dCov
2(W (l))]2

=

∑p
l=1{E[Ul(W

(l),W
′(l))2]}2

[
∑p

l=1 dCov
2(W (l))]2

≤
∑p

l=1{E[a(W (l))]}4

[
∑p

l=1 dCov
2(W (l))]2

.

∑p
l=1{E[|W (l) − µ(l)|]}4

[
∑p

l=1 dCov
2(W (l))]2

.

By Assumption A1,
∑p

l=1 dCov
4(W (l)) = o([

∑p
l=1 dCov

2(W (l))]2). Therefore, we have

2S2 =
∑
l 6=m

dCov2(W (l))dCov2(W (m))

=

{
p∑
l=1

dCov2(W (l))

}2

−
p∑
l=1

dCov4(W (l))

=

{
p∑
l=1

dCov2(W (l))

}2

· {1 + o(1)}.

Again using Lemma 1.1 and the fact that E[a(X)2] . var(X), we have

V1 =E[H(W,W ′)2H(W,W ′′)2]

=
∑
l<m

∑
l′<m′

E[Ul(W
(l),W

′(l))2Um(W (m),W
′(m))2Ul′(W

(l′),W
′′(l′))2Um′(W

(m′),W
′′(m′))2]

.

{∑
l

E[Ul(W
(l),W

′(l))2]

}4

+

{∑
l

E[Ul(W
(l),W

′(l))2Ul(W
(l),W

′′(l))2]

}2

+

{∑
l

E[Ul(W
(l),W

′(l))2Ul(W
(l),W

′′(l))2]

}
·

{∑
l

E[Ul(W
(l),W

′(l))2]

}2

.

{∑
l

dCov2(W (l))

}4

+

{∑
l

{E[|W (l) − µ(l)|]}2var(W (l))

}2

.

Together with Assumption A1, we can show that

V1
nS4

.

{∑
l

dCov2(W (l))

}4

· 1

nS4
+

{∑
l

{E[|W (l) − µ(l)|]}2var(W (l))

}2

· 1

nS4
→ 0,
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where we have used the Cauchy-Schwarz inequality to show
{∑

l{E[|W (l) − µ(l)|]}2var(W (l))
}2 ≤∑

l{E[|W (l) − µ(l)|]}4
∑

l var(W (l))2. Similarly, we have

V2 =E[H(W,W ′)H(W,W ′′)H(W ′′′,W ′)H(W ′′′,W ′′)]

=
∑

1≤l<m≤p

E[Ul(W
(l),W

′(l))Ul(W
(l),W

′′(l))Ul(W
′′′(l),W

′(l))Ul(W
′′′(l),W

′′(l))

· Um(W (m),W
′(m))Um(W (m),W

′′(m))Um(W
′′′(m),W

′(m))Um(W
′′′(m),W

′′(m))]

≤

{∑
l

E[Ul(W
(l),W

′(l))Ul(W
(l),W

′′(l))Ul(W
′′′(l),W

′(l))Ul(W
′′′(l),W

′′(l))]

}2

.

{∑
l

{E[|W (l) − µ(l)|]}4
}2

,

which implies that

V2
S4
≤

{
1

S2

∑
l

{E[|W (l) − µ(l)|]}4
}2

→ 0.

Lastly, we have

V3 = E[H(W,W ′)4] .

{∑
l

E[Ul(W
(l),W

′(l))4]

}2

+

{∑
l

E[Ul(W
(l),W

′(l))2]

}4

+

{∑
l

E[Ul(W
(l),W

′(l))4]

}
·

{∑
l

E[Ul(W
(l),W

′(l))2]

}2

+

{∑
l

E[Ul(W
(l),W

′(l))2]

}
·

{∑
l

E[Ul(W
(l),W

′(l))3]

}2

.

{∑
l

var(W (l))2

}2

+

{∑
l

dCov2(W (l))

}4

,

Hence,

V3
n2S4

.

{
1

nS2

∑
l

var(W (l))2

}2

+

{∑
l

dCov2(W (l))

}4

· 1

n2S4
→ 0.

In view of Corollary 3.1 of Hall & Heyde (1980), the conclusion follows from Proposition 1.2

and 1.3.

Theorem 3.3 and Theorem 4.1 can be proved using similar arguments in Proposition 1.2

and Proposition 1.3, we omit the details.
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1.2.3 Proof of Theorem 3.2

Proof. Under the null of mutual independence, we have

EŜ2 =
∑

1≤l<m≤p

E[dCov2n(W (l))dCov2n(W (m))]

=
∑

1≤l<m≤p

dCov2(W (l))dCov2(W (m)) = S2.

Thus it suffice to show that

E

∣∣∣∣∣ Ŝ2

S2
− 1

∣∣∣∣∣
2
 =

var(Ŝ2)

S4
→ 0.

Notice that

var(Ŝ2) =
∑

1≤l<m≤p

∑
1≤l′<m′≤p

cov(dCov2n(W (l))dCov2n(W (m)), dCov2n(W (l′))dCov2n(W (m′)))

=
∑
l<m

var(dCov2n(W (l))dCov2n(W (m)))

+ 2
∑

l<m<m′

cov(dCov2n(W (l))dCov2n(W (m)), dCov2n(W (l))dCov2n(W (m′)))

=
∑
l<m

var(dCov2n(W (l)))var(dCov2n(W (m)))

+
∑
l 6=m

var(dCov2n(W (l)))dCov4(W (m))

+ 2
∑

l<m<m′

var(dCov2n(W (l)))dCov2(W (m))dCov2(W (m′))

:=J1 + J2 + J3 (say).

Since dCov2n(W (l)) is a fourth order U-statistics, by the Hoeffding decomposition, the domi-

nant term of its variance is (
n

4

)−1(
4

1

)(
n− 4

3

)
var(h1(W

(l)))

with

var(h1(W
(l))) =

1

4
var(E[Ul(W

(l),W
′(l))2|W (l)])

=
1

4
{E[Ul(W

(l),W
′(l))2Ul(W

(l),W
′′(l))2]− dCov4(W (l))}.

Under Assumption A1 and by Lemma 1.1, we can derive that∑p
l=1 E[Ul(W

(l),W
′(l))2Ul(W

(l),W
′′(l))2]

nS2
.

∑
l{E[|W (l) − µ(l)|]}2var(W (l))

nS2
→ 0,
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and ∑p
l=1 dCov

4(W (l))

S2
→ 0,

as we have shown in the proof of Theorem 3.1. The higher order terms of the variance of

dCov2n(W (l)) can be handled in a similar fashion. Hence we have∑p
l=1 var(dCov2n(W (l)))

S2
= O

(∑p
l=1{E[Ul(W

(l),W
′(l))2Ul(W

(l),W
′′(l))2]− dCov4(W (l))}

nS2

)
→ 0.

Therefore, we obtain that

J1
S4
≤
[∑p

l=1 var(dCov2n(W (l)))

S2

]2
→ 0,

and
J2
S4
≤
(∑p

l=1 var(dCov2n(W (l)))

S2

)
·
(∑p

l=1 dCov
4(W (l))

S2

)
→ 0,

and also
J3
S4
≤ 2S2

∑p
l=1 var(dCov2n(W (l)))

S4
→ 0.

Thus Ŝ2 is ratio consistent under the null and Assumption A1.

1.2.4 Proof of Theorem 3.4

Proof. WhenW (l) is standard Gaussian, we can directly calculate that dCov2(W (l)) = f(1) =
4
π
(1 + π

3
−
√

3). Therefore,

S2 =
∑

1≤l<m≤p

dCov2(W (l))dCov2(W (m)) =
p(p− 1)

2
[f(1)]2.

Our test φn,α = 1 if Dn > zα, where zα is 100(1− α)% quantile of standard normal. Hence

we have

1− E[φn,α] = P

∑1≤l<m≤p

√(
n
2

)
dCov2n(W (l),W (m))

S
≤ zα


= P

( ∑
1≤l<m≤p

dCov2n(W (l),W (m))− |Θ|2 ≤ zαf(1)

√
p(p− 1)

n(n− 1)
− |Θ|2

)

≤ P

(
|
∑

1≤l<m≤p

dCov2n(W (l),W (m))− |Θ|2| ≥

∣∣∣∣∣zαf(1)

√
p(p− 1)

n(n− 1)
− |Θ|2

∣∣∣∣∣
)

≤
var[

∑
1≤l<m≤p dCov

2
n(W (l),W (m))](

zαf(1)
√

p(p−1)
n(n−1) − |Θ|2

)2 ,

11



where zαf(1)
√

p(p−1)
n(n−1) − |Θ|

2 is negative for large enough c̃ and the last inequality uses

the fact that E[
∑

1≤l<m≤p dCov
2
n(W (l),W (m))] = |Θ|2 and Chebyshev’s inequality. Now let

Z
(lm)
i = (W

(l)
i ,W

(m)
i ), by lemma 2.1 we have∑

1≤l<m≤p

dCov2n(W (l),W (m)) :=
1(
n
4

) ∑
1≤i1<i2<i3<i4≤n

hs(Wi1 ,Wi2 ,Wi3 ,Wi4),

where

hs(Wi1 ,Wi2 ,Wi3 ,Wi4) =
∑

1≤l<m≤p

h(Z
(lm)
i1

, Z
(lm)
i2

, Z
(lm)
i3

, Z
(lm)
i4

).

Therefore
∑

1≤l<m≤p dCov
2
n(W (l),W (m)) is a fourth order U-statistic with kernel hs and its

variance is given by

var

[ ∑
1≤l<m≤p

dCov2n(W (l),W (m))

]
=

(
n

4

)−1 4∑
c=1

(
4

c

)(
n− 4

4− c

)
var(hsc) ≤ C

4∑
c=1

var(hsc)n
−c,

for some constant C > 0. Here hsc =
∑

1≤l<m≤p hc(z
(lm)
1 , . . . , z

(lm)
c ) for c = 1, 2, 3, 4 with

hc(z
(lm)
1 , . . . , z

(lm)
c ) = Eh(z

(lm)
1 , . . . , z

(lm)
c , Z

(lm)
c+1 , ,̇Z

(lm)
4 ) defined in Section 1.1.

Use the results from Lemma 1.2 or similar arguments from the proof, we can work out

the variance of the fourth order U-statistic. Specifically, for some constant c′, we have

4var(hs1) =
∑

1≤l<m≤p
1≤l′<m′≤p

E[h1(Z
(lm)
i1

, Z
(lm)
i2

, Z
(lm)
i3

, Z
(lm)
i4

)h1(Z
(l′m′)
i1

, Z
(l′m′)
i5

, Z
(l′m′)
i6

, Z
(l′m′)
i7

)]− |Θ|4

=
∑

1≤l<m≤p
1≤l′<m′≤p

E[U(W (l),W ′(l))U(W (m),W ′(m))U(W (l′),W ′′(l
′))U(W (m′),W ′′(m

′))]− |Θ|4

≤c′
{
p4E[U(W (1),W ′(1))U(W (2),W ′(2))U(W (3),W ′′(3))U(W (4),W ′′(4))]

+ p3E[U(W (1),W ′(1))U(W (1),W ′′(1))U(W (2),W ′(2))U(W (3),W ′′(3))]

+ p2E[U(W (1),W ′(1))U(W (1),W ′′(1))U(W (2),W ′(2))U(W (2),W ′′(2))]
}

=O(|Θ|4) +O(|Θ|3) +O(|Θ|2).

Therefore, we have

Cn−1var(hs1)(
zαf(1)

√
p(p−1)
n(n−1) − |Θ|2

)2 ≤ Cn−1{O(|Θ|4) +O(|Θ|3) +O(|Θ|2)}

z2αf(1)2 p(p−1)
n(n−1) + |Θ|4 − 2zαf(1)

√
p(p−1)
n(n−1) |Θ|2

.

Hence, the right hand side can be made less than 1−β
4

when p/n → λ ∈ (0,∞), and also
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|Θ|2 > c̃ for some large enough constant c̃ = c̃(α, β, λ). Similarly, we have

var(hs2) ≤c′
{ ∑

1≤l<m≤p
1≤l′<m′≤p

E[U(W (l),W ′(l))U(W (m),W ′(m))U(W (l′),W ′(l
′))U(W (m′),W ′(m

′))]

+
∑

1≤l<m≤p
1≤l′<m′≤p

E[U(W (l),W ′(l))U(W (m),W ′(m))U(W (l′),W ′′(l
′))U(W (m′),W ′′(m

′))]

+
∑

1≤l<m≤p
1≤l′<m′≤p

E[U(W (l),W ′(l))U(W (m),W ′′(m))U(W ′′′(l
′),W ′(l

′))U(W ′′′(m
′),W ′′(m

′))]
}
.

In particular ∑
1≤l<m≤p
1≤l′<m′≤p

E[U(W (l),W ′(l))U(W (m),W ′(m))U(W (l′),W ′(l
′))U(W (m′),W ′(m

′))]

≤c′
{
p4E[U(W (1),W ′(1))U(W (2),W ′(2))U(W (3),W ′(3))U(W (4),W ′(4))]

+ p3E[U(W (1),W ′(1))2U(W (2),W ′(2))U(W (3),W ′(3))]

+ p2E[U(W (1),W ′(1))2U(W (2),W ′(2))2]
}

=O(|Θ|4) +O(p|Θ|2) +O(p2),

and also ∑
1≤l<m≤p
1≤l′<m′≤p

E[U(W (l),W ′(l))U(W (m),W ′′(m))U(W ′′′(l
′),W ′(l

′))U(W ′′′(m
′),W ′′(m

′))]

≤c′
{
p4E[U(W (1),W ′(1))U(W (2),W ′′(2))U(W ′′′(3),W ′(3))U(W ′′′(4),W ′′(4))]

+ p3E[U(W (1),W ′(1))U(W ′′′(1),W ′′(1))U(W (2),W ′′(2))U(W ′′′(3),W ′(3))]

+ p3E[U(W (1),W ′(1))U(W ′′′(1),W ′(1))U(W (2),W ′′(2))U(W ′′′(3),W ′′(3))]

+ p2E[U(W (1),W ′(1))U(W ′′′(1),W ′(1))U(W (2),W ′′(2))U(W ′′′(2),W ′′(2))]
}

=O(|Θ|4) +O(|Θ|3) +O(|Θ|2).

Therefore,

Cn−2var(hs2)(
zαf(1)

√
p(p−1)
n(n−1) − |Θ|2

)2 ≤ Cn−2{O(|Θ|4) +O(|Θ|3) +O(|Θ|2) +O(p|Θ|2) +O(p2)}

z2αf(1)2 p(p−1)
n(n−1) + |Θ|4 − 2zαf(1)

√
p(p−1)
n(n−1) |Θ|2

.

The right hand side can also be made less than 1−β
4

when p/n→ λ ∈ (0,∞) and c̃ is large.

Using similar arguments, we can show that var(hs3), var(hs4) = O(var(hs2)) and accordingly

we obtain that 1− E[φn,α] ≤ 1− β as p/n→ λ and the theorem is proved.
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Lemma 1.2. For multivariate Gaussian (W1,W2,W3,W4) with pairwise correlation ρ, we

have

E[U(W1,W
′
1)U(W2,W

′
2)U(W3,W

′
3)U(W4,W

′
4)] ≤ C ′|ρ|4, (6)

E[U(W1,W
′
1)U(W2,W

′
2)U(W3,W

′′
3 )U(W4,W

′′
4 )] ≤ C ′|ρ|4,

E[U(W1,W
′
1)U(W1,W

′′
1 )U(W2,W

′
2)U(W3,W

′′
3 )] ≤ C ′|ρ|3,

E[U(W1,W
′
1)U(W1,W

′′
1 )U(W2,W

′
2)U(W2,W

′′
2 )] ≤ C ′|ρ|2,

E[U(W1,W
′
1)U(W2,W

′′
2 )U(W ′′′

3 ,W
′
3)U(W ′′′

4 ,W
′′
4 )] ≤ C ′|ρ|4,

E[U(W1,W
′
1)U(W ′′′

1 ,W
′
1)U(W2,W

′′
2 )U(W ′′′

3 ,W
′′
3 )] ≤ C ′|ρ|3,

E[U(W1,W
′
1)U(W ′′′

1 ,W
′
1)U(W2,W

′′
2 )U(W ′′′

2 ,W
′′
2 )] ≤ C ′|ρ|2,

E[U(W1,W
′
1)

2U(W2,W
′
2)U(W3,W

′
3)] ≤ C ′|ρ|2,

for some positive constant C ′ which is different from line to line.

Proof. We provide the details for (6). The other inequalities can be obtained in a similar

way. Using Lemma 1 in Szekeley et al. (2007), we can show that

U(W1,W
′
1) =

∫
R
(f(t1)− eit1W1)(f(t1)− e−it1W1)

dt1
πt21

,

where f(t) = f(t) = e−t
2/2. Therefore,

E[U(W1,W
′
1)U(W2,W

′
2)U(W3,W

′
3)U(W4,W

′
4)]

=E
{∫

R4

π−4(e−t
2
1/2 − eit1W1)(e−t

2
2/2 − eit2W2)(e−t

2
3/2 − eit3W3)(e−t

2
4/2 − eit4W4)

× (e−t
2
1/2 − eit1W

′
1)(e−t

2
2/2 − eit2W

′
2)(e−t

2
3/2 − eit3W

′
3)(e−t

2
4/2 − eit4W

′
4)
dt1
t21

dt2
t22

dt3
t23

dt4
t24

}
=

∫
R4

π−4
∣∣∣E(e−t

2
1/2 − eit1W1)(e−t

2
2/2 − eit2W2)(e−t

2
3/2 − eit3W3)(e−t

2
4/2 − eit4W4)

∣∣∣2 dt1
t21

dt2
t22

dt3
t23

dt4
t24
.

It is straightforward to verify that

E(e−t
2
1/2 − eit1W1)(e−t

2
2/2 − eit2W2)(e−t

2
3/2 − eit3W3)(e−t

2
4/2 − eit4W4)

=e−
t21+t22+t23+t24

2 (e−ρt1t2 + e−ρt1t3 + e−ρt1t4 + e−ρt2t3 + e−ρt2t4 + e−ρt3t4

− e−ρt1t2−ρt1t3−ρt2t3 − e−ρt1t2−ρt1t4−ρt2t4 − e−ρt1t3−ρt1t4−ρt3t4

− e−ρt2t3−ρt2t4−ρt3t4 + e−ρt1t2−ρt1t3−ρt1t4−ρt2t3−ρt2t4−ρt3t4 − 3)

=e−
t21+t22+t23+t24

2 (3ρ2t1t2t3t4 + Remainder terms),

where the last step uses the Taylor expansion ex = 1 + x+ x2/2 +
∑∞

3 xk/k!. Therefore we
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have

E[U(W1,W
′
1)U(W2,W

′
2)U(W3,W

′
3)U(W4,W

′
4)]

=

∫
R4

π−4
∣∣∣∣e− t21+t22+t23+t242 (3ρ2t1t2t3t4 + Remainder terms)

∣∣∣∣2 dt1t21 dt2t22 dt3t23 dt4t24
=

∫
R4

9π−4ρ4e−(t
2
1+t

2
2+t

2
3+t

2
4)dt1dt2dt3dt4 (7)

+

∫
R4

6π−4ρ2t1t2t3t4e
−(t21+t22+t23+t24)(Remainder terms)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

(8)

+

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(Remainder terms)2

dt1
t21

dt2
t22

dt3
t23

dt4
t24
. (9)

We first consider term (8). Denote a1 = t1t2, a2 = t1t3, a3 = t1t4, a4 = t2t3, a5 = t2t4 and

a6 = t3t4. By the Vitali convergence theorem, we can show that∫
R4

e−(t
2
1+t

2
2+t

2
3+t

2
4)(Remainder terms)

dt1
t1

dt2
t2

dt3
t3

dt4
t4

=
∞∑
k=3

(−ρ)k

k!

∫
R4

e−(t
2
1+t

2
2+t

2
3+t

2
4)
{

(a1)
k + (a2)

k + (a3)
k + (a4)

k + (a5)
k + (a6)

k

− (a1 + a2 + a4)
k − (a1 + a3 + a5)

k − (a2 + a3 + a6)
k − (a4 + a5 + a6)

k

+ (a1 + a2 + a3 + a4 + a5 + a6)
k
}dt1
t1

dt2
t2

dt3
t3

dt4
t4

:=
∞∑
k=3

(−ρ)k

k!
Ik.

Using the multinomial expansion, we have

a(k) :=
{

(a1)
k + (a2)

k + (a3)
k + (a4)

k + (a5)
k + (a6)

k − (a1 + a2 + a4)
k − (a1 + a3 + a5)

k

− (a2 + a3 + a6)
k − (a4 + a5 + a6)

k + (a1 + a2 + a3 + a4 + a5 + a6)
k
}

=
∑
∗

k!

k1!k2!k3!k4!k5!k6!
tk1+k2+k31 tk1+k4+k52 tk2+k4+k63 tk3+k5+k64 ,

where
∑
∗ denotes the summation over all (k1, k2, k3, k4, k5, k6) such that

∑6
i=1 ki = k, k1 +

k2+k3 ≥ 1, k1+k4+k5 ≥ 1, k2+k4+k6 ≥ 1 and k3+k5+k6 ≥ 1. Since
∫
R e
−t2t2k+1dt = 0 and

0 <
∫
R e
−t2t2kdt < ∞, we have Ik > 0 for k ≥ 3. We first consider the case −1/3 ≤ ρ < 0.

By Hölder’s inequality, we have

∞∑
k=3

(−ρ)k

k!
Ik =

∞∑
k=3

|ρ|k

k!
Ik ≤ E[U(W (1),W ′(1))4] <∞,
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which implies that

∞∑
k=3

(−ρ)k

k!
Ik =

∞∑
k=3

|ρ|k

k!
Ik ≤

|ρ|3

(1/3)3

∞∑
k=3

(1/3)k

k!
Ik ≤ C|ρ|3.

For 0 ≤ ρ ≤ 1,
∑∞

k=3
(−ρ)k
k!

Ik = ρ3
∑∞

k=3
(−1)k
k!

Ikρ
k−3. First notice that the above power series

is convergent at ρ = 1, that is,

∞∑
k=3

(−1)k

k!
Ikρ

k−3 =
∞∑
k=3

(−1)k

k!
Ik ≤ E[U(W (1),W ′(1))4] <∞.

By the Abel theorem, the power series is continuous as a function of ρ for ρ ∈ [0, 1] and

therefore bounded. Equivalently, we can use the Abel’s uniform convergence test to show

the power series is uniformly convergent for all ρ ∈ [0, 1]. Hence,
∑∞

k=3
(−ρ)k
k!

Ik ≤ C|ρ|3 for

some constant C that is independent of ρ and accordingly term (8) ≤ C|ρ|5. Similarly , we

can show that ∫
R4

e−(t
2
1+t

2
2+t

2
3+t

2
4)(Remainder terms)2

dt1
t21

dt2
t22

dt3
t23

dt4
t24

=ρ6
∫
R4

e−(t
2
1+t

2
2+t

2
3+t

2
4)(ρ−3 × Remainder terms)2

dt1
t21

dt2
t22

dt3
t23

dt4
t24

=ρ6
∫
R4

e−(t
2
1+t

2
2+t

2
3+t

2
4)

∞∑
k=6

(−ρ)k−6Jk
dt1
t21

dt2
t22

dt3
t23

dt4
t24

≤C|ρ|6,

where Jk =
∑

k1,k2:k1+k2=1
1

k1!k2!
a(k1)a(k2). Therefore

E[U(W1,W
′
1)U(W2,W

′
2)U(W3,W

′
3)U(W4,W

′
4)] ≤ C|ρ|4.

Using similarly arguments, we can show that

E[U(W1,W
′
1)U(W2,W

′
2)U(W3,W

′′
3 )U(W4,W

′′
4 )]

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(e−ρt1t2 + e−ρt1t3 + e−ρt1t4 + e−ρt2t3 + e−ρt2t4 + e−ρt3t4

− e−ρt1t2−ρt1t3−ρt2t3 − e−ρt1t2−ρt1t4−ρt2t4 − e−ρt1t3−ρt1t4−ρt3t4 − e−ρt2t3−ρt2t4−ρt3t4

+ e−ρt1t2−ρt1t3−ρt1t4−ρt2t3−ρt2t4−ρt3t4 − 3)(e−ρt1t2 − 1)(e−ρt3t4 − 1)
dt1
t21

dt2
t22

dt3
t23

dt4
t24

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(3ρ4t21t

2
2t

2
3t

2
4 + Remainder terms)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

≤C ′|ρ|4,
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E[U(W1,W
′
1)U(W1,W

′′
1 )U(W2,W

′
2)U(W3,W

′′
3 )]

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(e−t1t2 + e−ρt1t3 + e−ρt1t4 + e−ρt2t3 + e−ρt2t4 + e−ρt3t4

− e−t1t2−ρt1t3−ρt2t3 − e−t1t2−ρt1t4−ρt2t4 − e−ρt1t3−ρt1t4−ρt3t4 − e−ρt2t3−ρt2t4−ρt3t4

+ e−t1t2−ρt1t3−ρt1t4−ρt2t3−ρt2t4−ρt3t4 − 3)(e−ρt1t3 − 1)(e−ρt2t4 − 1)
dt1
t21

dt2
t22

dt3
t23

dt4
t24

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(2ρ3t21t

2
2t

2
3t

2
4 + Remainder terms)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

≤C ′|ρ|3,

E[U(W1,W
′
1)U(W1,W

′′
1 )U(W2,W

′
2)U(W2,W

′′
2 )]

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(e−t1t2 + e−ρt1t3 + e−ρt1t4 + e−ρt2t3 + e−ρt2t4 + e−t3t4

− e−t1t2−ρt1t3−ρt2t3 − e−t1t2−ρt1t4−ρt2t4 − e−ρt1t3−ρt1t4−t3t4 − e−ρt2t3−ρt2t4−t3t4

+ e−t1t2−ρt1t3−ρt1t4−ρt2t3−ρt2t4−t3t4 − 3)(e−ρt1t3 − 1)(e−ρt2t4 − 1)
dt1
t21

dt2
t22

dt3
t23

dt4
t24

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(2ρ2t21t

2
2t

2
3t

2
4 + Remainder terms)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

≤C ′|ρ|2,

E[U(W1,W
′
1)U(W2,W

′′
2 )U(W ′′′3 ,W

′
3)U(W ′′′4 ,W

′′
4 )]

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(e−ρt1t2 − 1)(e−ρt1t3 − 1)(e−ρt2t4 − 1)(e−ρt3t4 − 1)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(ρ4t21t

2
2t

2
3t

2
4 + Remainder terms)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

≤C ′|ρ|4,

E[U(W1,W
′
1)U(W ′′′1 ,W

′
1)U(W2,W

′′
2 )U(W ′′′3 ,W

′′
3 )]

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(e−t1t2 − 1)(e−ρt1t3 − 1)(e−ρt2t4 − 1)(e−ρt3t4 − 1)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(ρ3t21t

2
2t

2
3t

2
4 + Remainder terms)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

≤C ′|ρ|3,
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E[U(W1,W
′
1)U(W ′′′1 ,W

′
1)U(W2,W

′′
2 )U(W ′′′2 ,W

′′
2 )]

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(e−t1t2 − 1)(e−ρt1t3 − 1)(e−ρt2t4 − 1)(e−t3t4 − 1)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(ρ2t21t

2
2t

2
3t

2
4 + Remainder terms)

dt1
t21

dt2
t22

dt3
t23

dt4
t24

≤C ′|ρ|2,

and

E[U(W1,W
′
1)2U(W2,W

′
2)U(W3,W

′
3)]

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(e−t1t2 + e−ρt1t3 + e−ρt1t4 + e−ρt2t3 + e−ρt2t4 + e−ρt3t4

− e−t1t2−ρt1t3−ρt2t3 − e−t1t2−ρt1t4−ρt2t4 − e−ρt1t3−ρt1t4−ρt3t4 − e−ρt2t3−ρt2t4−ρt3t4

+ e−t1t2−ρt1t3−ρt1t4−ρt2t3−ρt2t4−ρt3t4 − 3)2
dt1
t21

dt2
t22

dt3
t23

dt4
t24

=

∫
R4

π−4e−(t
2
1+t

2
2+t

2
3+t

2
4)(2ρt1t2t3t4 + Remainder terms)2

dt1
t21

dt2
t22

dt3
t23

dt4
t24

≤C ′|ρ|2.

1.2.5 Proof of Proposition 5.2

Proof. By (2.11) of Székely et al. (2007), we have∫
(eı〈ti,W

(i)〉 − 1)(e−ı〈ti,W
(i)′ 〉 − 1)(ca,di |ti|1+a)−1dt = K(W (i),W (i)′).

Therefore, direct calculation shows that∫ ∣∣∣∣∣E
p∏
i=1

(eı〈ti,W
(i)〉 − 1)−

p∏
i=1

E(eı〈ti,W
(i)〉 − 1)

∣∣∣∣∣
2

dt̃

=

∫
E

p∏
i=1

(eı〈ti,W
(i)
1 〉 − 1)(e−ı〈ti,W

(i)
2 〉 − 1)dt̃+

∫
E

p∏
i=1

(eı〈ti,W
(i)
2i−1〉 − 1)(e−ı〈ti,W

(i)
2i 〉 − 1)dt̃

− 2

∫
E

p∏
i=1

(eı〈ti,W
(i)
1 〉 − 1)(e−ı〈ti,W

(i)
i+1〉 − 1)dt̃

=E
p∏
i=1

Ki(W (i)
1 ,W

(i)
2 ) +

p∏
i=1

EKi(W (i)
2i−1,W

(i)
2i )− 2E

p∏
i=1

Ki(W (i)
1 ,W

(i)
i+1)

=MdCov2(W ; a).
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2 Additional Simulation Results

2.1 Testing for mutual independence

In this section, we provide additional simulation examples to compare the power from our

proposed test and LDt∗ . LDt∗ is studied in Leung & Drton (2017), which is based on the

the sign covariance introduced by Bergsma & Dassios (2014). The sign covariance also

targets at non-linear dependence as distance covariance. We consider several non-Gaussian

data generating processes as follows. The power (rejection probabilities) reported below are

based on 5000 Monte Carlo simulations at the nominal level α = 0.05.

Example 2.1. The data W = (W1, ...,Wp) ∈ Rp, where Wi = Z3
i for i = 1, ..., p and

Z = (Z1, ..., Zp) are generated from multivariate t-distribution with degrees of freedom 5 and

the following three covariance matrices Σ = (σij(ρ))pi,j=1 for ρ = 0.1.

• AR(1) structure: σii = 1 and σij = ρ|i−j| for all i, j ∈ {1, ..., d};

• Band structure: σii = 1 for i = 1, ..., d; σij = ρ if 0 < |i − j| < 3 and σij = 0 if

|i− j| ≥ 3;

• Block structure: Define Σblock = (σ∗ij) with σii = 1 and σij = ρ if i 6= j for all

i, j ∈ {1, ..., 5}. The covariance matrix is given by the following Kronecker product

Σ = Ibp/5c ⊗Σblock.

Table 1: Power of Example 2.1
AR(1) Band Block

n p dCov LDt∗ dCov LDt∗ dCov LDt∗

30 25 0.699 0.307 0.723 0.365 0.718 0.377

30 50 0.918 0.609 0.924 0.620 0.920 0.642

30 100 0.992 0.920 0.995 0.932 0.995 0.942

30 200 1.000 1.000 1.000 0.999 1.000 1.000

30 400 1.000 1.000 1.000 1.000 1.000 1.000

60 25 0.959 0.357 0.971 0.482 0.974 0.492

60 50 0.999 0.665 0.999 0.746 1.000 0.752

60 100 1.000 0.961 1.000 0.974 1.000 0.980

60 200 1.000 1.000 1.000 1.000 1.000 1.000

60 400 1.000 1.000 1.000 1.000 1.000 1.000
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Example 2.2. Similar to the example used in Leung & Drton (2017), consider the data

W = (W1, ...,Wp) ∈ Rp, generated from multivariate power exponential distribution with

kurtosis parameter equals 20 and a compound symmetry covariance matrix Σ = (σij)
p
i,j=1 for

σii = 1 and σij = 0.03.

Table 2: Power of Example 2.2
n = 30 n = 60

p dCov LDt∗ dCov LDt∗

25 0.108 0.092 0.148 0.116

50 0.167 0.136 0.311 0.209

100 0.293 0.199 0.619 0.421

200 0.560 0.424 0.915 0.788

400 0.859 0.740 0.995 0.979

800 0.974 0.942 1.000 1.000

From both examples we observed that our proposed test shows higher power than LDt∗

when the dimension and sample size are low. Notice that as dimension decreases, the overall

dependence also decreases. Therefore, our test outperforms LDt∗ under weak signal situations

and performs equally well as LDt∗ for strong signal cases.

2.2 Testing for banded dependence structure

In this subsection, we conduct additional simulations to evaluate the performance of the

proposed test for the banded dependence structure. Adaptations of the CJ and HLρ tests to

testing the banded dependence structure are also carried out to compare with the proposed

test. The simulation setting is the same as in Section 6.1.

Example 2.3. Consider the following banded dependence structures

i) The data is generated from multivariate normal distribution with banded covariance

matrix Σ = (σij)
p
i,j=1, where σii = 1 for i = 1, ..., d, σij = 0.3 if 0 < |i − j| < 5 and σij = 0

if |i− j| ≥ 5;

ii) The data is generated as W = Z3, where Z is generated from i);

iii) The data is generated as W = Z1/3, where Z is generated from i).

Table 3 shows the result from Example 2.3. The true bandwidth is 4 in this example, we

choose h = 5 and h = 10 in the tests. It can be seen from the table that dCov-based banded

dependence structure test has slight size inflation when n = 60, which subsides as sample
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size grows. In contrast, HLτ test is a little bit conservative in some scenarios. CJ test is

more conservative in cases i & iii and shows strong size distortion when the distribution is

too far from Gaussian in case ii. It appears that there is no big difference between using

h = 5 and h = 10 for all of the three tests. Likewise, we provide the histogram of the test

statistics from 5000 Monte Carlo simulation and also the kernel density estimate using the

Gaussian kernel with the comparison of standard normal density as the red dashed line in

Figure 2.1 for the three cases in this example where n = 100, p = 800 and h = 10. It is

shown that the normal approximation is quite close to the null distribution of the proposed

test statistic in all the three cases. The plots for h = 5 are almost identical to those for

h = 10 and therefore omitted.
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Figure 2.1: The histogram and kernel density estimate for the null distribution of the dCov-based

test statistic for Example 2.3. The red dashed line is the density of the standard normal.

Example 2.4. Consider the following cases

i) The data is generated from multivariate normal distribution with banded covariance

matrix Σ = (σij)
p
i,j=1, where σii = 1 for i = 1, ..., d, σij = 0.1 if 0 < |i− j| ≤ 20 and σij = 0

if |i− j| > 20;

ii) The data is generated as W = Z1/3, where Z is generated from i).

iii) The data is generated the same way as Example 6.3 in Section 6.1.

Table 4 collects the results from Example 2.4. We choose h = 5 and h = 10 in all the

tests whereas the true bandwidths in cases i and ii are both 20; in case iii, there is no banded

dependence structure. We observe that the power for the proposed test is consistently higher

than other methods and the power increases as sample size and dimension increase, whereas

HLτ test suffers from significant power reduction in all cases. Moreover, CJ test is the worst

among these three tests with power less than the nominal level in most of the scenarios.

This example demonstrates that our proposed banded dependence test has very good power

performance.
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Table 3: Size for the banded dependence tests from Example 2.3
(i) (ii) (iii)

n p dCov CJ HLτ dCov CJ HLτ dCov CJ HLτ

h = 5

60 50 0.063 0.012 0.041 0.065 0.938 0.038 0.062 0.027 0.046

60 100 0.067 0.008 0.048 0.070 1.000 0.044 0.064 0.020 0.044

60 200 0.061 0.004 0.044 0.058 1.000 0.042 0.069 0.016 0.041

60 400 0.060 0.002 0.043 0.054 1.000 0.037 0.060 0.013 0.042

60 800 0.064 0.001 0.034 0.066 1.000 0.036 0.066 0.008 0.038

100 50 0.056 0.021 0.040 0.059 0.943 0.040 0.060 0.029 0.042

100 100 0.056 0.018 0.044 0.053 1.000 0.048 0.058 0.029 0.044

100 200 0.055 0.015 0.042 0.052 1.000 0.042 0.053 0.026 0.046

100 400 0.057 0.013 0.043 0.057 1.000 0.043 0.055 0.021 0.043

100 800 0.059 0.005 0.041 0.058 1.000 0.039 0.056 0.017 0.040

h = 10

60 50 0.069 0.009 0.034 0.063 0.893 0.031 0.060 0.022 0.036

60 100 0.067 0.007 0.044 0.066 0.999 0.039 0.062 0.017 0.040

60 200 0.062 0.004 0.041 0.062 1.000 0.040 0.073 0.015 0.039

60 400 0.061 0.002 0.042 0.055 1.000 0.036 0.061 0.013 0.041

60 800 0.064 0.001 0.033 0.064 1.000 0.036 0.065 0.008 0.038

100 50 0.053 0.016 0.033 0.060 0.901 0.032 0.058 0.024 0.034

100 100 0.058 0.016 0.040 0.058 1.000 0.043 0.056 0.025 0.040

100 200 0.057 0.014 0.042 0.052 1.000 0.040 0.054 0.025 0.043

100 400 0.057 0.012 0.042 0.060 1.000 0.042 0.054 0.021 0.042

100 800 0.061 0.005 0.040 0.059 1.000 0.038 0.057 0.017 0.040

Table 4: Power for the banded dependence tests from Example 2.4
(i) (ii) (iii)

n p dCov CJ HLτ dCov CJ HLτ dCov CJ HLτ

h = 5

60 50 0.983 0.070 0.185 0.938 0.091 0.192 1.000 0.019 0.311

60 100 0.998 0.038 0.149 0.980 0.062 0.151 1.000 0.014 0.359

60 200 0.999 0.020 0.116 0.993 0.037 0.115 1.000 0.010 0.407

60 400 1.000 0.005 0.072 0.996 0.020 0.073 1.000 0.008 0.449

60 800 1.000 0.002 0.064 0.998 0.012 0.051 1.000 0.003 0.511

100 50 1.000 0.249 0.345 0.999 0.209 0.357 1.000 0.023 0.310

100 100 1.000 0.170 0.302 1.000 0.163 0.285 1.000 0.023 0.368

100 200 1.000 0.101 0.215 1.000 0.107 0.210 1.000 0.023 0.423

100 400 1.000 0.050 0.150 1.000 0.067 0.154 1.000 0.015 0.490

100 800 1.000 0.026 0.114 1.000 0.038 0.106 1.000 0.010 0.537

h = 10

60 50 0.916 0.050 0.130 0.804 0.062 0.129 1.000 0.015 0.305

60 100 0.957 0.028 0.114 0.877 0.045 0.116 1.000 0.013 0.356

60 200 0.973 0.016 0.095 0.902 0.028 0.094 1.000 0.010 0.406

60 400 0.980 0.004 0.063 0.915 0.017 0.061 1.000 0.007 0.449

60 800 0.983 0.002 0.057 0.921 0.011 0.044 1.000 0.003 0.511

100 50 0.998 0.171 0.244 0.988 0.147 0.250 1.000 0.018 0.304

100 100 1.000 0.122 0.223 0.997 0.123 0.212 1.000 0.020 0.365

100 200 1.000 0.073 0.159 1.000 0.080 0.157 1.000 0.021 0.420

100 400 1.000 0.036 0.119 1.000 0.051 0.116 1.000 0.014 0.490

100 800 1.000 0.020 0.095 1.000 0.033 0.086 1.000 0.009 0.536
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2.3 Computational complexity

In the high-dimensional setting, computation cost is a worthy consideration. In this sec-

tion, we compare the computational complexity for different methods theoretically and also

provide a runtime analysis. The discussion only focuses on the L2 methods mentioned in

the paper and also dHSIC, because the L∞ methods have the same order of computational

complexity as their L2 counterparts.

SC’s test uses the Pearson correlation, which is very straightforward to implement in O(n)

operations; LDτ and LDρ use the rank correlation coefficients Kendall’s τ and Spearman’s ρ,

which are U -statistics of degrees 2 and 3, respectively. Naive implementation involves O(n2)

and O(n3) operations. However, Spearman’s ρ statistics can be easily calculated in O(n log n)

operations based on its alternative definition. Christensen (2005) showed that Kendall’s τ

can also be computed in O(n log n). Bergsma-Dassios’ sign covariance t∗ is a U -statistics of

degree 4. Direct computing has a O(n4) complexity, but Weihs et al. (2016) showed that

it can be computed in O(n2 log n) operations; Heller & Heller (2016) further improved it

to O(n2). Distance covariance can also be computed in O(n2) operations; Huo & Székely

(2016) proposed a fast computing algorithm which only requires O(n log n) operations. For

the corresponding L2/L∞ statistics for testing pairwise independence, we need to evaluate

the underlying sample dependence measures
(
p
2

)
times. Since all the existing L2 statistics

are asymptotically pivotal, no further calibration is needed for these tests. However, in our

proposed test statistic, we do need to estimate the variance part. Hence the runtime for our

test is slightly longer than other methods with the same order of computational complexity.

On the other hand, dHSIC itself can be computed in O(p2n2) operations. Pfister et al.

(2016) proposed the dHSIC independence test based on permutation test, bootstrap and

Gamma approximation. If the first two approaches are used, the overall complexity becomes

O(Bp2n2), where B is the number of permutation/bootstrap. This is quite demanding as

compared with other methods discussed above. Table 5 shows the summary of computational

complexity for different methods. Figure 2.2 presents the runtime (at log scale) results, which

is consistent with the theory.
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Table 5: Computational Complexity for All Tests

Naive Algo Fast Algo

dCov O(p2n2) O(p2n log n)

SC O(p2n)

LDτ O(p2n2) O(p2n log n)

LDρ O(p2n3) O(p2n log n)

LDt∗ O(p2n4) O(p2n2 log n)/ O(p2n2)

dHSIC O(p2n2)
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Figure 2.2: Runtime analysis. dCov is implemented using the naive algorithm for simplicity,

dHSIC is implemented using permutation with B = 200, other tests are implemented using

the fast algorithms.
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