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Preface

To the Reader

I wrote this book for students who have already met probability, mathematical statistics,
and linear regression, and who now want a coherent route into modern large-scale inference. The
recurring question is simple: after many hypotheses, model choices, or benchmark comparisons
have been examined, what claim can still be made honestly?

These chapters grew out of lectures for statistics Ph.D. students. I have tried to make the
written version more patient than lectures can be: definitions before use, examples that show
what the theory is buying, reproducible numerical experiments, and exercises that turn reading
into active checking. Some arguments need to be read twice; that is normal. The goal is not to
memorize a catalogue of methods, but to learn how to ask careful inferential questions when
modern data analysis can easily outrun intuition.

Prerequisites

To read the technical chapters comfortably, it helps to have seen the following material before
opening Chapter 2.

e Graduate probability, including the measure-theoretic language of expectation, condi-
tional expectation, modes of convergence, and the Gaussian and multinomial distribu-
tions.

o Mathematical statistics: hypothesis testing, Neyman-Pearson, asymptotic normality,
likelihood ratios, contiguity in some form.

e Linear regression in matrix form, including the normal equations and the projection
geometry of ordinary least squares.

e Basic real analysis sufficient to read e-style arguments and routine inequalities (Markov,
Chebyshev, Cauchy-Schwarz, union bound).

Familiarity with the Lasso, martingales, and empirical processes is helpful but not assumed.
When these tools first appear, I introduce what is needed for the chapter and point to standard
references for readers who want to go deeper.

Organization

Chapter 1 introduces the book’s common language: inferential targets, evidence measures,
error rates, dependence, and selection. Chapters 2 and 3 develop global testing: detecting
whether any signal is present in a high-dimensional collection of hypotheses. Chapters 4 to 6 cover
individual decisions under familywise and false-discovery error rates, including closure, graphical
procedures, BH, PRDS, adaptive estimation, and the two-groups empirical-Bayes model. Chapter
7 extends these tools to non-flat families: grouped hypotheses, tree-structured multiplicity, and
replicability across studies. Chapter 8 introduces e-values, safe testing, and e-BH; advanced
sequential derivations are collected in Appendix A. Chapter 9 develops conditional randomization
tests, knockoff filters, and multilayer knockoffs for high-dimensional variable selection. Chapters
10 to 12 treat distribution-free prediction with conformal inference, confidence intervals for

viii
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high-dimensional regression coefficients via the debiased Lasso, and selective inference after data-
driven model selection (including data thinning and fission for unsupervised targets). Advanced
conformal limits, proofs, drift bounds, and risk control are collected in Appendix B. Chapter
13 uses applications in genomics, watermarking, contamination auditing, and reference-relative
factuality to show how the same statistical principles reappear in modern scientific and Al
workflows.

The chapters can mostly be read in order, but they are not strictly linear. A reader who
wants to learn FDR control quickly may go straight from Chapter 4 to Chapters 5 and 6. A
reader interested in e-values may read Chapter 8 immediately after Chapter 5. A reader focused
on prediction and selective inference may go directly from Chapter 6 to Chapters 10 and 12.
Readers interested specifically in hierarchical genomic or regulatory testing can read Chapter 7
immediately after the FDR, chapters.

Acknowledgments

This book grew out of the STAT 689 lecture sequence at Texas A&M University. I am
grateful to the students and colleagues whose questions and comments sharpened the exposition.
I also benefited a lot from Emmanuel Candes’s Stats 300C lecture materials.



Notation

The book uses the conventions below. Chapter-specific notation is introduced where it
appears.

Counts

number of hypotheses, tests, p-values, or e-values
sample size (number of observations)
number of features in a regression model

o number of true null hypotheses

1 number of nonnulls, m; = m — my

333

Hypotheses and decisions

H;, Hy;, Hi; ith hypothesis with its null and alternative
Hi = ;er Hi intersection hypothesis on index set I

To index set of true nulls, so my = |Zy|
R,R rejection set and its size R = |R|
U true nulls not rejected, U = mg — V
Vv number of false rejections, V = |R N Zy|
M nonnulls not rejected (missed discoveries), M = m; — D
D number of true discoveries, D = R —V
S data-driven selected set (Chapters 9, 12)
Error rates
FWER =P(V > 1) familywise error rate
FDP=V/(RV1) false discovery proportion
FDR = E[FDP] false discovery rate
pFDR =E[V/R | R > (] positive false discovery rate
FCR false coverage rate (Chapter 12)
Evidence and observables
;i p-value for H;, super-uniform under Hy;
E; e-value for H;, satisfying E[F;] < 1 under Hy;
Z; z-score; in the Gaussian sequence model Z; ~ N (u;, 1)

Ifdr(z) local false discovery rate P(0 =0 | Z = 2)

W; knockoff statistic (Chapter 9)

A generic conformal conformity or nonconformity score
Agafe  strict-safe score for reference-relative factuality

Twm watermark detection or maximum-scan statistic



CONVENTIONS xi

Probability and statistics

P, E, Var, Cov probability, expectation, variance, covariance

L(X) law (distribution) of a random variable

D, ¢ standard normal CDF and density

Unif(0, 1) uniform distribution on [0, 1]

Xi» Xd chi-square (k df) and chi (d df, the norm of a
standard normal vector in R?) distributions

TN(u, 02, [a, b)) normal N(u,o?) truncated to [a, b]

£>, 4, convergence in probability and in distribution

Op(')7

1{A}

Op() stochastic little-o and big-O: X,, = op(ay,) means

Xn/an £ 0, and X,, = Op(a,) means X, /ay, is
bounded in probability
indicator of the event A

Regression and high-dimensional models

X € R™P  design matrix (rows are observations, columns are features)

X; € R*  jth column of X (the jth feature across all observations)
X_j the design matrix with column j removed
z] € R™P jth row of X (the feature vector for observation 1)
Yy, Y response vector
g € RP regression coefficients (target)
B estimator of 8
S coefficient support {j : 5; # 0}
0, ©g generic parameter and null parameter set
>, T covariance matrix and precision matrix !
X knockoff copy of X (Chapter 9)
Conventions
e Boldface is not used for vectors; whether a symbol is scalar or vector is clear from
context.
e Uppercase letters denote random variables and lowercase letters denote realizations

whenever the distinction matters.

e R, Z, N are the real, integer, and natural numbers.
e All limits are as m — oo or n — oo unless otherwise stated; in particular, o(-) and O(+)

refer to that limit.

The symbol g is reserved for an FDR target. The symbol a denotes a single-test Type I
error, familywise error budget, or prediction miscoverage level, as stated locally.

A hypothesis-specific g-value is written with an uppercase @, for example Q;, Q(;), or
Q(z). This distinguishes it from the prespecified scalar FDR target g.

Threshold rules use R(t)V 1 to avoid division by zero before any rejection has been made.
Supremum and infimum rules follow the convention stated where the rule is introduced;
when a proof uses the inequality at the selected threshold, the chapter either searches
over a finite grid or assumes enough one-sided continuity or closedness for the selected
threshold to be attained.

The blackboard symbols P, [E denote the abstract probability and expectation oper-
ators. Italic Py, Pi, Py, Fy and similar denote specific probability measures and the
corresponding expectations; the subscript identifies which measure.



CONVENTIONS xii

e Common distributions are written in roman: Bin(n,p) for binomial, Bernoulli(p), and
Unif (0, 1) for uniform.

e Group counts use GG, while benchmark tasks and model-task cells use Biask and Bean
when a count is needed. Cluster separation is dgep, distinct from the normal density ¢.
Time-indexed processes may still use 7" as a terminal time, but decision-table counts
use D and M.



CHAPTER 1

Introduction: Multiplicity, Selection, and Modern Inference

The trouble often starts after the first successful plot. A genomic screen has a striking gene
near the top of a volcano plot. A high-dimensional regression has a small set of variables selected
by the Lasso. A model evaluation table has several cells where a new method appears to beat
the baseline. Each finding may be real. Each may also be the best-looking accident among many
chances to look.

For example, suppose 20,000 null genes are tested and the smallest p-value is 107°. On its
own, 107° looks impressive. But if all 20,000 p-values were independent uniforms, then

P{minp; <107°} =1 — (1 — 1079)299%0 ~ (.18.
J

The surprise fades once the family of questions is visible. The calculation is elementary, but the
lesson is deep: evidence is interpreted relative to the search that produced it.

The same issue appears in less obvious forms. If a regression analyst fits a Lasso, chooses
one selected coefficient, and then reports the ordinary least-squares confidence interval as if
that coefficient had been fixed in advance, the interval is answering the wrong question. If a
benchmark paper compares many models across many tasks and highlights only the biggest
gains, unadjusted p-values exaggerate the evidence. If a prediction method is tuned on many
subgroups and then advertised as calibrated, we need to know which coverage statement survived
the tuning.

This book develops tools for these situations. Its readers are graduate students in statistics,
applied researchers who need reliable large-scale inference, and statisticians who want a coherent
path from classical multiple testing to modern methods such as e-values, knockoffs, conformal
prediction, debiased Lasso, and selective inference. The level is mathematical, but the organizing
question is practical: what claim are we trying to make, and what calibration makes that claim
honest?

1. Targets Before Methods

The same data set can support several different inferential targets. A global test asks whether
any signal is present. A multiple-testing procedure reports a discovery list while controlling a
false-positive error rate. A conformal method reports a prediction set with a coverage guarantee
for a future observation. A post-selection method reports an interval or p-value after the object
of inference has been chosen using the data.

These targets are related, but they are not interchangeable. A valid global test can tell
us that a genomic experiment contains signal, but it does not identify the non-null genes. A
Benjamini—Hochberg discovery list controls an average false discovery proportion, but it does
not promise that every selected gene is real. A conformal prediction interval gives a coverage
statement for a future response, but it does not rank variables by importance. Selective inference
can repair a confidence statement after model selection, but only relative to the selection event
or randomization that is actually analyzed.



4. HOW TO READ THE BOOK 2

This is the book’s first habit of mind: state the target before choosing the procedure. The
mathematics then has a job to do. It must connect the reported object to the error rate or
coverage statement that the reader will interpret.

2. A Common Grammar

Most chapters follow the same grammar:
define the claim ——  calibrate evidence —— report a guaranteed object.

The evidence may be a p-value, an e-value, a residual score, a feature statistic, or a randomized
comparison. The guarantee may concern FWER, FDR, finite-sample coverage, optional stopping,
or a post-selection law. What changes from chapter to chapter is the symmetry or null structure
that makes calibration possible.

This matching is where many statistical mistakes enter. A method calibrated for independent
p-values should not be casually used under strong dependence. An interval for a pre-specified
coefficient should not be read as an interval for the coefficient selected by an algorithm. A
discovery procedure designed for marginal hypotheses may not answer a conditional variable-
importance question. Later chapters will state assumptions carefully because, in large-scale
inference, the assumptions often define the claim.

3. How the Chapters Fit Together

Figure 1.1 summarizes the book’s structure. The arrows are conceptual dependencies, not a
rigid reading order. The early chapters develop global testing and multiple-testing error rates; the
middle chapters address dependence, structure, adaptivity, and safe evidence; the later chapters
handle algorithmic targets, prediction, high-dimensional estimation, and selection.

Chapters 2 and 3 begin with the broadest question: is there signal anywhere? Chapters 4,
5, and 6 move from global evidence to discovery lists, contrasting familywise error control
with false-discovery control and then studying dependence, adaptive estimation, and empirical
Bayes interpretations. Chapter 7 extends the FDR framework to non-flat families: grouped
hypotheses, tree-structured genomic and benchmark testing, and replicability across studies.
Chapter 8 introduces e-values and safe testing, where evidence can be accumulated under optional
continuation, and develops online FDR and confidence sequences for sequential workflows.

The remaining chapters move closer to modern data-analysis workflows. Chapter 9 studies
conditional feature importance through conditional randomization tests, knockoff filters, and
multilayer knockoffs. Chapter 10 develops distribution-free prediction through conformal methods,
including conformal risk control and beyond-exchangeability extensions. Chapters 11 and 12 treat
inference after high-dimensional modeling and data-dependent selection, including data thinning
and fission for valid inference after unsupervised discovery steps such as clustering. Chapter 13
closes the book by showing how the same ideas reappear in genomics and language-model
evaluation.

4. How to Read the Book

A graduate course can read the chapters nearly in order. Applied researchers may instead
start from the target: global signal detection in Chapters 2—-3, discovery lists in Chapters 4-7,
sequential evidence in Chapter 8, and algorithmic or post-selection inference in Chapters 9-12.



4. HOW TO READ THE BOOK 3

Core difficulty
many claims, dependence, and data-dependent choices

CHS. 2-3 CHS. 4-7 CH. 8
Detect signal Report discoveries Accumulate evidence
9 —_— P —_—
global tests FWER and closure e-values
Simes, GoF, HC BH, FDR, empirical Bayes safe testing
p-value empirical CDF hierarchical structure e-BH
CH. 9 CHS. 10-12
Handle algorithmic targets Predict and infer after learning
CRT and knockoffs conformal prediction
conditional nulls debiased Lasso
negative controls selective inference
CH. 13

Applications
genomics and LLM workflows
benchmarking, auditing, factuality

FicURE 1.1. Conceptual map of the book. Global testing asks whether signal is
present. FWER, FDR, hierarchical, and e-value methods turn calibrated evidence
into discovery rules. Knockoffs, conformal prediction, debiased Lasso, and selective
inference handle settings in which algorithms or data-dependent choices determine
the object being reported. The applications chapter revisits the same questions
in genomics and language-model evaluation.

Statisticians who already know classical multiple testing may use the later chapters as a bridge
to knockoffs, conformal prediction, and selective inference.

The chapters use a common guarantee-oriented grammar: identify the inferential target and
reported object, state the assumptions that support the method, and then state the resulting error
or coverage guarantee. These elements recur throughout each chapter, but they are not always
collected in a single opening “contract.” Section labels mark Core, Advanced, Optional proof, or
Research frontier. A first course can follow the Core route and treat advanced guarantees and
proofs as reading assignments; Appendices A and B collect the most technical safe-inference and
conformal derivations. Assumption diagnostic cards separate what can be checked empirically
from what must be defended scientifically or by design.

Before applying any method, keep five questions in view. What is the reported object? What
family or selection rule does the guarantee cover? What null, conditional null, or exchangeability
condition justifies the calibration? How does dependence affect the argument? And is the stated
error rate the one the scientific claim actually needs?



CHAPTER 2

Global Testing: Extremes, Aggregates, and Detection Boundaries

Large-scale inference often begins before selection, estimation, or ranking. The first question
is global: does the data set contain any signal at all? In a genomic screen, this asks whether at
least one gene behaves differently between cases and controls. In a high-dimensional regression,
it asks whether at least one coefficient is nonzero. In a model-evaluation study, it asks whether a
collection of discrepancies can plausibly be explained by noise.

This chapter develops the global testing material that will be used throughout the book.
The main theme is that different global tests search for different shapes of evidence. Bonferroni
and maximum tests are tuned to a few strong signals. Fisher, Stouffer, and chi-square tests
accumulate many weak signals. The Cauchy combination test sits closer to the extreme-value side
while retaining a useful robustness to dependence. The chapter ends by making these statements
quantitative in the Gaussian sequence model.

1. From Many Hypotheses to One Question

Suppose a study produces m null hypotheses
Hoy, ..., Hom.-
The global null is the intersection
m
Ho = () Hy;-
j=1
Rejecting Hy means that at least one individual null is false. It does not identify which one. The

localization problem, where we decide which hypotheses to reject while controlling familywise
error or false discovery rate, begins in later chapters.

Example 2.1: Benchmark-comparison screen

Suppose two prediction systems are compared on m related benchmark tasks, as in modern
model-evaluation studies [48, 114]. For task j, the systems are evaluated on the same n;
test cases. Let L}“k and LjBk be losses on test case k, and define the paired improvement

B A
Dj = Ly, — L,
so positive values favor system A. A one-sided individual null is
Hy; : EDj; <0,

meaning that task j does not provide evidence that system A improves on system B. For
the benchmark Gaussian approximation, assume that within each task the paired differences
Dj1,. .., Djn; are independent and identically distributed with

5;=EDj1,  0<o}=Var(Dj1) < 0.




2. TESTS BASED ON SMALL P-VALUES 5

No independence across different tasks is needed for this marginal approximation. Define
the standardized mean shift
= Y Ji
7= — <

gj
With N N
DjI;ZDjk, Sj:n._lz(Djk*Dj),
J k=1 J k=1

the standardized statistic

Z; = V7 Dj
)
is approximately N (u;,1), by the central limit theorem and Slutsky’s theorem, when n; is
large enough for that approximation to be accurate. The boundary case §; = 0, equivalently
p; = 0, corresponds to no mean improvement on task j, while §; > 0 corresponds to
a real improvement. The global question is whether any benchmark task carries signal.
Throughout this chapter we work directly with the Gaussian z-score model, viewing it as an
idealized summary that already absorbs whatever distributional approximation produced it.

The common input to many global tests is a collection of p-values p1,...,pn. Let O
denote all parameter values satisfying Hoy;. A p-value for this possibly composite null is valid if
it is uniformly super-uniform over that set:

sup Pyo(p; <t) <t, 0<t<l1.
96@0]'

Equivalently, the inequality must hold under every distribution in the null; for a simple null, the
supremum contains only one distribution. Exact uniformity is convenient but not necessary for
Type I error control.

For the Gaussian model Z; ~ N(pu;, 1), the two-sided p-value is

pj =2{1 - 2(|Z;)},
whereas the one-sided upper-tail p-value is p; = 1 — ®(Z;). The direction of the alternative is
part of the scientific model and should be fixed before looking at the data.

2. Tests Based on Small P-Values

2.1. Bonferroni and Sidak. The Bonferroni global test rejects Hyg at level « if

. < a
min p; < —.
1§j§mp] ~m

Proposition 2.2: Bonferroni validity

If all null p-values are super-uniform, then the Bonferroni global test has Type I error at
most «, with no assumptions on the dependence among the p-values.




3. TESTS THAT COMBINE EVIDENCE 6

Proof of Proposition 2.2

Under the global null,

m m
. « o
P (mjlnpj < m) =P jL:Jl{pj < a/m} E ; <a/m)<m =

O

This proof is only a union bound, but that simplicity is exactly why the guarantee is so robust.
Bonferroni remains valid under arbitrary dependence. When the p-values are independent and
exactly Unif(0, 1) under the global null, the Sidak threshold

1—(1—a)/m

gives exact level a. Indeed,
P (mjnpj <1-(1- a)l/m) =a.
J

With independent but merely super-uniform null p-values, the same threshold still gives level at
most «, but equality need not hold.

Bonferroni is often described as conservative. This is sometimes true, but it is not the right
mental model in independent large-scale problems. If p1, ..., p,, are independent uniforms under
the global null, then the size of the Bonferroni test — the actual Type I error probability — is

m
1—(1—0‘> sl
m

For a = 0.05, the limit is 0.0488, within half a percentage point of the nominal level. So
under independence Bonferroni gives up almost nothing; it is a near-exact level-a test. In
the equicorrelated Gaussian model of Figure 2.1, increasing positive correlation makes the p-
values move together, reduces the effective number of distinct chances to cross ao/m, and makes
Bonferroni increasingly conservative. This is a model-specific illustration, not a claim that every
notion of positive dependence must reduce Bonferroni’s size.

3. Tests That Combine Evidence

Bonferroni reacts to the smallest p-value. If the alternative consists of many weak effects,
no individual p-value may be spectacular, even though the combined evidence is overwhelming.
Combination tests are designed for this regime.

3.1. Fisher’s Combination Test. If p ~ Unif(0,1), then —2logp ~ x3. Therefore, if the
p-values are independent under the global null,

m
2
Tr = -2 _1ogp; ~ Xom-
j=1
Fisher’s test rejects for large Tr. The exact chi-square calibration is an independence statement;
under dependence, the same statistic may still be useful, but its null distribution must be justified
separately.
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0.06

0.05

0.04

0.038

0.02

estimated rejection probability

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
equicorrelation

FIGURE 2.1. Estimated size of Bonferroni’s two-sided global test under an equicor-
related Gaussian null with m = 200, o = 0.05, and 5000 Monte Carlo repetitions.
The test remains valid, but positive correlation makes it increasingly conservative.

Fisher’s statistic is not the only classical combination rule. Pearson’s statistic

m
Tp = -2 Zlog(l = 2)
j=1
is also x3,, under independent uniform p-values and rejects for large values; it is sensitive when
unusually large p-values are evidence against the null (the opposite tail from Fisher’s combination
of unusually small p-values). Stouffer’s method maps p-values to z-scores. For one-sided p-values,
define X; = ®1(1 — p;). Under independent nulls,

e
Zg === O N(0,1
s==gm TNOD

Z;n:l w; X

b
m 2
j=1Wj

is valid under independent standard normal null scores for fixed weights. This is the first
appearance of a theme that will return later: external information can be used to tilt power
toward hypotheses that are more promising or measured more precisely.

For readers coming from classical one-dimensional testing, the important distinction is not the
name of the combination rule but the functional being applied to the p-value vector. Bonferroni
uses the minimum p-value. Fisher uses an average of —logp;. Stouffer uses an average of
normal scores. Pearson uses the opposite tail and is most natural when unusually large p-values
are evidence. These choices encode assumptions about the shape of the alternative before any
asymptotic theory is invoked. This opposite-tail case is not just a mathematical curiosity: if the
pj’s are one-sided upper-tail p-values for beneficial treatment effects, then many unusually large
p-values are evidence that the treatment may be harmful rather than beneficial.

A weighted version,

Ly =
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3.2. Cauchy Combination. The Cauchy combination test transforms p-values by

m m
W:ijtan{ﬂ(l/Z—pj)}, w; > 0, ij =1.
j=1 j=1

If p; is uniform, then tan{n(1/2 — p;)} has the standard Cauchy distribution. The heavy tail
means that a single very small p-value can dominate the sum. For p-values obtained from jointly
normal test statistics, the upper tail of W matches a standard Cauchy variable C' under broad
dependence conditions in the explicit tail limit

1
IP’(W>t)~IP’(C>t)~E, t— o0

[116]. The asymptotic variable here is the tail threshold ¢, not the number of hypotheses m.
Thus the Cauchy test is often useful when one wants an analytic tail p-value calculation without
assuming independence.

The same idea extends beyond the Cauchy distribution: one can combine p-values through
other heavy-tailed calibrators. The point is not that Cauchy is magic; the point is that heavy
tails preserve sensitivity to extremes while allowing a tractable tail approximation.

Figure 2.2 previews how the same ordered p-values support two different questions. The
horizontal Bonferroni cutoff tests whether any p-value is exceptionally small. The Simes global
test uses the rising line ai/m, whereas the Benjamini—-Hochberg (BH) step-up procedure uses
qi/m at FDR target q. The two lines coincide in this preview because ¢ = . BH reports a
discovery set while controlling the false discovery rate under its stated conditions. The inset
shows why the first few ranks drive the comparison.

all ranks (linear scale) zoom: ranks 1-6

0.05
0.006

0.04

0.004
0.03

P

0.02

0.002

0.000 /{

rank i rank i

0.01

wem= ordered p-values Simes/BH line = = Bonferroni

© BHdiscovery @ not rejected

FIGURE 2.2. Sorted p-values from one simulated screen with m = 200 two-sided
z-score tests at level o = 0.05; six coordinates have mean 3.2, the rest are null.
Bonferroni rejects p-values below the horizontal threshold a/m = 2.5 x 1074
Rank-based tests, specifically the Simes global test and the Benjamini-Hochberg
(BH) step-up procedure, compare ordered p-values with rising lines. Simes uses
ai/m, while BH uses gi/m; here ¢ = o = 0.05, so the two lines coincide. These
procedures appear in later chapters.
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4. The Gaussian Sequence Model

Route: Advanced

To compare global tests sharply, we now work in the Gaussian sequence model
Zi=p;+&, &S NO1), j=1,....m
The global null is ¢ = 0. This model is deliberately simple: it removes nuisance parameters so

that the geometry of the alternatives is visible.

4.1. Bonferroni as a Maximum Test. For two-sided p-values p; = 2{1 — ®(|Z;|)},
Bonferroni rejects when
max |Z;| > &! (1 - a) :
1<j<m 2m
For the one-sided upper-tail problem, the analogous maximum test rejects when

max Z; > &~ 11— a/m).
j

Proposition 2.3: Null scale of the maximum

If Z1,...,Z,, are independent N(0,1), then
maxlgjgm Zj

v2logm

Proof of Proposition 2.3

Both directions use Mills’ ratio, which states that for x > 0,

x p(x)

1 <1-9(x) < —=

1 S 0() S 1-0(@) < T2,

where ¢ is the standard normal density. For the upper tail, use the union bound:

P (max Zi>(1+ e)\/QIOgm) <m{l —®((1+¢€)v/2logm)}.
J

The upper bound in (1) gives m{1 — ®((1 +¢)y/2logm)} < m'~(1+9* /\/IxrTogm — 0. Here
the sharper Mills prefactor contains an additional factor (1 + €)~!, which is at most one and
has been dropped. For the lower tail, independence gives

P <Hl]{;LXZj <(1- e)\/2logm) =®((1—€)y2logm)™ = [1 — {1 — &((1 —€)y/2logm)}|™

The lower bound in (1) gives

ml-(1-¢)?

m{l — ®((1 — €)y/2logm)} > CEW — 00

for a constant ¢, > 0. If u,, =1 — ®((1 — €)y/2logm), then (1 — uy,)™ < exp(—muy,) — 0,
so the lower-tail probability tends to zero. Il

The threshold ®~1(1 — a/m) is also asymptotic to v/2logm: from 1 — ®(t) ~ ¢(t)/t one
solves ¢(t)/t = a/m to find t = y/2logm{1 + o(1)}. Thus the maximum test looks for at least
one coordinate whose mean is on the extreme-noise scale.
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4.2. One Sparse Signal. Suppose exactly one coordinate has a positive mean u* > 0,
while all others have mean zero. If

w = (14 ¢€)y/2logm,

then the maximum test has power tending to one. The signal coordinate alone crosses the null
extreme-value threshold with probability tending to one.

If instead
w = (1—-¢€)y/2logm,

the signal is below the maximum-noise scale. Let j* be the index of the signal coordinate and
write Zj« = p* + &+ with £ ~ N(0,1). Using independence,

P(mjax Z; <@ N1 —a/m)=PE <o (1—a/m)—p) [[ P(Z; <27 '(1—a/m))
i#5*
=P(¢+ < ey/2logm{l +o(1)}) - (1 — a/m)™*

— 1.

The first factor tends to one because ®~1(1 —a/m) — u* = ey/2logm{1+o(1)} — oo; the second
factor uses the same limit as under the null. Hence the rejection probability tends to 1 — e™¢,
the same limit as under the null. For small o, 1 — e™® = a + O(a?), so this limiting power is
only the nominal size up to the usual Bonferroni conservativeness. In this sense, the maximum

test cannot reliably detect a single signal below the /2 log m scale.

=e %

4.3. No Test Uniformly Beats This Boundary. The preceding statement is about one
test. We now show a uniform lower bound: no level-a test has power tending to one uniformly
over the unknown-location class

Au(p) = (e : 1< j < m)
where e; € R™ is the jth standard basis vector, with a one in coordinate j and zeros elsewhere.
Thus p*e; represents a signal of size p* located only in coordinate j. When 0 < p* < (1 —
€)v/2log m, the standard route averages the power under a uniform prior on the signal location,
producing a mixture alternative that is nearly indistinguishable from the null.

Choose J uniformly from {1,...,m}, set uy = p*, and set all other means to zero. Under the
null, the density of Z = (Z1,...,Zy) is fo. Under this mixture alternative, the likelihood ratio is

m *)2
Lin(Z) = %ZGXP </~L*ZJ’ - (”2) ) :

j=1

Proposition 2.4: Sparse one-signal lower bound

If0 < p* < (1—e€)y/2logm for some fixed € > 0, then L,,(2) o9, Consequently, for every
sequence of level-a rejection regions A,,, the mixture-average power satisfies

1 m
Pl(Am) = E E Pﬂ*ej(Am) <a+ 0(1)
=1
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Proof of Proposition 2.4

The mean FyL,, = 1 is automatic from the likelihood-ratio form. For convergence in
probability, a direct second-moment calculation gives
1 (n)? 2(1-¢)* _q
Bl =1-—+° <142 —=
m m m

because the m(m — 1) off-diagonal terms have expectation 1, while the m diagonal terms
have expectation e®")”. The displayed bound is 1+ o(1) when 2(1 — €)2 < 1, i.e., when e is
sufficiently large: € > 1 — 1/4/2. For smaller ¢, u* is close to v/2logm and the rare extreme
terms exp(u*Z; — (u*)?/2) have heavy upper tails that inflate the second moment. We now
carry out the truncation.

Write ( )2
/.L* 2 * *\ 2
Tm=210gm§(1*6) <1, Yuj=exp{p'Z; — (u*)"/2},
s0 Ly, =m™1! Zj Y.;. Let ap, = +/2logm and truncate at the null maximum scale:
m
ij = ijl{Zj < am}? Ly, = m~! Z ij'
j=1

The likelihood-ratio identity for a single shifted normal gives
Eo{Yin11(Z1 > am)} = P{N(u*,1) > an} < 1— &{(1 — \/r;m)y/2logm} — 0.
Hence EoYp,1 =1 —o(1), and
Eo|Ly — Lin| = Eo{Ys11(Z1 > am)} — 0.

It remains to show that I}m concentrates around its mean. A second likelihood-ratio
calculation gives

EY2, = eV P{N(@2u*,1) < am}-
If 7, < 1/4, this is at most e < mi/2+e() o mflEofngl — 0. If 7, > 1/4, Mills’ ratio
gives
P{N(2u*,1) < am} < exp{—(2y/rm — 1)*logm} - O(1),
up to a polynomial factor in logm. Therefore

iEofﬁil < 2= @Y= +o(1) _ p=2(1—ym)P+e() _ g
m
Since the truncated summands are independent,
~ 1 ~
Varg(Ly,) < —FEoY,2; — 0.
m

Thus Ly, — EoL,, — 0 in Py-probability, while EgL,, = 1 — o(1). Combining this with

Eo|Ly, — f/m\ — 0 yields L,, 15, 1. The same L' bound also gives Fo|Ly, — 1| — 0.
For any rejection region Ay,

Pi(Am) — Po(Am) = Eo[(Lm — 1)14,.] — 0,

which gives the claim. U

The conclusion is an average-power statement, and therefore

: 1 &
(8, Fices () < 20 0 Fyeey () < 0 o(1).
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Thus no test can have uniformly high power over the unknown signal location below this boundary.
It does not say that every fixed, prespecified location is individually undetectable. Together
with the above-boundary result, this makes the maximum test rate-optimal in the minimax,
unknown-location sense.

5. Lo Tests for Dense Signals

Sparse alternatives are not the only scientifically important regime. Many studies produce
weak shifts in many coordinates: a small but real effect on a pathway of correlated genes, a
fractional shift on most subgroups of a treatment effect, or a modest improvement of a model
over a baseline on most of a benchmark. A maximum test may miss such a pattern because no
single coordinate is large.

The natural competing statistic is the squared Euclidean norm

m
Tn=2II3=272;,
=1

the classical chi-square statistic for testing u = 0 against u # 0 in the Gaussian sequence model.
Whereas Bonferroni rewards a single extreme coordinate, T}, rewards aggregate energy: any
u of large enough ¢> norm will inflate T}, above its null mean, regardless of how that norm is
distributed across coordinates.
Under the global null, T}, ~ x2,, and
Tin —m 4
——— — N(0,1).
\/% ( ’ )
Thus an asymptotic level-ac Lo test rejects when
T, —m
— > Zl—a-
N R

Under a fixed mean vector p,

m m
T = &+ ull3 +2) nié.
j=1 i=1

It [|ullz = o/m), then
V2m ’

T — {m + [|pl3} a

— N(0,1).
v/ 2m -+ 4|ull3

2
o _ 3

vam'

Using the preceding normal approximation, the power of the Lo test is approximately

More generally,

Define

e — Om

1+ 6,//m/8

1-¢
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Consequently:
O = o(1) — power — a,
Om —c< oo = power - 1—®(z1_, — ),
O, — 00 = power — 1.

Figure 2.3 turns these three regimes into a single curve. At 6 = 0 the rejection probability is
the nominal level; a finite positive # produces a shifted limiting power, and increasing 6 drives
the power toward one. The horizontal scale is total squared signal normalized by v/2m, so it
directly displays the dense-signal boundary.

1.0

0.8

o
o

asymptotic power
o
~

0.2

0.0

3
0 = llwli5/v2m

FIGURE 2.3. Asymptotic power curve of the Lo test as a function of § =
|ll|3/v/2m, for a = 0.05. Dense alternatives are visible once the total squared
signal is on the y/m scale.

6. A Lower Bound for Dense Alternatives

Route: Optional proof‘

This optional route proves that the dense Lo boundary is not merely a feature of the chi-square
test. Readers focused on method comparison may skip the spherical-mixture and contiguity
argument and continue at the next Advanced section.

The Lo detection threshold is also optimal for dense, direction-unknown signals. Consider
the testing problem

Hy:p=0 versus Hy:p=pU,
where U is drawn from the uniform distribution on the unit sphere S™~!. After integrating over
U, the likelihood ratio is

02
L, (2)= /S . exp (—2 + pZTu> dwgm)(u),

(m)

where 7, is uniform measure on the unit sphere.
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If )
p

V2m

then L,, — 1 in probability under the null. The calculation is the same second-moment argument
used in Le Cam’s first lemma. Let P, denote the null law, @, the spherical mixture alternative,
and L, = dQ,/dPy,. Clearly EgL,, = 1. We now show that FygL?, — 1, which implies L, — 1
in L?(P,,), hence also in probability under P,,.

Under P,,, Z ~ N(0,I,). Using Egexp(t' Z) = exp(||t]|3/2),

E‘QL%T = / / EO exp (—P2 + PZTU + pZTU> dﬂ-§m) (u)dﬂ-lm) (U)
Sm—l Sm—l

9, P 2\, (m) (m)
-/ mp(m+-rw+mﬁdm (w)dr{™ (v)
Sm— 1 Sm— 1 2

_/ / exp(pu u)dﬂ )( )dﬂgm)(v)'
Sm—1 J§m—1

For fixed v, choose an orthogonal matrix B such that Bv = e;. Since uniform measure on the
sphere is rotation invariant, Bu is again uniform on S™~!. Therefore

o exp(tuT o w) = [ exp(etun)dni™ (),

which does not depend on v. Hence

— 0,

EyLy, = Eexp(p°Uh),
where Uy is the first coordinate of a uniform point on S™~!. This is the origin of the displayed
identity.

It remains to expand the last expectation. By symmetry, odd moments of U; vanish, and
(2k — !

E[U) = k> 1.
U7 m(m+2)---(m+ 2k —2)’ -
Thus ik
Eexp(p®Uy) =1+~ E U3 +> —E[U g
k>2 2k)!
ot o 2k — 1\
=1+_—+ Z ( ) :
2m Pt 2k)!m(m+2)---(m+ 2k —2)
Writing 1,,, = p*/m, the remainder is bounded by
gkl — V)

k>2
because (2k)! = 2Fk!(2k — 1)!1. Therefore, if n,, = p*/m — 0, equivalently p?/v/2m — 0 up to
constants, then
EoL? =1+ 2[:;{1 +o(1)} =1+o0(1).
Consequently Fo(L,, — 1)2 = EgL2, — 1 — 0. For any rejection region A,,,
|Qm(Am) - Pm(Am)‘ = ’EO{(Lm - 1)1Am}| < {EO(Lm - 1)2}1/2 — 0.

Hence no test can reliably separate the null from these spherical alternatives below the Lo
threshold.

The next proposition records exactly which Le Cam facts are being used. The first item is a
convenient sufficient form of Le Cam’s first lemma. In the usual statement, if L,, = dQ,,/dP,,
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converges in distribution under P, to a nonnegative random variable V', then Q,, is contiguous
with respect to P, precisely when EV = 1. Here L,, — 1 in P,,-probability, so the only possible
limit is V = 1, and the condition is automatic. In the dense lower bound above we proved the
stronger fact L,, — 1 in L?(P,,), which even implies that the total variation distance between
P, and @), tends to zero. The second item is Le Cam’s third lemma.

Proposition 2.5: Contiguity tools used in the lower bounds

Let P, and @, be sequences of probability measures, and let L,, = dQ,,/dPy,.

(1) If L,, — 1 in P,,-probability, then @, is contiguous with respect to P,,. Thus
every event whose P,,-probability tends to zero also has Q,,,-probability tending to
ZEro.

(2) Suppose that, under Py, (T,log L,,) = (T,Y) jointly, where (T,Y") is bivariate
normal and

Ee¥ =1, equivalently EY = —% Var(Y).
This normalization implies that @, is contiguous with respect to P,,. Le Cam’s
third lemma then gives, under @,,, the exponentially tilted limit
T = N(ET 4 Cov(T,Y), Var(T)) .
Thus the tilt shifts the Gaussian mean by Cov(7,Y) and leaves its variance
unchanged.

In the dense lower bound above, L,, — 1 under P,,. The tilt in Le Cam’s third lemma is
therefore trivial: any statistic with a null limiting distribution has the same limiting distribution
under the spherical alternative. Such a statistic cannot yield asymptotic power above its size. This
is the formal version of the phrase "the two experiments are asymptotically indistinguishable."

7. Comparing the Maximum and Ly Tests

Route: Advanced

The maximum test and the Lo test measure different features of pu:

12113

V2m'

maximum test: ||4/co, Lo test:

Neither dominates the other.

Example 2.6: Many strong but still sparse signals

Suppose m?/8 coordinates of y equal 1.1y/2Togm, and all other coordinates are zero. (The
exponent 3/8 is chosen so that the signal count grows fast enough for the maximum to
dominate but slowly enough that the Lo energy stays below the detection threshold; any
exponent strictly less than 1/2 would have the same qualitative effect.) The maximum test
has power tending to one because at least one coordinate is above the extreme-noise scale.

V2m V2ml/8

so the Lo test is asymptotically powerless.
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Example 2.7: Many weak signals

Suppose v2m coordinates of p equal a fixed constant a, and the rest are zero. Then
|l = a, which is far below /2logm, so the maximum test has no asymptotic power
beyond its null rejection probability. But 6,, = a?, and the Ly test has limiting power

1-— (I)(Zl_a — CLQ).
For example, at a = 0.05 and a = 2, the limiting power is approximately 0.991.

Table 2.1 extracts three operating points from the same simulation design summarized across
effect sizes in Figure 2.4. The sparse row shows the advantage of rules that react to extremes,
whereas the dense row shows the gain from aggregating many modest coordinates. Reading
the table and curves together also makes clear that no one global test dominates across signal
geometries.

TABLE 2.1. Monte Carlo rejection probabilities for four global tests. The Gaussian
sequence simulation uses m = 500, a = 0.05, and 1500 Monte Carlo repetitions.

Regime Signals Effect Bonferroni Fisher Cauchy Lo
Sparse strong 3 3.0 0.476  0.182 0.492 0.216
Moderately sparse 30 2.0 0.606 0.943 0.746 0.963
Dense weak 250 0.5 0.098 0.566 0.126 0.574

1.00

0.75

0.50
0.25 J
4/71
" T " -

s=100 s =250

1.00 - - o
0.75 /

0.50

0.25

t 2

rejection probability

0.00
3.0 05 .0 25 3.0 05
nonzero effect size

=e— Bonferroni Fisher == Cauchy == L2

FIGURE 2.4. Estimated rejection probabilities at level & = 0.05 in a Gaussian
sequence model with m = 500 coordinates. Each panel fixes the number s of
nonzero means and varies their common effect size; each curve is based on 1500
Monte Carlo replicates. Bonferroni reacts fastest when s is small and effects are
strong. Fisher and Lo-type aggregation gain power as evidence is spread over
many coordinates, while Cauchy remains closer to the extreme-value side.



10. EXERCISES 17

8. Assumptions in Plain Language

Assumption diagnostic

Checkable Inspect p-value histograms, dependence plots, calibration
simulations, and sensitivity across sparse and dense tests.

Not identified from The exact alternative sparsity and the full joint null law

these data are not identified from one realized testing vector.

Sensitivity analysis Repeat conclusions across maximum-, aggregate-, and
dependence-robust calibrations.

Conservative fallback  Use Bonferroni or a valid permutation/global randomiza-
tion test when dependence is uncertain.

The p-value procedures in this chapter need valid null p-values. Bonferroni needs no
dependence model; Fisher, Pearson, Stouffer, and the exact Lo calibrations do. The Cauchy
combination test uses a tail approximation that is much less sensitive to Gaussian dependence,
but it is still a calibration statement that should be checked when the p-values come from a
different model. The Gaussian sequence lower bounds are asymptotic statements for simplified
models. Their role is to explain why maximum tests are natural for rare strong signals and
why energy tests are natural for many weak signals, not to claim that one test is best in every
finite-sample study.

9. Bibliographic Notes

Fisher’s combination test is classical [56], and Stouffer’s normal-score combination was
developed in the social-science meta-analysis literature [152]. Sidak’s exact independent-threshold
calibration is due to Sidak [145]. The Cauchy combination test and its dependence-robust tail
approximation are from Liu and Xie [116]. The contiguity arguments used in the lower bounds
are Le Cam arguments; see van der Vaart [163, Chapter 6], Le Cam [101], and Le Cam and Yang
[102]. Ingster’s work on Gaussian sequence testing made precise how sparse alternatives can lead
to non-Gaussian and infinitely divisible likelihood-ratio limits [86]; modern high-dimensional
detection-boundary treatments include Donoho and Jin [47] and Arias-Castro et al. [5].

10. Exercises

Basic.

Exercise 2.8: Bonferroni and Sidak thresholds

For o = 0.05 and m € {10,100,1000}, compute the Bonferroni threshold a/m and the Sidak
threshold 1 — (1 —a)'/™. Verify numerically that they agree to leading order and that the Bonferroni

size under independence is close to 1 — e™“.
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Exercise 2.9: Fisher’s chi-square distribution

Let p1,...,ps be independent Unif(0,1). Compute the distribution of Tp = —2 Z?:1 log p; and
find the 0.95 quantile of Tr. For the observed p-values 0.02,0.18,0.07,0.30,0.12, decide whether
Fisher’s test rejects at level 0.05.

Exercise 2.10: Stouffer’s z-score

Convert the p-values 0.01,0.04,0.20,0.32,0.50 to one-sided z-scores X; = o-1(1 - p;) and compute
Stouffer’s combined statistic Zg = > ;X /+/5. Compare its p-value with Fisher’s combined p-value
on the same inputs.

Exercise 2.11: Two-sided p-value calibration

Let Z ~ N(u,1) and let p = 2{1 — ®(|Z])} be the two-sided p-value. Show that p ~ Unif(0, 1)
under p = 0. Then compute P, (p < 0.05) for p = 1,2,3 and interpret the resulting power values.

Intermediate.

Exercise 2.12: Maximum scale

Use Mills’ ratio to prove
maxi<j<mZ; P

— 1
v2logm
for independent standard normal Z;’s. Then show that ®~!(1 — a/m) = /2logm{1 + o(1)}.

Exercise 2.13: Ly normal approximation
In the Gaussian sequence model, prove that if ||u||2 = o(y/m), then
T — 2
V2m

Then prove the more general approximation with denominator y/2m + 4||u||3. Use the fact that
E€3 =0.
5

Exercise 2.14: Sparse mixture likelihood ratio
For the one-sparse mixture alternative with u* = (1 — €)y/2logm, derive the likelihood ratio

L(Z)=m™") exp{p*Z; — (u*)?/2}.
j=1
Show that FgL,, = 1. For which values of ¢ does the elementary second-moment argument prove
L, — 1in L?(P,)? Why is a truncation argument needed for the full range € > 0?

Exercise 2.15: Cauchy combination under independence and under dependence

Suppose p1, . .., Dm, are independent Unif (0, 1), so that the transformed quantities C; = tan{m(1/2—
p;)} are iid standard Cauchy. For any nonnegative weights w; with jw; =1, use the stability of
the Cauchy distribution under positive-weight linear combinations to prove that W =" 5 W5 Cj is
ezactly standard Cauchy.

Now suppose p1, ..., pm come from jointly normal test statistics with arbitrary covariance. Following
Liu and Xie [116], illustrate numerically that W is no longer exactly Cauchy by comparing its
empirical distribution to the standard Cauchy in the body of the distribution, and verify that

18
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the upper-tail approximation P(W > t) ~ 1/(wt) becomes accurate as the threshold ¢ grows
large. (A simulation cannot prove an asymptotic tail equivalence; for the proof of P(W > t) =
{1/(mt)}{140(1)} under broad dependence, see Liu and Xie [116].) Explain why this tail equivalence
is the genuinely useful result: it justifies the Cauchy calibration of W under broad dependence,
where the exact distribution is intractable.

Computational.

Exercise 2.16: Bonferroni under equicorrelation

Let Z ~ N(0,%,), where (X,);; =1 and (X,);x = p for j # k. For p € {0,0.1,...,0.9}, estimate
the size of the two-sided Bonferroni global test at level 0.05 by Monte Carlo with at least 5000
replicates. Compare your output with Figure 2.1. Explain why positive correlation changes the
observed size but not the validity guarantee.

Exercise 2.17: Sparse versus dense simulation

Reproduce Figure 2.4. Vary the number of nonzero coordinates and the common effect size. Compare
Bonferroni, Fisher, Cauchy, and the Lo test. Summarize the region in which each procedure is
strongest.

Exercise 2.18: Fisher under dependence

Simulate equicorrelated Gaussian z-scores under the global null and compute two-sided p-values.
Apply Fisher’s test using the independent chi-square calibration. How does the Type I error change
with correlation? Compare this behavior with Bonferroni.

Advanced.

Exercise 2.19: Dense lower bound
For the spherical prior alternative u = pU, derive the likelihood ratio and verify that

EoL}, = E exp(p*Uh),

where U; is the first coordinate of a uniform point on S™~!. Use this to show that the likelihood
ratio converges to one in Py-probability when p?/v/2m — 0, so no test can have asymptotic power
above its size against the spherical mixture. Then show the converse: when p?/v/2m — oo, the Lo
test itself has power tending to one. (Note that the likelihood ratio cannot diverge under Py — its
Pp-mean equals 1; divergence is a statement under the alternative P;.)

Exercise 2.20: Truncation for the sparse lower bound

Complete the truncation step in Proposition 2.4. Define the truncated likelihood ratio Em =
m~t 3 exp(p*Z; — (1%)?/2) 1{Z; < ¢} for a sequence ¢, — 00, choose ¢y, s0 the second moment

is 1+ o(1), and bound the tail contribution Eg|Ly — Lp|-




CHAPTER 3

Simes, Goodness-of-Fit, and Higher Criticism

Chapter 2 compared global tests by asking whether evidence is concentrated in one coordinate
or spread across many coordinates. This chapter gives a second view of the same question.
Instead of starting from z-scores, we start from the empirical distribution of p-values. Under
a clean global null, continuous p-values look uniform. A global test can therefore be read as a
goodness-of-fit test for the uniform distribution, with different procedures looking at different
parts of the empirical CDF.

This viewpoint is useful because it makes the geometry of rare signals visible. If a few
alternatives produce very small p-values, the empirical CDF rises above the diagonal near zero.
If many weak alternatives are present, the deviation may be spread over a wider range. Simes,
Kolmogorov—Smirnov (KS), Cramér—von Mises (CvM), Anderson-Darling (AD), higher criticism
(HC), Berk—Jones (BJ), and average likelihood ratio (ALR) tests are different ways of measuring
this upward departure.

1. A Uniformity Problem

Suppose a large monitoring system produces m one-sided p-values

P1s---Pm-

The system might be a scientific screen, an anomaly detector, or a benchmark audit. For each
coordinate j, small p; is evidence against the coordinate null. The global null says that all
coordinates are null. Under the idealized version used in this chapter,
DPly- ey Pm id Unif(0, 1) under Hy.
Write the order statistics as
P1) SPe) S S Pim)
and define the empirical CDF

1 m
Fo(t) = EZl{pj <t}, 0<t<l.
j=1

Under the global null, F,,(t) fluctuates around ¢. Under alternatives that create too many small
p-values, F,,(t) exceeds t for small or moderate .

Figure 3.1 turns this departure into a visual diagnostic. Read the diagonal as the null
benchmark, then compare the height and width of each curve’s left-tail lift: a narrow early spike
points to a few strong signals, whereas a sustained lift points to a denser weak alternative.

This picture also clarifies why no single global test is uniformly best. A test that averages
deviations over the whole unit interval can be powerful for broad departures but inefficient for a
tiny bump near zero. A test that looks only at the smallest p-value is excellent for one extreme
coordinate but can miss many modest ones. Tail-adaptive procedures try to avoid choosing the
scale of the departure in advance.

20
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FI1GURE 3.1. Left-tail empirical CDFs of one-sided p-values under a null model, a
dense weak alternative, and a sparse stronger alternative. In this stylized draw,
m = 1800, the dense weak case shifts 360 coordinates by 1.0, and the sparse
strong case shifts 24 coordinates by 4.2. The diagonal is the uniform baseline.
The extreme-left panel shows the sparse alternative creating the sharpest bump
very near zero; the broader-left panel shows the dense weak alternative lifting the
CDF over a wider range.

2. Simes as a Crossing Rule

The Simes test rejects the global null when at least one ordered p-value crosses the line ia/m:
ixe" .
pu) < — for some 1 <i < m.
m

Equivalently, define the Simes p-value
PSimes = _Min %
1<i<m  §

The level-a Simes test rejects when pgjmes < a.

Figure 3.2 shows the same rule rank by rank. The first ordered p-value below the line certifies
a global departure, while the rank of that crossing records the tail scale at which the evidence
became strong enough.

Simes is a global test in this chapter. It does not by itself say which hypotheses are false.
The same boundary will reappear in Chapters 4 and 5, where it is used inside closure and FDR
procedures to produce individual discoveries.

Theorem 3.1: Simes under independent uniforms

If p1,...,pm are independent Unif(0, 1) random variables, then

m .
P{min Z?(Z)<o¢}:o¢, 0<a<l.
1<i<m 2




2. SIMES AS A CROSSING RULE
crossing-scale view near-origin zoom
0.08
0.06 0.004
E:/ 004 0.002
0.02
0.000
1 2 3 4 5 6 7 8
rank i
0.00 == e ordered p-values Simes line
10 20 30 40
rank i © below Simes line @  above Simes line

F1GURE 3.2. The Simes crossing rule. Ordered p-values are compared with the
line avi/m. A crossing gives a global rejection. Later, the same linear boundary
becomes the basis of the BH multiple-testing procedure. The illustration uses
m = 120, a = 0.05, and one-sided p-values from eight Gaussian coordinates with
mean 2.7 and 112 with mean zero. The left panel displays ranks 1-45 on the
crossing-relevant vertical range from 0 to 0.08, so larger ordered p-values lie above
its frame; its shaded first eight ranks are enlarged in the right panel.

Proof of Theorem 3.1
Let

1<i<m 14
We prove by induction that T, ~ Unif(0,1). The case m = 1 is immediate.

Assume the result is true for m — 1. Fix 0 < a < 1 and split the event {7, < a} according
to whether the largest order statistic is at most a:

. . Mp(i)
P(Tm < Oé) =P <1S?SHT£LI—1 T <a, P(m) > a) + P{p(m) = a}'

The second term is a'. The density of p(,, is mt™ 1, 0 <t < 1. Conditional on P(m) =t
the remaining m — 1 order statistics have the same distribution as the order statistics of
m — 1 independent uniforms on [0, ¢]. Equivalently,

(1?(1) p(m1))
PRERREE

has the order-statistic distribution of m — 1 independent Unif(0, 1) variables. Therefore, by
the induction hypothesis,
(m —1)pg) . "
Jmin e Unif(0,1) conditional on p(,,) = t.
On the event p(,,) > «, the crossing among the first m — 1 order statistics is equivalent to

— Dy _
min (m -)p(z) < (m 1)04.
1<i<m—1 ti mit

22
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For t € (o, 1), the right-hand side lies in (0,1). Hence

P( min %Sa, p(m)>a>

1<i<m—1 ]

1 -1 1
= / mt™ ! (m=Ya dt = (m — 1)a/ t" 2 dt = a(l — o™ ).
el mi a
Adding the case p(,) < « gives
P(T,, <a)=a(l—a™ 1) +a™=a.
Thus T;, is exactly uniform on [0, 1]. O

The exact statement uses independence and continuity. Under certain positive dependence
conditions, Simes remains conservative rather than exact. That dependence issue is one of the
main topics of Chapters 4 and 6.

3. Empirical Processes and Classical Goodness-of-Fit Tests

Route: Advanced

Under independent uniform p-values, the centered empirical process
am(t) = vVm{Fn(t) — t}
converges weakly to a Brownian bridge B(t), a mean-zero Gaussian process with covariance
Cov{B(s), B(t)} = min(s,t) — st.

This limit is the organizing principle behind classical uniformity tests.
The one-sided Kolmogorov-Smirnov statistic is
D}, = sup {Fu(t) - t}.
0<t<1
It looks for the largest vertical gap above the diagonal. The two-sided version uses sup, | Fy,(t) —t/,
but for detecting an excess of small p-values the one-sided statistic is the relevant form.
The Cramer-von Mises statistic averages squared deviations:

W, = m/ol{Fm(t) — 0%t

A one-sided version may replace the squared deviation by {F,,(t) —¢}%. This averaging makes the
test less dependent on a single rank than KS, but it can dilute a very narrow left-tail departure.
The Anderson-Darling statistic adds tail weights:

2
= [ O,
1—1t)

Near zero, the binomial variance of F,,(t) is approximately ¢/m, so division by ¢(1 —t) gives more
attention to the small-p-value region. This is the first hint of higher criticism: if the alternatives
are rare, the left tail should be standardized more aggressively than the center of the distribution.

For computation, A,, has a useful ordered-p-value form. Splitting the integral over the
intervals between order statistics gives

m

1 .
Ap =-m— o > (2i—1) {logp(z‘) +log(1 — p(m—l—l—i))} :
i=1
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This formula is also good intuition: the logarithms heavily penalize unusually small p(;)’s and
unusually large p(,41-4)’s. In the one-sided signal-detection setting we mostly care about the
small-p-value contribution, but the classical Anderson-Darling statistic is symmetric in the two
tails.

Proposition 3.2: Brownian bridge covariance

If p1,...,pm are independent uniforms, then for fixed s,t € [0, 1],
Cov{am(s), am(t)} = min(s,t) — st.

Proof of Proposition 3.2

For each j, set I;(t) = 1{p; < t}. Since the observations are independent,

Cov{Fin(s), Fn(t)} = %Cov{[l(s),ll ()}
For s <t, I(s)I1(t) = Ii(s), so
Cov{Ii(s), 1 (t)} = s — st.

Multiplying by m gives the covariance of «,,. The case t < s is symmetric. O

4. Higher Criticism, Berk-Jones, and Average Likelihood Ratios

Route: Advanced

The empirical CDF at a fixed threshold has variance ¢t(1—t)/m. This suggests the standardized

statistic
\/M{F m(t) B t}
ta1—t
Higher criticism maximizes this quantity over left-tail thresholds, taking only the positive part
so that empty crossings do not contribute negative values. A common ordered-p-value form is

m{z’/m—pm}] _ o vmli/m—py)
+

HCm = m?X/J{ T 1<icimp2)
1<i<|[m/2 (1 — pys 1<i<|m/2 (1 — pys
P@) (1 p(z)) Py <i/m P@) (1 p(z))
The two forms agree because only ranks with p(;) < /m contribute a positive deviation; ranks
where the empirical CDF is at or below the diagonal are skipped.
Under the global null, the maximum is not O(1). Each standardized deviation /m{F,(t) —
t}/\/t(1 —t) is approximately N(0,1) for fixed ¢, but the supremum over the left tail picks up
extreme values from a continuum of ¢’s. A law-of-the-iterated-logarithm calculation in the spirit

of Darling-Erdds shows that

HC,, = v/2loglogm {1+ op(1)} under Hy.
The extra /loglogm factor over the pointwise normal scale is the price of scanning many tail
thresholds. In finite samples, the statistic is usually calibrated by simulation, by permutation, or
by a conservative asymptotic threshold such as \/2(1 + §) loglogm, for a fixed slack § > 0. The
important point is that HC scans over many possible tail thresholds without committing to one
sparsity level.
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Berk-Jones replaces the normal approximation in HC by an exact binomial likelihood ratio.

Let
1

—x
1—t’
This is the Kullback—Leibler divergence D(Bernoulli(x) || Bernoulli(¢)), so m h(z, t) is the binomial
log-likelihood ratio at the observed count mz, comparing the empirical success probability x
with the null success probability t. The one-sided Berk-Jones statistic is

i i
Blm = 1<i% m/2] mh (E’p(i)> ! {p(i) < E} '

The natural reading of this scan: think first of a fized threshold ¢ € (0,1), under which
N(t) = #{j : p; < t} is binomial with success probability ¢ under the global null. Then
N(t)/m is its sample proportion, and the binomial log-likelihood ratio comparing the data-driven
proportion to the null ¢ is m h(N(t)/m, t). The BJ statistic plugs in the data-dependent threshold
t = p() (so that N(t)/m =i/m) at each rank i and takes the maximum, scanning over which
rank gives the most extreme binomial likelihood-ratio departure.

Figure 3.3 compares what the different weightings buy in finite samples. Compare methods
within each alternative: the dense design rewards statistics that accumulate a broad departure,
while the rare design rewards statistics that search aggressively over the extreme left tail.

1.0 I I I I
= EN I II I
KS HC BJ

CvM AD

h(x,t):xlog%%—(l—x)log 0<t<z<l

estimated power
o o
o ©

o
~

o
o

. dense weak . rare weak

FiGURE 3.3. Monte Carlo power for KS, CvM, AD, HC, and BJ with m = 700
one-sided Gaussian p-values and nominal level 0.05. Each method’s cutoff is its
empirical 95th percentile from 1,200 null replicates of 700 iid Unif(0, 1) p-values;
power uses 900 replicates per alternative. In each alternative replicate, the dense
design randomly locates 126 N (1, 1) signals, and the rare design randomly locates
8 signals with mean 4/0.721og 700; all remaining coordinates are N(0,1). The
generator uses seed 6892026.

The average likelihood ratio statistic smooths this idea across ranks:

[m/2] . .
i i

ALR,, = i —.piy | L3P0 < — ¢ -

R ; w; exp [mh <m P )) {p(z) < m}]

The weights w; keep the average from being dominated by the many ranks available away from
the extreme tail. A convenient way to think about the left tail is by dyadic blocks of ranks:

i€ [1,2), [2,4), [4,8),....
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There are O(logm) such resolution levels up to m/2, and the block [2¥,2*1) contains order
2F ranks. Weights of order 1/i therefore give each dyadic block comparable total weight, while
the extra 1/logm normalizes across the logarithmic number of blocks. Thus a choice such as
w; < 1/(ilogm) spreads prior weight over tail locations on a scale-invariant grid. HC takes
the largest standardized tail deviation, BJ takes the largest binomial likelihood ratio, and ALR
averages likelihood ratios across tail locations. These are not cosmetic differences: they behave
similarly in the rare/weak asymptotic theory, but in finite samples averaging can be less sensitive
to a single noisy rank or cutoff than a pure maximum.

5. Rare and Weak Gaussian Mixtures

Route: Advanced ‘

We now connect the p-value empirical process to the Gaussian sequence model. Let
Zj~ (1 —=em)N(0,1) + N (fm, 1), ji=1,...,m,

independently, and use one-sided p-values p; = 1 — ®(Z;). The rare/weak parameterization is

Em =mP, Lm = /21 logm,
where 1/2 < 8 < 1 and r > 0. The expected number of signals is
MEy, = ml_ﬁ.

Thus S controls sparsity and r controls signal strength on the extreme-value scale.
The detection boundary for this model is

“8 8-, 1/2 < B < 3/4,
’ (1-VI=BR, 3/4<B<l
For r > p*(p), there exist level-a tests whose power tends to one. For r < p*(/3), no sequence of
level-« tests is consistent: in the standard formulation of the lower bound, the total-variation
distance between the null and the least-favorable mixture under the alternative tends to zero, so
the sum of Type I and Type II errors of any sequence of tests cannot fall below one. This is the
Ingster-Donoho-Jin rare/weak boundary; we cite the Donoho-Jin formulation because it is the
one most directly connected with higher criticism [47, 86].

Figure 3.4 is a map of this theorem rather than a second test definition. For a fixed sparsity
exponent [, move vertically in signal exponent r: crossing the solid boundary changes the
asymptotic problem from undetectable to detectable, and the dashed curve shows where an
extreme-coordinate rule alone reaches that transition.

The shape of the boundary explains the roles of the tests. When > 3/4, the alternatives
are so sparse that the best evidence is often an extreme coordinate. Bonferroni, or equivalently a
maximum test, reaches the optimal boundary because the maximum among the signal coordinates
can exceed the maximum-noise scale. The signal count is approximately me,, = m!~?, each signal
mean is v/2r logm, and the maximum of m!'~? independent N(0,1) noise terms concentrates
near \/2(1 — ) logm by the same Mills-ratio calculation used in Chapter 2. Therefore

max Z; = {y/2rlogm + \/2(1 — 8)logm}{1 + op(1)},

j€nonnull

which exceeds the Bonferroni threshold y/2logm{1 4 o(1)} exactly when
V1= >1, equivalently r>(1—+/1-p8)>2
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FIGURE 3.4. Rare/weak detection boundary for Gaussian mixtures. Above p*(3),
detection is possible; below it, detection is impossible. Bonferroni is rate-optimal
in the very sparse region 3/4 < 8 < 1, but not throughout the whole rare/weak
regime. The vertical dotted line marks 5 = 3/4, where the two boundary branches
meet and Bonferroni becomes rate-optimal.

When 1/2 < § < 3/4, the signals are still rare but not rare enough for the minimum p-value
to be the whole story. The optimal boundary is 5 —1/2, which lies below the Bonferroni boundary.
Higher criticism and Berk-Jones recover this region by scanning over many tail cutoffs.

Here is the exponent calculation behind that statement. Fix a p-value cutoff t = m™,
0 < u < 1. Under the null, the expected count below t is

mt =m', sd{#(p; < t)} = mI=w/2,
For a nonnull observation Z ~ N(/2rlogm,1),
Pp<m™)=P{Z>® 11 -—m )} ~P{N(0,1) > /2ulogm — \/2rlogm}.

The approximation uses the normal tail quantile ®1(1 — m~%) = \/2ulogm{1l +o(1)}. If u < r,
the threshold lies below the signal mean by a diverging amount, so a nonnull coordinate crosses
with probability tending to one. At u = r, the threshold differs from the signal mean by o(1),
and the crossing probability tends to 1/2. If w > r, Mills’ ratio gives

P{N(0,1) > (V2u — v2r)/logm} = m~Vu=vr)*+e(l),

Thus the nonnull crossing probability is approximately

1—o0(1), u<r,
1/2 4 o(1), u=r,
m,(\/ﬂ,\/})2+0(1), u > r7

with the Mills-ratio line understood up to subpolynomial factors. The excess signal count has

exponent
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v a standardized

whereas the null standard deviation has exponent (1 —u)/2. At threshold m™
tail count such as higher criticism is powerful when
1—-u
1=f=(Vu—r)i>——
Scanning over u lets the procedure find the cutoff where this exponent gap is largest. To see the

optimization, write the left minus right side as

Glusr, ) =1~ B~ (Vi — Vi) — gt

For u > r,
1
qwnmzi—ﬁ—r—g+mmn

The unconstrained maximizer is u = 4r. If 4r < 1, the best exponent is G(4r;r,5) =r— 5+ 1/2,
giving the condition r > 8 — 1/2. This is the relevant case when 1/2 < § < 3/4. If the optimizer
would lie beyond the search range, the best cutoff is at the endpoint u = 1, giving

GLir,B)=1-8—(1— V)
which is positive exactly when r > (1 — /T — 3)2. This gives the second branch for 3/4 < 3 < 1.
The full theorem in Donoho and Jin [47] controls the stochastic fluctuations uniformly over the

scanned thresholds; the calculation here is the deterministic signal-to-noise comparison that
explains the shape of the phase diagram.

Theorem 3.3: Adaptive rare/weak detection, informal

In the Gaussian mixture model above, higher criticism has asymptotic power tending to one
whenever r > p*(3), without knowing (3 or r in advance. If r < p*(3), no sequence of level-«
tests has power tending to one uniformly over the corresponding rare/weak alternatives.

Why the boundary has this form. For a fixed threshold ¢ = m™*, the null count m#,,(t) has
mean approximately m!~% and standard deviation approximately m(~%/2_ Under the mixture,
the nonnull coordinates add an excess count whose exponent depends on (3, r, and u. HC
standardizes the excess by the null standard deviation and then maximizes over u. The best
cutoff yields a positive exponent exactly when r > p*(f). The impossibility statement is proved
by likelihood-ratio or second-moment arguments for the mixture distribution under the null.
The full proof is technical; the exponent calculation is the part that explains why a tail scan is
adaptive.

6. Dependence Can Hurt, but It Can Also Help

‘ Route: Research frontier

The preceding calibration assumes independent p-values. Dependence changes the fluctuations
of Fp,(t), so an independence-calibrated HC threshold can be wrong. Positive correlation, for
example, can make small p-values arrive in clusters even under the global null.

Figure 3.5 separates a calibration failure from a power gain. Its first panel asks whether an
iid cutoff preserves size under first-order autoregressive (AR(1)) noise; only after answering that
question should the second panel’s rejection rates be interpreted as power.

Dependence is not only a nuisance. In structured Gaussian problems it can make signals
more visible if the statistic uses the covariance structure. The idea appears clearly in innovated
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FIGURE 3.5. Dependence changes both calibration and apparent power. The
simulation uses m = 400 one-sided Gaussian p-values with AR(1) null correlation
p = 0.85. Cutoffs are Monte Carlo 95th-percentile null cutoffs, either under iid
uniforms or under the AR(1) null. Under the AR(1) null, the iid cutoff is too
low and rejects too often; under a sparse alternative with 8 randomly located
signals of size 2.4, the same too-low cutoff also gives inflated apparent power. The
AR(1)-calibrated cutoff restores size control and reports the honest lower power.
The dashed line in the left panel marks the nominal level 0.05; it has no analogue
in the power panel. Each null and alternative estimate uses 5,000 Monte Carlo
replications.

higher criticism. If X = u+ Z with Z ~ N(0,X), then a whitening operator Ay, satisfying
AWhEAgh = [ turns the noise white:

AgnX = Aynpt + AwnZ, AgnZ ~ N(O, I)

For many correlated models, such as Toeplitz or decaying correlations, the transformation can
increase the effective strength of sparse signals. The iid case can therefore be the hardest case at
a fixed sparsity and signal strength. The catch is that ordinary HC applied to the untransformed
coordinates ignores this information, so it can suffer from both wrong calibration and lost power.

A related likelihood-ratio calculation explains why precision adjustment is a principled statistic
for sparse high-dimensional mean testing. Consider n independent observations Xy, ..., X, in
R™ with mean p and known covariance matrix ¥, and let I' = ¥ ! be the precision matrix. The
sample mean X = n~' > X, has covariance ¥ /n, and we define the precision-adjusted vector

S,=TX so that ES, =Tp, Cov(S,)=T/n.

Up to the positive factor n, S, is the Gaussian likelihood score for the mean vector at p = 0.
Thus S, ; is the score for a local shift in coordinate j with the other mean coordinates held fixed;
this is a statement about that specified score direction, not a blanket locally-most-powerful claim
when the other means are unrestricted nuisance parameters. Because its covariance is I'/n, not a
multiple of the identity, this operation is a precision adjustment rather than a whitening.

For a fixed candidate support .S, maximizing the Gaussian likelihood over mean vectors
supported on S gives the likelihood-ratio statistic

_ T -1
TS — nSH,SF&SSM&



7. ASSUMPTIONS IN PLAIN LANGUAGE 30

and Ts has a X|25| distribution under p = 0. If the alternative is sparse but the support is
unknown, the ideal sparse likelihood-ratio test scans over candidate sets .S. For single-coordinate
supports this reduces to the maximum of precision-adjusted standardized scores,

2 .
max ¢7
1<jsm 754

where ;; is the jth diagonal of I'. This is the one-sparse case of the likelihood-ratio derivation
in Zhang [180] and the basis of the two-sample precision-transformed maximum test of Cai et al.
[35].

This likelihood-ratio view also gives the right interpretation of when dependence helps. For
sparse or maximum-type tests, what matters after precision adjustment is not the raw mean u;,
but the leading standardized transformed coordinates

(YD)

Vi
Power improves when these leading coordinates are larger than the marginal signals, or when
neighboring transformed coordinates carry additional evidence for the same sparse effect. Power
can be worse for a maximum-type statistic when the precision transformation spreads the signal
across many coordinates or creates cancellations that reduce the largest transformed coordinate.
The choice of statistic should therefore match the alternative: max-type and sparse likelihood-
ratio scans are aimed at sparse transformed evidence, while quadratic or sum-of-squares tests are
better suited to broad dense shifts.

The practical lesson is simple, but conditional on what can be learned from the data. If
dependence is weak or well approximated by a known null model, simulate or permute from that
model. If dependence is structured, scientifically meaningful, and the covariance or precision
structure is known or can be estimated accurately enough, build it into the statistic through
precision adjustment or score whitening rather than treating it only as a calibration problem. In
high-dimensional problems this is a real modeling requirement, not a free preprocessing step:
estimating I' usually requires assumptions such as sparse precision rows or a sparse graphical
model, with methods such as nodewise Lasso, constrained ¢; minimization for inverse matrix
estimation (CLIME), or graphical Lasso. When those assumptions are doubtful, dependence-
aware null calibration is safer than a poorly estimated precision transformation.

7. Assumptions in Plain Language

Assumption diagnostic

Checkable Check null calibration on negative controls and compare
empirical dependence with the calibration model.

Not identified from Exact tail dependence and the rare/weak asymptotic regime

these data cannot be certified from the observed extremes alone.

Sensitivity analysis Vary truncation ranges and compare Simes, higher criticism,
Berk—Jones, and permutation calibration.

Conservative fallback  Use an exact randomization test or a conservative combi-
nation bound.
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Uniform p-values are the baseline for this chapter. Exact Simes calibration uses independent
continuous uniforms. Empirical-process approximations use large m, and the usual Brownian-
bridge limit is an independence result. Higher criticism and Berk-Jones rely on tail standardization;
their finite-sample thresholds should be calibrated under the actual null dependence when possible.
The rare/weak boundary is an asymptotic statement for an idealized Gaussian mixture. It is
valuable because it explains which signal shapes different tests are designed to see.

8. Bibliographic Notes

The Simes global test is due to Simes [146]. Higher criticism and the rare/weak detection
boundary are presented in the form of Donoho and Jin [47]. The earlier minimax testing
work of Ingster [86] is important background: it shows that sparse Gaussian testing can have
likelihood-ratio limits outside the classical Gaussian regime, which is why tail-sensitive tests
are not merely finite-sample heuristics. The /2loglog m null scale for higher criticism follows
from law-of-the-iterated-logarithm arguments going back to Darling and Erdés [42]. Berk-Jones
statistics go back to Berk and Jones [24]; modern comparisons of higher criticism, Berk-Jones, and
related phi-divergence statistics include Jager and Wellner [89]. Innovated higher criticism and
the possibility that dependence can improve sparse-signal detection are developed by Hall and Jin
[73]; related heterogeneous-mixture boundaries appear in Cai et al. [33]. Precision-transformed
maximum and sparse likelihood-ratio tests for high-dimensional means are developed by Cai
et al. [35] and Zhang [180]. Precision-matrix estimation methods used in such settings include
nodewise Lasso [121], CLIME [34], and graphical Lasso [60].

9. Exercises

Basic.

Exercise 3.4: Simes crossing
For m = 5 p-values
0.003, 0.021, 0.040, 0.31, 0.78,

compute psimes and decide whether the Simes test rejects at a = 0.05. Compare with Bonferroni.

Exercise 3.5: Variance of the empirical CDF

Assume the p-values are independent uniforms. Derive
t(1—1t)
Var{F,,(t)} = —.
{Fa®)} = "=
Use this calculation to motivate the denominator in higher criticism.
Exercise 3.6: Brownian bridge covariance

Derive the covariance function
Cov{B(s), B(t)} = min(s,t) — st

for the limiting empirical process.
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Intermediate.

Exercise 3.7: Anderson-Darling ordered formula
Derive the ordered-p-value expression for A, by integrating { F},, (t)—t}2/{t(1—t)} over the intervals
[0, p))s [Peiys Pt ny)s and [pemy, 1.

Exercise 3.8: Berk-Jones likelihood ratio
Fix a threshold ¢ and let N(¢) = mF,,(t). Under the null, N(t) ~ Bin(m, p) with p = ¢. Writing
p = N(t)/m for the empirical fraction, show that the binomial log likelihood ratio for testing the
null p = ¢ against the data-driven p =p > t is

m {ﬁlog% +(1—p)log

~

p} = mh(p,t).

1—1t¢
Conclude that the Berk-Jones statistic is, at each rank, a binomial log-likelihood ratio against the
null success probability ¢ = p(;).

Exercise 3.9: Simulation comparison

Simulate one-sided Gaussian p-values under a sparse mixture. Compare Kolmogorov-Smirnov,
Anderson-Darling, higher criticism, and Berk-Jones using Monte Carlo null calibration. Report
both size and power.

Computational.

Exercise 3.10: Average likelihood ratio

Implement the average likelihood ratio statistic with weights w; oc {ilogm}~! for 1 < i < m/2.
Compare its power with HC and BJ in rare/weak simulations.

Exercise 3.11: Rare/weak phase diagram

For a grid of (3,r), simulate the Gaussian mixture model with &,, = m~? and p,, = +/2rlogm.
Estimate the power of Bonferroni, HC, and BJ. Overlay the theoretical boundary p*(53) and
summarize where each method is strongest.

Exercise 3.12: Dependence calibration of HC

Reproduce Figure 3.5 for an AR(1) Gaussian null with p = 0.5 and m € {200,1000}. Compute the
iid-calibrated and AR(1)-calibrated cutoffs by Monte Carlo and report the realized Type I error of
each under the AR(1) null.

Advanced.

Exercise 3.13: Bonferroni in the very sparse regime
Show that the maximum test detects the rare/weak mixture when

Vr4++/1—-8>1.

Use this to explain why Bonferroni is rate-optimal for 3/4 < 5 < 1.




9. EXERCISES

Exercise 3.14: Dependence-aware sparse testing
In a Gaussian mean model with known covariance ¥, compare ordinary maximum testing with the

precision-adjusted statistic ~
n(I'X)?
max u, r=x-1
1<G<m 745
Construct an example where the precision-adjusted statistic has larger power, and one where it has
smaller power. What property of I' relative to the true u determines which regime applies?

Exercise 3.15: Simes uniformity by induction

Refine the m = 2 calculation in the proof of Theorem 3.1 to a general inductive argument. Show
that under iid uniform p-values, the Simes statistic T, = min; mp(;)/i is exactly Unif(0,1), not
merely super-uniform.
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CHAPTER 4

Familywise Error Rate, Closure, and Graphical Procedures

The first two chapters asked whether a collection of tests contains any signal. That is a global
question. In practice, the analyst usually wants individual decisions: which endpoints, genes,
models, subgroups, or validation checks can be declared significant? Once individual decisions
are reported, the relevant error is no longer only the Type I error of a global test. The analyst
must control the chance of making at least one false rejection among the reported discoveries.

This chapter develops familywise error rate control as an error-budgeting problem. Bonferroni
spends the budget evenly. Holm spends it sequentially. Closure explains why these procedures
are strongly valid. Graphical procedures then give a practical language for more structured
testing plans, where alpha can flow from one hypothesis to another after rejections.

The central issue is not merely that many p-values are present. It is that the reported claims
are usually read together. A paper that declares three biomarkers significant, a trial report that
claims benefit on a primary and two secondary endpoints, or a model audit that flags several
failure modes is making a family of statements. Familywise error control asks for a guarantee on
that family as a whole: with probability at least 1 — «, every reported rejection of a true null
should be absent. This is a stricter goal than controlling the expected proportion of mistakes,
and it is often the right goal when a single false claim can trigger a costly follow-up experiment,
regulatory conclusion, or scientific headline.

A second theme is that FWER procedures are easiest to understand when alpha is treated as
a scarce resource. Bonferroni divides the resource before seeing the data. Holm recovers some
efficiency by allowing earlier, smaller p-values to clear the way for larger thresholds later. Closure
gives the theorem that makes such shortcuts legitimate. Graphical procedures make the same
resource accounting explicit, which is why they are useful in confirmatory studies whose testing
order is part of the design rather than an afterthought.

1. Why Strong Control Is Needed

Consider a platform trial with one primary endpoint and several secondary endpoints. If
the primary endpoint succeeds, the study team may want to test secondary endpoints. If one
secondary endpoint succeeds, the team may want to test a related subgroup. This is not an
unstructured screen: the order and priorities are part of the scientific design. Still, every reported
rejection can be wrong, and the sponsor or reader wants a guarantee on the whole family of
claims.

Let m hypotheses be tested. For each hypothesis, there are two binary states: the null is
true or false, and the procedure rejects or does not reject. The usual decision table is shown in
Figure 4.1.

Write mg for the number of true null hypotheses and m; = m — mg for the number of
nonnulls. The decision table partitions the m hypotheses into four cells according to whether the
null is true or false and whether the procedure rejects or not:

U = #{i € Iy : not rejected}, V = #{i € Iy : rejected},

34
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Not rejected Rejected
m-R R

Q
S
2 U Vv i
= o
E] correct false
= non-rejection rejection
8
: M D N
S missed true
= discovery discovery

FiGURE 4.1. Multiple-testing decision table. Rows indicate whether the null
hypothesis is true or false; columns indicate the procedure’s decision. Among
true nulls, U are correctly not rejected and V' are falsely rejected; among false
nulls, M are missed discoveries and D are true discoveries. Row totals are my
and m1 = m — myg; the column total of rejections is R =V + D.

M = #{i ¢ I : not rejected}, D = #{i ¢ T : rejected},
with marginals U +V = mg, M + D = m3, and R = V 4+ D the total number of rejections.
In FWER analysis, V is the only random variable we directly bound, but the full table is the
conceptual object that organizes every multiple-testing error rate. The familywise error rate is
FWER =P(V > 1),

and a procedure controls FWER at level aif P(V > 1) < « for the relevant class of data-generating
distributions.

Definition 4.1: Weak and strong FWER control

A procedure has weak FWER control at level « if
PV>1<a

under the global null, when all individual null hypotheses are true. It has strong FWER
control at level « if the same guarantee holds for every configuration of true and false null

hypotheses.

Strong control is the useful guarantee for individual discoveries. It says that even if some
alternatives are real, the probability of falsely rejecting any true null remains at most c.

The distinction is not pedantic. Suppose a procedure first tests the global null at level «,
and, if the global null is rejected, reports every individual p-value below 0.05 without adjustment.
Under the global null, this has weak control if the global test is valid. But if one nonnull
hypothesis makes the global test reject almost surely, then the true nulls are effectively tested at
unadjusted level 0.05. With mg true nulls and independent p-values, the chance of at least one
false rejection is

1—0.95™°,

which can be far above «.
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For example, with mg = 20 independent true nulls,
1 —0.95% ~ 0.642.

Thus the chance of at least one false rejection is about 64.2%, even though each true null is
tested at the seemingly familiar 0.05 level.
One can also control generalized errors such as k-FWER,

PV = k),

but this chapter focuses on the classical k = 1 case.

2. Bonferroni, Sidak, and Holm

Let p1,...,pm be valid p-values for hypotheses Hy,..., H,,. Let Zy denote the unknown set
of true null indices.

Definition 4.2: Super-uniform p-value

A p-value p; is valid, or super-uniform, for H; if, whenever H; is true,
P(p; <t) <t for every 0 <t < 1.

If equality holds for every ¢, the p-value is exactly uniform. Most FWER arguments in
this chapter require only marginal super-uniformity for each true-null p-value; dependence
assumptions enter only for procedures, such as Sidak, Hochberg, and Hommel, that use
sharper information than a union bound.

The Bonferroni procedure rejects

Hi if plgg
m

Proposition 4.3: Bonferroni strong FWER control

If the p-values for true nulls are super-uniform, then Bonferroni controls FWER at level «
under arbitrary dependence.

Proof of Proposition 4.3

If any false rejection occurs, then p; < a/m for at least one i € Zy. Therefore

P(V>1) < Y Py < a/m) < |To| > < a
. m
1€Zy

Under independence, the Sidak procedure replaces the threshold by
1—(1—a)/™

With m mutually independent, exactly Unif(0, 1) p-values under the global null, this threshold
gives FWER exactly a. With independent super-uniform true-null p-values it is conservative
and still gives strong control; neither the exactness nor the independence calculation is available
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under arbitrary dependence. Sidak is slightly less conservative than Bonferroni, but Holm’s
step-down procedure usually gives a more important gain.
Order the p-values as

Pa) SPe) < S D)o

with corresponding hypotheses H(y), ..., H(;). Holm’s procedure compares them with
o o
—, y e, Qu
m m—1
It starts at p(y). If
o
N< -
O ————

it continues to the next rank. It stops at the first failure and rejects all hypotheses before that
failure.

Figure 4.2 should be read as a stopping-rule diagram: the critical values widen as fewer
hypotheses remain, but a single ordered p-value above its current bound closes the path to every
later rank.

0.05
ranks 1 to 4 rejected
0.04
first failure
0.03 at rank 5
(]
e
©
>
0.02
0.01
0.00
1 2 3 4 5 6 7 8 9 10
rank i

= = Holm critical values =®= ordered p-values

FIGURE 4.2. Holm’s step-down rule for m = 10 and « = 0.05. The solid blue
curve shows the ordered p-values through the first failure, at rank 5 (red x); the
shaded ranks 1-4 are rejected, and later p-values are not inspected. The dashed
purple curve shows all Holm critical values a/(m — i+ 1), ending at « for rank 10.

Theorem 4.4: Holm strong FWER control

Holm’s procedure controls FWER at level o under arbitrary dependence whenever the
true-null p-values are super-uniform.
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Proof of Theorem 4.4

Let mg = |Zy|. Fix the ordering used by Holm, including any tie-breaking, and let ¢* be the
first rank occupied by a true null:

i* = min{i : H; is true}.
Then ¢* < m — mg + 1, because only the m — my false nulls can appear before the first true
null. If Holm makes any false rejection, its step-down path must reach and reject this first

true null: all earlier rejected hypotheses may be false nulls, but the first false rejection can
only occur when the scan first reaches a true null. Hence

e
by < m—4*+1
The rank bound gives
.* o !
7 <m—mg+1, — K —
m—1*4+1" mg
A false rejection therefore implies
@
Pery < —-

mo
Since p(;«) is one of the true-null p-values, the last event is contained in

) «
minp; < — .
Jj€To Y mo

By Bonferroni applied to the mg true-null p-values, this event has probability at most
mo - (a/mg) = a. O

3. Step-Up Procedures and Simes

Holm is a step-down procedure: it starts with the smallest p-value and moves toward larger
ones until it fails. Hochberg’s procedure uses the same critical values but scans in the opposite
direction. It finds the largest ¢ such that

< @
PO S T
and rejects Hyy, ..., H.

Figure 4.3 isolates the consequence of scan direction. Holm must certify every comparison
from the left, whereas Hochberg can use one successful comparison found from the right to
reject the entire prefix, which explains both its possible power gain and its stronger dependence
requirements.

Hochberg can reject more hypotheses than Holm, but it is not an arbitrary-dependence
procedure. Its validity relies on a Simes-type condition. This is the first place where Chapter
3 enters the multiple-testing story. Recall that the Simes global test rejects ()L, H; at level o
when

(1e .
i) < ooy for at least one .

It is valid for independent p-values and for several forms of positive dependence, but not under
arbitrary dependence. We return to the exact closed-testing interpretation after introducing the
closure principle. The important point for now is that Hochberg is a step-up rule whose validity
comes from Simes-type assumptions, unlike Holm’s arbitrary-dependence guarantee.
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FIGURE 4.3. Step-down and step-up scans using the same critical curve. Holm
starts from the smallest p-value and stops at the first failure, here at rank 2.
Hochberg starts from the largest p-value and looks backward for the first success,
here at rank 8, so it rejects ranks 1 through 8. The illustration uses m = 10 and
a = 0.05: the solid blue curve shows the ordered p-values, the dashed purple
curve shows the common critical values, and the green and orange arrows show
the two scan directions.

There is also a useful warning. The Benjamini-Hochberg (BH) procedure is the step-up FDR
procedure that, at target g, rejects Hy), ..., H(), where k is the largest rank satisfying
kq
Plk) < o
It is studied in detail in Chapter 5. For the weak-FWER comparison, set ¢ = a. Under the global
null, BH then rejects at least one hypothesis exactly when the level-a Simes global test rejects.
Under independence, or under positive regression dependence on a subset (PRDS; see Section 1),
the Simes inequality makes this a weak FWER guarantee: under the global null, the probability
that BH rejects any hypothesis is at most a. Weak control is not strong control: when some nulls
are false, BH may reject true nulls with probability larger than a. The dependence assumption
is essential: under arbitrary dependence, Simes itself can fail, so this weak guarantee is not free.

4. The Closure Principle

Closure is the master theorem behind many FWER, procedures. For every nonempty set
I C{1,...,m}, define the intersection hypothesis
Hp =) H..
el
A closed testing procedure specifies a level-a local test for every intersection Hj. It rejects an
elementary hypothesis H; if and only if every intersection hypothesis H; containing ¢ is rejected
by its local test.
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Figure 4.4 makes the proof mechanism visible for three hypotheses. To audit an elementary
rejection, trace every upward path through intersections containing it; strong control follows
because any false elementary rejection must force rejection of the single intersection containing
all true nulls.

closure tests every intersection

() () ()

shaded: subsets of the
@ @ @ true-null set /o = {1, 3}

FIGURE 4.4. Closure lattice for three hypotheses. To reject Hi, closed testing
requires rejection of every intersection containing 1: Hy, Hyo, Hi3, Hi23. In the
example shading, the true-null set is Zop = {1, 3}, so the shaded nodes are exactly
the intersection hypotheses H; with I C Zy; the rejection probability of any of
them under the data-generating distribution is at most «, and this is the lever
that controls FWER.

Theorem 4.5: Closure principle

If every intersection hypothesis H; is tested by a level-a local test, then the closed testing
procedure controls FWER at level « strongly.

Proof of Theorem 4.5

Let Zy be the set of true null hypotheses, and note that Z;y is among the intersection indices
considered by the closed procedure (it is nonempty whenever at least one null is true; the
case Zp = () gives V' = 0 deterministically). If the closed procedure makes any false rejection,
then it rejects some H; with ¢ € Zy. By the rule of closed testing, it must then reject every
intersection containing ¢, in particular the true intersection

Hz, = () Hs.
€1y
Under the true data-generating distribution, Hz, is true, so its local test has Type I error

at most «. Therefore
P(V > 1) < P(reject Hz,) < a.
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The proof is short because closure reduces strong control to one local test: the intersection
of all true nulls. The cost is computational and conceptual. There are 2™ — 1 intersections, so
useful procedures are those where the closed rule has a shortcut.

Closure is not limited to classical FWER. A modern line of work uses the same idea to
produce simultaneous lower bounds on the number of true discoveries, and hence upper bounds
on the false discovery proportion, for post hoc selected sets of rejections [185, 186]. Recent
extensions replace p-value local tests by e-value local tests, including online closed testing and a
general closure principle for FDR control [184, 187]. This chapter keeps the focus on FWER, but
these extensions explain why closure remains a central organizing principle beyond familywise
erTor.

5. Closed Bonferroni, Closed Simes, and Hommel

Closed Bonferroni tests each intersection H; by Bonferroni within that intersection:
@
minp; < —.
ier U=

The closed procedure is exactly Holm.

Proposition 4.6: Closed Bonferroni equals Holm

The closed testing procedure obtained by applying Bonferroni to every intersection hypothesis
rejects exactly the same elementary hypotheses as Holm’s step-down procedure.

Proof of Proposition 4.6

We verify both inclusions.
Every Holm rejection is a closed-Bonferroni rejection. Suppose Holm rejects Hy), ..., H),
and fix an index (j) with j < k. For any intersection I containing (j), let

h =min{r : H,y € I},

the smallest rank index appearing in /. Then h < j < k, so Holm rejected H(y, which
means

< “
Py =t
Moreover I C {(h),(h+1),...,(m)}, so |I| <m — h+ 1. Combining these,

o o

— <

m—h+17 |I]

and the Bonferroni local test for H; rejects. Therefore closed Bonferroni rejects every H(j
for j <k.

No Holm nonrejection is recovered by closure. Suppose Holm stops at rank k, meaning
Pky > a/(m —k +1). Consider the intersection

I ={k),(k+1),...,(m)}, |[I'|=m—k+1.

Every p-value in I* satisfies p(;) > px) > a/(m — k + 1) = a/|I*|, so the Bonferroni local
test for Hy« does not reject. Since I* contains (k), the closed procedure cannot reject H )
either. The same nonrejected intersection I* contains every H(;) with j > k, so none of the

Py <
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hypotheses after Holm’s stopping rank can be rejected by closure. Thus closure adds no
extra rejections beyond Holm, but it explains why Holm is strongly valid. O

Closed Simes uses the Simes test as the local test for every intersection:

I|p;.
min 7‘ ’pg'l) < aq,
1<5<|| J
where p(1.7) < -+ < p(.1) are the p-values inside intersection /. The resulting closed procedure
is Hommel’s procedure. Thus Hommel, not Hochberg, is the exact shortcut for the closure of
Simes local tests. Hochberg is a simpler and more conservative step-up shortcut: it rejects only

hypotheses that Hommel also rejects.

Proposition 4.7: Hochberg is contained in closed Simes

Suppose the Simes local test is valid for every intersection hypothesis. Then every rejection
made by Hochberg is also made by the closed Simes procedure, equivalently Hommel’s
procedure. Consequently Hochberg controls FWER at level o under the same Simes-validity
assumptions.

Proof of Proposition 4.7

Let p1) < -+ < p(m)- Suppose Hochberg rejects H ;. Then there exists r > j such that

o
pep——
To show that closed Simes rejects Hyj), fix any intersection I containing (j), and write
h = |I|. We must show that the Simes local test rejects Hj.
Among all intersections of size h that contain (j), the hardest one to reject is the one that
includes H ;) and the largest possible p-values. Call this set Kj. If j <m —h + 1, take

Kp ={(),(m),(m —=1),...,(m —h+2)};
otherwise take K = {(m),(m —1),...,(m —h+1)}. The ordered p-values inside any other
I are coordinatewise no larger than those inside K}, so rejection of K} implies rejection of
1.
If r <m —h+1, then p;jy < pg) < a/(m —r+1) < a/h, so the first Simes comparison
rejects Kp. If > m — h + 1, then K}, contains p(,) and all m — r larger ordered p-values.
Thus

P(r) <

P(h—m+r:Ky) < P(r)-
Leta=m—-—r+landb=h—m+r. Thena+b—1=h, so

ab—h=(a—1)(b—1)>0.
Consequently

a < (h—m+r1r)a
m—r+17" h ’
which is exactly a Simes rejection for Kj. Therefore every intersection containing (j) is
rejected by Simes, so closed Simes rejects H(;). Since closed Simes controls FWER by

Theorem 4.5, any procedure whose rejections are a subset of closed Simes rejections also
controls FWER. O

P(h—m+r:Ky) <
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Because Simes is never less powerful than Bonferroni on the same intersection, closed Simes
rejects at least everything closed Bonferroni rejects. Therefore, under the dependence conditions
where Simes local tests are valid, Hommel is at least as powerful as Hochberg, and Hochberg is
at least as powerful as Holm. The price is that Hommel’s exact shortcut is less transparent than
Holm’s, and Hochberg trades away some of Hommel’s power for a simpler step-up rule.

The hierarchy is therefore:

Holm C Hochberg C Hommel,
with the important caveat that the latter two require Simes-type validity, not just arbitrary

super-uniform p-values.

6. Graphical Error Spending

Closure is general, but it is not always the most convenient design language. In structured
confirmatory studies, analysts often know the priority order: primary endpoint first, then
secondary endpoints, then subgroups or supportive analyses. Graphical procedures encode this
structure directly.

Each hypothesis H; receives an initial local alpha budget «;, with

m
Z a; < a.
i=1

Directed edges carry transition weights g;; > 0, where g;; = 0 and

m
Zgi]’ <L
j=1

If H; is rejected, its current alpha budget is transferred to other hypotheses according to the
outgoing weights.

Figure 4.5 is read in two stages: node labels give the local levels available now, and directed
edges give the fractions transferred only after a rejection. The numerical update below shows
why a transition weight is not itself a testing level.

0.8

Primary \_/_/’ @

«=0.03 \ «=0.015
0.2\ 1.0

Safety

a=0.005

After a rejection, local « is redistributed along outgoing edges.

FI1GURE 4.5. A graphical testing procedure. Initial alpha is assigned to nodes.
After a rejection, the rejected node’s local alpha is redistributed along outgoing
edges.
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The general update after rejecting H; is:
Qj < o5 + 0y Gij, J 7& 7.
The rejected node is removed. The remaining transition weights are updated by
9ik + 95iGik . . .
gjk%M) ‘775]{;7 .77k7él7
1 — 9jigi;
and g;; = 0.
The graph in Figure 4.5 gives a concrete three-endpoint calculation. Initially the primary,
secondary, and safety hypotheses have local levels
(0.030, 0.015, 0.005).

If the primary endpoint rejects, its 0.030 budget is split according to the outgoing weights: 0.8
to secondary and 0.2 to safety. The remaining local levels become

Qsecondary = 0.015 4 0.8(0.030) = 0.039, Qgafety = 0.005 + 0.2(0.030) = 0.011.

The edge weights are updated separately from the local alpha levels. Write P, S, A for primary,
secondary, and safety. The nonzero initial transition weights are

gps = 0.8, gpa = 0.2, gsa =1,

and the omitted reverse edges have weight zero. After rejecting P, the remaining secondary-to-
safety edge is
ghe — gsa+gspgpa _ 1+0-02
54 1 —gspgprs 1-0-0.8
The reverse safety-to-secondary edge remains zero:
new _ 9AS + gAapgprs _
gas = 1— -
— 9APJPA
Thus the updated graph has a single edge from secondary to safety with weight one. If secondary
then rejects, safety receives the secondary budget, giving

Qsafety = 0.011 4 0.039 = 0.050.

Thus, for p-values (0.020,0.030, 0.018), the procedure rejects all three: primary at 0.030, secondary
at 0.039, and safety after recycling at 0.050. If the primary endpoint had failed, secondary and
safety would have remained at their initial 0.015 and 0.005 levels.

Two common special cases are fixed-sequence and fallback testing.

1.

0.

Example 4.8: Fixed sequence

Assume the testing plan lists the hypotheses in a priority order
Hla H27 ocog Hm7

before the data are examined. Fixed sequence puts the entire error budget on the first
unrejected item in this list. Thus H; is tested at level «; only if H; is rejected does Ho get
tested, again at level «; and the same gatekeeping logic continues down the list. A single
nonrejection closes the gate for all hypotheses that follow. As a graph, this is the chain with
a1 =a, a; =0 for i > 1, g; ;41 =1 for i <m, and no other transitions. For instance, with
a = 0.025 and p-values in this hypothesis order

(0.004, 0.031, 0.006, 0.001),
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only Hj is rejected. The second p-value exceeds 0.025, so the procedure stops there; the
smaller p-values later in the sequence are not eligible for confirmatory claims. The advantage
is that every reached test uses the full level a; the disadvantage is the complete dependence
on the preassigned order.

Example 4.9: Fallback

Fallback testing also uses an ordered list, but it does not put all of the initial budget on the
first hypothesis. Choose nonnegative local levels oy, ..., ay, with >, o < . Hypothesis H;
starts with its own reserved amount «;, and if H; is rejected, its current level is transferred
to H;+1. The graph is again a chain, g; ;41 = 1, with all other transition weights zero.

For example, take e = 0.05, initial levels

(0.030, 0.015, 0.005),

and p-values
(0.040, 0.012, 0.018).

The first hypothesis is not rejected at level 0.030, so no alpha is passed forward from H;.
The second hypothesis is still tested at its reserved level 0.015, and it rejects. Its 0.015 is
then added to the third hypothesis, so Hj is tested at 0.005 + 0.015 = 0.020 and also rejects.
This is the essential distinction from fixed sequence: an early failure lowers the later testing
levels, but it does not necessarily end the entire testing plan.

Route: Advanced

The random-walk view explains both the update denominator and its connection to closed
testing. The same graph does two jobs. First, its initial local levels define a weighted Bonferroni
test for the global intersection:

m
Heyomy = ﬂ H; isrejected if p; < «; for some 1.
i=1

Since >, a; < «, this local intersection test has level at most a. Second, the directed edges specify
the shortcut after an elementary rejection: remove the rejected node, recycle its current local
level, and update the remaining graph so that it represents the same closed weighted-Bonferroni
logic on the smaller family.

Normalize the current local levels by the total level, w; = a;/«, and think of one unit of error
budget as a walker that starts at node ¢ with probability w;; any initially unused alpha starts
outside the testing family. At a given stage, the hypotheses still under consideration are stopping
states: alpha that reaches one of them stays there and becomes part of its current local level.
Rejected hypotheses are transient states: alpha that reaches a rejected node follows the outgoing
transition weights until it is absorbed by a remaining hypothesis. If an outgoing row sums to less
than one, the missing probability can be represented by adding a lost-alpha state H,,+1 with

m
Gjms+1 =1 — Z Gik gm+1k =0 (k<m), Im+1m+1 = L.
k=1
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On this expanded graph, define a Markov chain by

P(Zy = H;) = 2, i=1,...,m,
8]
m au
P(Zo=Hpy1)=1-Y —,
=1 @
]P)<Zt+1:Hk‘Zt:Hj):g]k7 Jak:177m+l

For a remaining intersection I C {1,...,m}, let
rr=inf{t>0:Z, e {H;:ie€l}U{Hpny1}}
The weight assigned to H; in the local test for Hy is its hitting probability
wi(I) =P(Z;, = H;), i€l

I

so its current local level is
aw;(I) = aP(Z;

, = H;).
The lost-alpha state is absorbing and is not tested, so > ;c; w;(/) < 1. Strict inequality means
that some original alpha can be absorbed by H,,+1 before reaching any hypothesis in I.

The denominator in the update formula is the two-node special case of this hitting-probability
calculation. When the rejected node is ¢, a future unit of alpha leaving j can reach k directly
through j — k, through j — i — k, or after one or more round trips j — ¢ — j — i. The total
rerouted weight is
ik + 95iGik

1 - gjigij
The formula requires gj;¢;; < 1. Since both weights lie in [0, 1], this fails only in the boundary
case gj; = gij = 1, a two-cycle that sends all alpha back and forth without escape and should be
excluded from the design. The update and its validity are derived by Bretz et al. [30].

The strong-FWER connection is now explicit. For every remaining intersection I, the hitting
probabilities form weighted Bonferroni weights with total at most one, so the local test that
rejects when p; < aw;(I) has level at most a. The graph update preserves these intersection
weights after each removal; applying the closure principle, Theorem 4.5, therefore yields strong
FWER control, while the graph is the sequential shortcut to those closed tests.

(gik + giigi) {1 + gjigij + (gjigi)* + -+ } =

7. Weighted Bonferroni and Consonance

Graphical procedures are not valid because the graph is intuitive. They are valid because
they correspond to closed tests based on weighted Bonferroni local tests.

Definition 4.10: Weighted Bonferroni local test

For an intersection Hj, choose weights w;(I) > 0 for ¢ € I with
Z w;y (I ) S 1.
i€l
The weighted Bonferroni local test rejects Hy if
pi < aw;(I) for at least one i € I.

By the union bound, this is a level-a test for H;. Closing these local tests gives strong
FWER control by Theorem 4.5.
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Definition 4.11: Monotone weights

The intersection weights are monotone if, whenever J C [ and i € J,
wz(J) Z wi(I).

Intuitively, removing rejected hypotheses should not reduce the alpha available to the
hypotheses that remain.

Definition 4.12: Consonance

A family of local tests is consonant if, whenever it rejects an intersection H7, there is some
¢ € I such that every smaller intersection Hy, @ € J C I, is also rejected. In the resulting
closed procedure, rejection of an intersection therefore points to at least one elementary
hypothesis that can be rejected. Consonance is what lets a closed procedure behave like a
sequential rejection rule rather than stopping with only a rejected global intersection.

The closed weighted Bonferroni algorithm can be read as a sequential shortcut. At any stage,
let I be the set of hypotheses not yet removed. Test each remaining H;, i € I, at local level
aw;(I). If at least one hypothesis crosses its local weighted Bonferroni threshold, reject one such
hypothesis, remove it from I, update the weights for the smaller intersection, and continue. If no
remaining hypothesis crosses its local weighted Bonferroni threshold, stop. Monotonicity and
consonance are the properties that make this shortcut agree with the full closed-testing rule
rather than merely resemble it.

Nonconsonance is easy to see with a combining test. Suppose p; and py are independent
valid p-values under their two null hypotheses. For the intersection Hio = Hy N Ho, use Fisher’s
local test,

Tio = —2{log(p1) + log(p2)}, reject Hig if Tho > XZ,0.95'
For the singleton intersections, use the ordinary level-0.05 tests p; < 0.05. If p; = po = 0.07, then

Tys = —410g(0.07) ~ 10.64,

which exceeds X121,0.95 ~ 9.49. The intersection therefore rejects at level 0.05. However, both
singleton tests fail because 0.07 > 0.05. The rejected intersection does not point to any elementary
hypothesis that can be rejected, which is exactly the nonconsonant behavior.

8. Simulation: Error and Power

The practical tradeoff among FWER procedures is conservative validity versus power. Figure
4.6 compares Bonferroni, Holm, and Hochberg in a one-sided Gaussian simulation with many
near-boundary nonnull effects and strong positive equicorrelation. Holm dominates Bonferroni
because it recycles unused alpha through the ordering. Hochberg can gain additional power when
its dependence assumptions are appropriate; the third panel isolates this increment over Holm
directly. The simulation is deliberately chosen to make the step-up advantage visible. Read the
error panel first: any method above the dashed line is invalid for that setting, regardless of its
power in the companion panel.
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FIGURE 4.6. Monte Carlo FWER, average power, and Hochberg’s power gain
over Holm for Bonferroni, Holm, and Hochberg in one-sided Gaussian tests with
m = 100, ninety-eight N (3, 1) nonnull coordinates, two N (0, 1) null coordinates,
and equicorrelations from 0.65 to 0.9. Each correlation uses 16,000 Monte Carlo
replications at @ = 0.05. The dashed line in the FWER panel marks 0.05,
and the three panels use separate vertical scales. The right panel isolates the
Holm—Hochberg difference, which is most visible in this high-dimensional, highly
correlated near-boundary configuration.

9. Assumptions in Plain Language

Assumption diagnostic

Checkable
Not identified from
these data

Sensitivity analysis

Conservative fallback

Audit marginal p-value validity, family membership,

weights,

and every graphical transition before unblinding.

No observed-data diagnostic can prove that the family was
not informally changed after seeing results.

Report
sharper

results under Holm/Bonferroni and under any
dependence-based procedure.

Use Holm or closed Bonferroni with prespecified weights.
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Bonferroni and Holm need only valid p-values for the true null hypotheses; they do not
require independence. Sidak’s exact threshold requires independence. Hochberg and Hommel
get their extra power from Simes-type local tests, so their validity depends on conditions under
which Simes is valid. Graphical procedures are valid when their alpha recycling corresponds to a
closed family of weighted Bonferroni local tests. A graph is a design interface, not a proof by

itself.

10. Bibliographic Notes
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Bonferroni and Sidak are classical. Holm’s step-down procedure is due to Holm [79]. The
closure principle is due to Marcus et al. [119]. Hochberg’s step-up procedure was introduced by
Hochberg [77], and the closed Simes shortcut leading to Hommel’s procedure is due to Hommel
[80]. Simes’ test, used inside closed Simes procedures, is from Simes [146]. Modern graphical
testing procedures and gatekeeping formulations are described by Bretz et al. [30] and Dmitrienko
et al. [45].

Closure has also become a general tool for post hoc error statements beyond FWER. The
exploratory-research formulation of Goeman and Solari [185] uses closed testing to give simulta-
neous true-discovery guarantees for sets chosen after seeing the data. Goeman et al. [186] show
that closed testing is essentially unavoidable for admissible control of false-discovery proportion
tail probabilities. More recent e-value work extends the same logic to online testing [184] and to
broad classes of expected-loss error rates, including FDR [187].

The regulatory side of multiple testing in clinical trials is shaped by a small set of official
guidance documents. The ICH E9 statistical-principles guideline [87] and its E9(R1) addendum
on estimands [88] set the language for primary and secondary endpoints and the inferential
targets they certify. The EMA guideline on multiplicity issues [54] and the FDA guidance on
multiple endpoints in clinical trials [161] specify how graphical and gatekeeping procedures should
be planned and reported. The practical face of closure and graphical procedures is heavily shaped
by these documents.

11. Exercises

Basic.

Exercise 4.13: Decision table

For a testing problem with m = 20, my = 15, R = 6, and V = 2, compute the entries U, M,
and D of the decision table in Figure 4.1, verify the identity R = V + D, compute the realized
FDP = V/(RV 1), and determine whether a familywise error occurred.

Exercise 4.14: Bonferroni strong control

Prove Bonferroni strong FWER control under arbitrary dependence using only super-uniformity of
the true-null p-values.

Exercise 4.15: Weak is not strong

Construct a procedure that controls FWER under the global null but fails to control FWER when
one null is false. Compute the FWER in your example.

Exercise 4.16: Nonconsonance numerically

Verify the Fisher-combination nonconsonance example in the text numerically: compute Tis =
—2{log(p1) +log(p2)} for p1 = pa = 0.07, compare it with x3 ; g5, and compute the Fisher combined
p-value. Confirm that the intersection test rejects at level 0.05, while neither singleton test p; < 0.05
rejects.

Intermediate.
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Exercise 4.17: Holm by direct proof

Prove Holm’s strong FWER control by bounding the rank of the smallest true-null p-value among
the rejected hypotheses, mirroring the rank argument sketched in Theorem 4.4. Fill in any step
that the chapter compressed.

Exercise 4.18: Closed Bonferroni

Show that closing Bonferroni local tests gives exactly Holm’s procedure. Verify both directions:
closed Bonferroni rejects every hypothesis Holm rejects, and rejects nothing Holm fails to reject.

Exercise 4.19: Closure lattice
For m = 4 hypotheses, draw the full closure lattice (15 nonempty intersections). For p-values
(0.004, 0.012, 0.030, 0.200),

mark which intersections are rejected by closed Bonferroni at level 0.05, and identify the rejection set
of the shortcut Holm procedure. Check that the two rejection sets agree at the elementary-hypothesis
level.

Exercise 4.20: Graph update
Consider three hypotheses with initial alpha budgets

(0.03, 0.015, 0.005)

and transition matrix

0 08 0.2
G=1[0 0 1
0 0 0

Trace the graphical procedure by hand for p-values (0.02,0.03,0.018): determine which hypotheses
are rejected and in what order, applying the graph-update formula after each rejection. In particular,
show that after rejecting the first hypothesis, the updated transition weight from the second
hypothesis to the third remains one.

Computational.

Exercise 4.21: Simulation

Reproduce Figure 4.6. Vary the effect size, correlation, and number of nonnull hypotheses, and
summarize when the extra power of Hochberg is most visible. Report both FWER and average

power, since a method whose FWER exceeds « is not a valid comparison even if its power is larger.

Exercise 4.22: Platform-trial gatekeeping

Design a graphical procedure for a clinical trial with one primary endpoint, two co-secondary
endpoints, and one prespecified subgroup endpoint. Specify the initial alpha budget and the
transition weights. Simulate FWER under the global null and under at least two partial-null
configurations, and simulate power under one realistic alternative.
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Advanced.

Exercise 4.23: Hochberg and Simes

Show that Hochberg’s step-up rejections are contained in the closed Simes rejections, and state
clearly the dependence condition needed for validity. Identify a small example in which Hochberg
rejects a strict superset of what Holm rejects.

Exercise 4.24: Hommel and closed Simes

For a small family, say m < 8, implement the closed Simes procedure directly by testing all
intersection hypotheses. Compare its rejection set with Hommel’s procedure from a standard
software implementation, and verify that they agree. State the dependence conditions under which
the local Simes tests are valid, and contrast Hommel’s rejection set with Holm’s on an example
where Hommel rejects more hypotheses.
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CHAPTER 5

False Discovery Rate and the BH Principle

Familywise error control is designed for settings where even one false rejection is costly.
Many modern studies have a different objective. In a genome-wide screen, a model-comparison
benchmark, or a feature-discovery pipeline, the analyst may be willing to tolerate some false
discoveries if the overall list remains reliable. False discovery rate is the standard error rate for
that regime.

The central procedure in this chapter is the Benjamini-Hochberg procedure. The right way
to understand BH is not as a list of sorted p-value instructions, but as a self-consistent threshold:
choose a cutoff only when the estimated fraction of false discoveries below that cutoff is small
enough.

1. FDP and FDR

Use the same decision table as in Chapter 4. Let V' be the number of false rejections and R

the total number of rejections. The false discovery proportion is
%
FDP = ——.
RV1

The false discovery rate is its expectation:
FDR = E[FDP].
The convention RV 1 makes FDP = 0 when no hypotheses are rejected.
FDR is weaker than FWER. Since FDP < 1{V > 1},
FDR < FWER.

Thus any FWER procedure controls FDR, but it may be unnecessarily conservative for exploratory
discovery. Conversely, FDR control does not guarantee that the realized FDP in a particular
study is below ¢. It controls the average of that random fraction across repeated studies under
the assumed model. Nor does FDR, control bound the probability that the realized FDP exceeds
q. Procedures that target realized or post-hoc FDP statements are different objects: for example,
simultaneous FDP confidence bounds give guarantees for many data-chosen rejection sets at
once [67]. BH should therefore be read as an expected-error-rate guarantee, not as a certificate
that every selected list has small FDP.

2. The BH Step-Up Rule

Let p1,...,pm be p-values and write

Py < S D)
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for the order statistics. The BH procedure at level ¢ finds
E:max{i: Dy < qz},
m

with k = 0 if the set is empty. It rejects all hypotheses with

when k > 0, and rejects nothing when k=0.

Figure 5.1 turns the step-up definition into a visual search: compare each ordered p-value
with the rising line ¢qi/m, keep the largest rank that lies below the line, and reject the entire
ordered prefix through that rank. The word “largest” matters because an early rank can miss its
cutoff even when a later rank crosses it.

0.08

BH rejects 11

0.06
= 0.04
¥

0.02

—e
— — —
0.00 ——0—0—0
5 10 15 20 25 30

rank i

BH line === ordered p-values

FiGURE 5.1. BH in ordered-p-value form. The procedure finds the largest rank
at which py) < ¢ /m and rejects all p-values up to that rank. The simulated
example has m = 120, ¢ = 0.10, and 16 one-sided Gaussian signals of mean 2.6;
the display is a small-p-value zoom of the first 30 ranks.

For very small m, the difference between FWER and FDR, procedures can be seen geometri-
cally. Figure 5.2 colors the number of rejections made at each p-value configuration. Bonferroni
and Holm are FWER procedures from Chapter 4; BH is the FDR step-up rule. For m = 2,
Bonferroni rejects each hypothesis with p; < ¢/2. Thus, in the Bonferroni panel, the blue arms
are one-rejection regions: exactly one of pj,py is below ¢/2. Holm rejects one hypothesis if
p1) < q/2 and ppy > ¢, and rejects both if p1) < ¢/2 and p(9) < ¢. BH rejects one hypothesis
under the same one-rejection condition, but rejects both whenever p3) < ¢g. Thus BH includes
the square ¢/2 < p1,p2 < q, where both p-values are moderately small but neither passes the
Bonferroni threshold.

For m = 3, the figure shows the ordered slice with p(3) = 0.20 > ¢, so at most two hypotheses
can be rejected. Bonferroni rejects #{7 : p; < ¢/3} hypotheses. Holm rejects none if p(;) > ¢/3,
one if p(1y < q/3 and p(9) > q/2, and two if p(1y < ¢/3 and p(y) < q/2. BH rejects two whenever
P2) < 2q/3, and otherwise rejects one only if p;) < ¢/3. This is the geometric face of the
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tradeoff: FWER procedures protect against any false rejection, while BH protects the expected
false discovery proportion.

m = 2: number of rejected hypotheses

Bonferroni Holm BH
FWER FWER step-down FDR step-up
5 R=t R=t ' R=0
Q pmmmmmmeE 1 : S S—
R=0 |
R=1 :
R=1 R=1
q 0 q/2 q 0 q/2 q
P1
m = 3 ordered slice: p(s) = 0.20 >q
Bonferroni Holm BH

FWER FWER step-down FDR step-up

R=0 é

...................

0 a/3  a/2  2q/3 0 a/3  a/2  2q/3 0 a/3 a/2  2q/3
P@)

][]

FIGURE 5.2. Rejection regions at ¢ = 0.10 for m = 2 and m = 3. Color gives the
number R of rejected hypotheses: white is R = 0, blue is R = 1, and green is
R = 2. Each panel recomputes those regions for its own method. The m = 2 row
shows the full (p1,p2) square near the origin. The m = 3 row shows the ordered
slice (p(l), p(g)) with p(3) = 0.20 > ¢. Bonferroni rejects individual p-values below
the first critical value. Holm requires the ordered p-values to pass the FWER
step-down critical values. BH uses ¢i/m, so its two-rejection region is visibly
larger in the ordered m = 3 slice.

The same rule can be written as a threshold rule. For 0 < ¢ < 1, define
R@t)={i:pi<t},  R(t)=[R(@)
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If all null p-values were exactly uniform, then at threshold ¢ one would expect about mgt false
discoveries, where my is the number of true nulls. Since my < m, mt is a conservative estimate.

BH chooses .
~ k ~ i
T:q—, k:max{i:p(i)gq},
m m
again with k = 0 if the set is empty. It rejects p; < T When k> 0, and rejects nothing when
k=0. Equivalently, when at least one p-value is rejected, T is the largest positive threshold

satisfying
mt

<.

R(t) =

The condition R(t) > 0 is important: without it the threshold set would include tiny ¢’s below
P(1), even in the no-rejection case. The numerical value 7" is not generally an observed p-value:

R(t) > 0,

it sits in the open interval (p@), p@ﬂ))

rejection decision is that, for k> 0, the set {i : p; < f} coincides with {i : p; < p@)}, so the

whenever PG < q%/ m < PGty What matters for the

rejection set is the ordered-p-value rejection set above.

There is a third view, useful for visualizing dependence corrections. The empirical CDF of
the p-values is F,,(t) = R(t)/m, so the BH inequality mt/R(t) < q at thresholds with R(¢) >0
is the same as

Fin(t) = - 7
i.e., the empirical CDF must lie above a line of slope 1/¢ through the origin. The rejection

® = gk/m. The canonical

threshold T = qE/ m is the right endpoint of the corresponding ECDF step, so it can lie to the
right of the last rejected observed p-value PGy For the Benjamini—Yekutieli (BY) procedure,

defined fully in Section 10, the analogous endpoint is Toy = q%/ (mH,,), where Hp, = 370 j -1
is the mth harmonic number. In both cases the endpoint and the observed P give the same

decision is still determined by the largest ordered rank k satisfying p

rejection set whenever no observed p-values fall between them, but they are different numerical
thresholds. Replacing the line by a steeper boundary corresponds to a stricter procedure: this is
how BY’s harmonic correction enters in Figure 5.3 below.

3. Adjusted P-Values

BH-adjusted p-values report the smallest FDR level at which each hypothesis would be
rejected by BH. To distinguish a hypothesis-specific adjusted value from the book-wide target g,
write the former with an uppercase @). In ordered form,

mp(j)}
——< 3 A1
Qi) = r}“;?{ ;

The running minimum over j > 1 is essential: adjusted p-values must be monotone in the ordered
ranks. The value @)(;) is then assigned back as @); to the hypothesis that produced p(;).

Example 5.1

Suppose m = 5 and the ordered p-values are

0.003, 0.014, 0.041, 0.20, 0.62.
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FI1GURE 5.3. Empirical-CDF view of BH and BY. The ECDF is a step function.

Open circles mark the observed last rejected p-values Py while dashed vertical

lines mark the selected endpoint thresholds ¢k/m and qk/(mH,,). The zoom
panels explicitly mark the slack intervals Tgy — P and Tpy — Py there are
no observed p-values in such an interval, so the endpoint threshold and the last

rejected observed p-value produce the same rejection set even though they are
different numbers.

The raw BH ratios mpy;)/i are
0.015, 0.035, 0.0683, 0.25, 0.62.

These are already increasing, so they are the BH-adjusted p-values in ordered rank. At level
0.05, BH rejects the first two hypotheses.

These adjusted p-values @Q; (or Q(4) in ordered form) are sometimes also called g-values. They
use m as a conservative upper bound on the number of true nulls. Chapter 6 replaces m by an
adaptive estimate mgm, giving a Storey-adjusted version of the same formula; that version is
what is conventionally meant by “q-value” in the empirical-Bayes literature.

4. What the BH Estimate Means

BH uses
mit

R(t)V1
as a conservative estimate of the false discovery proportion. It is not a guaranteed upper bound
on the realized FDP for every threshold or every data set. Its role is more subtle: under

FDPpy(t) =
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independence, the random threshold chosen by BH interacts with null p-values in a way that
controls the expectation of FDP.

Figure 5.4 illustrates why this distinction is necessary: along one realized path, the estimator
mt/R(t) can lie below the realized FDP at some thresholds. BH’s guarantee concerns the
expected FDP at its data-selected threshold, not pointwise domination of the realized curve.

1
1
0.6 1+ BH endpoint
1
1
1
1
1
1
;
04 |
c 1
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© 1
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; /
0.2 1 /’
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/ {
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= BH estimate realized FDP

FIGURE 5.4. A single simulated path of the realized FDP and the BH estimator
mt/R(t). The estimator need not dominate the realized FDP pointwise; the BH
theorem is an expectation statement at the selected threshold. The gray vertical
line is the selected BH endpoint. Here m = 700, ¢ = 0.10, and 90 one-sided
Gaussian signals have mean 2.45.

5. The Independent-Null Proof

Theorem 5.2: BH under independent nulls

Suppose the true-null p-values are independent uniforms and are independent of the false-null
p-values. Then BH at level ¢ satisfies

FDR < —2¢ < q,
m

where mg is the number of true nulls.

Proof of Theorem 5.2

Let Zp be the set of true nulls. Write R for the number of BH rejections. Then
1{i is rejected }
RvVv1

FDR =) E
i€Zo
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For a true null i, define R; as the number of rejections that BH would make if p; were set
to zero while all other p-values were left fixed. Two observations make the leave-one-out
argument go through. First, setting p; = 0 forces the smallest p-value in the modified vector
to be 0, which satisfies the smallest BH threshold 0 < ¢/m; the modified BH procedure
therefore rejects at least one hypothesis, giving R; > 1 deterministically. Second, on the
event that 7 is rejected by the original procedure, self-consistency of BH gives

qR;

D < and R=R,.

The identity R = R; is the key leave-one-out fact and deserves a line. If i is rejected, then
by BH self-consistency, p; < ¢R/m; lowering p; further to 0 only moves this already rejected
p-value earlier among the first R ordered positions. The R originally rejected p-values still
satisfy the rank-R BH inequality. For any rank s > R, the sth ordered p-value after lowering
p; is the same as the original sth ordered p-value, because only the already rejected p;
moved within the first R positions. Since R was the largest crossing, no new rank s > R
can cross. Hence the rejection count is unchanged and R; = R. In particular, RV 1 = R; on
this event, so

1{i rejected}  1{p; < qR;/m}
RV1 N R; '
Conditional on {p; : j # i}, the quantity R; is fixed and p; ~ Unif(0, 1). Therefore

Hp; < qR;/m} . ] 1 qR; ¢
E . = e =
Summing over the mg true nulls and taking expectations yields moq/m < q. O

Corollary 5.3: BH under independent super-uniform nulls

Suppose the true-null p-values are independent, super-uniform, and independent of the
false-null p-values. Then BH at level ¢ satisfies

FDR < —2¢ < q.
m

Proof of Corollary 5.3

Repeat the leave-one-out proof of Theorem 5.2. Conditional on {p; : j # i}, the leave-one-out
count R; is fixed and ¢R;/m € [0, 1]. Super-uniformity gives

. qR;
P{pi <qRi/m | {pj:j#i}} < mz’
so the contribution of each true null is at most ¢/m instead of being exactly q/m. O

This proof is the template for much of modern FDR theory. The important features are
self-consistency of the rejection threshold and a leave-one-out argument that separates one
true-null p-value from the random threshold.

6. Z-Score Thresholds
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Many large-scale testing problems begin with z-scores rather than p-values. For two-sided
tests, let

R(t) = " 1{7i| > t}.
=1

Under a standard normal null, the expected number of null z-scores beyond =+t is at most
2m{1 — ®(t)}, so this is a conservative estimate of the false-discovery count. The clean way to
state the procedure is to form the two-sided p-values

pi =2{1 - ®(|Zi])}
and apply ordinary BH. Thus
k= max{k : pyy < gk/m},
with no rejections when the set is empty. If k> 0, set
S=qk/m, T=0'1-5/2),

and reject |Z;| > T. If k= 0, no z-score threshold is reported and the rejection set is empty.
Equivalently, when at least one BH rejection occurs, T is the smallest observed-relevant ¢ at

which the z-scale FDP estimate is controlled:

~ 2m{l — ®(t)} }

T=inf{t>0: ————= <

{ = RHv1 -1

but the no-rejection case is not an empty search over all £ > 0: as t — oo, the numerator tends
to zero. The no-rejection case is simply £ = 0 in the p-value BH rule, equivalently no observed
candidate threshold satisfies the BH inequality. Theorem 5.2 therefore gives FDR < g under
independent null z-scores, with no additional calculation needed.

7. Weighted BH

External information can improve power. Some hypotheses may be more promising, more
scientifically important, or measured with higher precision. A fixed weighted BH procedure
assigns weights w; > 0 satisfying

1 m
mia

It applies BH to the transformed p-values

pi

Wy ’
with the convention that hypotheses with w; = 0 cannot be rejected. Larger weights make a
hypothesis easier to reject; smaller weights make it harder. When w; > 1, the transformed
quantity p;/w; is not itself a valid p-value under the null; the validity comes from the normalized
weight budget. Section 9 proves this by the same leave-one-out argument as ordinary BH: a true
null with weight w; contributes at most qw;/m, and these charges sum to at most g because
Do wi =m.

Figure 5.5 shows the geometric effect of the weights. Dividing by a large w; moves a high-
priority hypothesis downward in the ordered plot, so it may cross the BH boundary sooner;
a small weight moves it upward. The normalization redistributes this advantage rather than
enlarging the total weight budget.
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FIGURE 5.5. Weighted BH as BH on transformed p-values p; /w;. High-priority
hypotheses receive larger weights, so their transformed p-values move downward
relative to low-priority hypotheses; in this simulated example the weighted rule
rejects visibly more hypotheses than ordinary BH. Here m = 120, ¢ = 0.10, and
the two equally sized priority groups receive weights 1.8 and 0.2, so the weights
average to one.

Weights must be fixed independently of the null p-values they are used to test, or learned in
a way justified by additional theory such as sample splitting, external covariates, or structural
modeling. Reusing the same noise twice can destroy FDR control.

8. Learning Weights from Covariates: IHW

Route: Advanced

Modern multiple-testing problems often come with auxiliary information for each hypothesis:
gene length, technical replicates, baseline expression, prior significance, distance to a known
feature, or a side-data summary derived from an entirely different experiment. Let X; € X
denote such side information for hypothesis ¢. The ideal covariate is informative about power or
the prior chance of being nonnull, but under a true null it does not use the focal testing noise
that produced p;.

Weighted BH explains how to use fixed side information. Independent hypothesis weighting
(IHW) asks the next question: can the weights themselves be learned from the collection of
covariates and p-values? The answer is yes when the learning is arranged so that the weight
assigned to a true null is not learned from that null p-value.

Ignatiadis et al. [83] implement this idea with fold splitting. The clean cross-fitted version
below is a sufficient recipe for the leave-one-out proof. Under mutual independence, a weight for
hypothesis ¢ may depend on other p-values, even other p-values in the same fold, because those
p-values are independent of a true-null p;. What the finite-sample proof cannot allow is for the
final weight assigned to i, or a normalizing constant that changes it, to depend on p; itself. A
simplified cross-fitted version that enforces this condition is:

(1) Partition the hypotheses into K folds without using the focal p-values; in applications
the folds are usually balanced across covariate bins.
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(2) For each fold k, use hypotheses outside fold k to learn a nonnegative weight function
wW_g(x) of the covariate. The training folds may use both their covariates and p-values
to choose this function. IHW commonly learns piecewise-constant weights over covariate
bins, with regularization to avoid unstable choices.

(3) For each held-out hypothesis i € F, set a raw weight w; = w_(X;). This evaluates the
learned function on the held-out covariate X;, not on the held-out p-value p;; p; is saved
for the final weighted BH step. After all folds have received raw weights, normalize

globally so that
m
Z w; = m.
i=1

This normalization is part of the weight-construction step; the final normalized weights
must still satisfy the leave-one-out exogeneity condition stated below.

(4) Run one weighted BH procedure on the transformed p-values p;/w;, with w; = 0
interpreted as making hypothesis ¢ unrejectable.

The optimization used to choose the bin weights is not the main point here. The main point
is the exogeneity condition. Power considerations naturally push us to use as much p-value
information as possible when learning weights. With mutually independent p-values, the weight
for i can depend on {p; : j # i}, including p-values from the same fold, without depending on p;.
Thus a more data-efficient implementation can be valid if it is effectively leave-one-out for every
focal null. By contrast, fitting one fold-level weight rule using all p-values in F}, and assigning it
back to every member of Fj usually makes w; depend on p;, and then this simple finite-sample
proof no longer applies without an additional masking, monotonicity, or stability argument.

Proposition 5.4: Leave-one-out weighting validity

Suppose the p-values are mutually independent, each true-null p-value is uniform, and the
final nonnegative weight vector W = (wy, ..., w,,) satisfies >, w; = m. Assume also that,
for every true null ¢, the final weight vector used by the BH step can be conditioned on
without using p;; equivalently, after conditioning on the information that produced W and
on the other p-values, p; remains uniform and W is fixed. Then weighted BH applied to
pi/w; controls FDR, at level g.

Proof of Proposition 5.4

Condition on the learned weights and on all p-values except the focal true-null p-value
p;. Under the assumption above, w; is fixed in this conditional calculation and p; remains
uniform. Let R; be the rejection count after setting p; = 0, using the same weights. On the
event that ¢ is rejected, the weighted BH leave-one-out identity gives R = R; and

ps < Loifti
m
Therefore
14i i octed 1{p;, < quw; R; '
E {i is rejected} other data] <E { {p: < quili/m} other data} < %
RV1 R "
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If qw;R;/m > 1, the same bound is trivial because then 1/R; < qw;/m. Summing over true

nulls gives
qu;

FDR < )

i€Zg

since ), w; = m. Averaging over the data used to learn the weights completes the argument.
O

<q

I

This proposition is deliberately cleaner than the full IHW theorem. It captures the reason
fold splitting is needed, while the actual IHW analysis also verifies that the fold construction,
regularization, and normalization preserve the required leave-one-out structure. If the same
p-values are used both to choose their own weights and to test themselves, small null p-values can
receive large weights precisely because they are small, and the weighted-BH charge calculation
no longer applies.

More adaptive covariate-threshold methods require additional ideas. In particular, procedures
such as AdaPT use local-FDR-style models to propose covariate-dependent threshold surfaces,
and masking or mirror symmetry to keep the adaptive search valid. Those ingredients are
introduced after local FDR in Chapter 6.

9. A Generalized BH Template

‘ Route: Advanced ‘

A broad class of BH-type rules can be put in a single framework. Let 1; : [0,1] — [0, 00) be a
coordinate-specific strictly increasing transformation with ;(0) = 0, so that the rejection event
¥;(pi) <t is equivalent to

pi YT AL,
where the cap at 1 handles inputs ¢ for which the inverse exceeds the unit interval (in which
case the inequality holds trivially because p; < 1). When we write the rejection threshold below
we always interpret ¢; ' (t) capped at 1 without further comment. Let g(t) be an increasing
boundary function with ¢g(0) = 0, and define

R(t) = fj {p; < ;' (1)}

To avoid threshold-attainment distractions, state the template on a deterministic finite grid
T C (0,1]. Continuous-threshold versions require the same proof plus one-sided continuity or a
largest-attained-threshold convention. The generalized BH threshold is
= mg(t)
The procedure rejects R
pi < ;7 H(T).

Proposition 5.5: Generalized BH bound

Assume the true-null p-values are independent uniforms and are independent of the false-null
p-values. Define

—il
C= = sup Yi (t)
m eT, t€T g(t)
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Assume additionally the following leave-one-out stability property: for every true null 4, if ¢
is rejected by the original procedure and (R;, YA’,) are the rejection count and threshold after
setting p; = 0, then R; = R and p; < @bz_l(ﬁ) Ordinary BH and fixed weighted BH have
this property because they are ordinary BH procedures applied to transformed p-values.
Then the generalized BH procedure satisfies

FDR < Cg.

Proof of Proposition 5.5

The proof is the same leave-one-out argument as for BH. For a true null ¢, set p; = 0 and
let R; and T} be the resulting rejection count and threshold. On the event that the original
procedure rejects i, leave-one-out stability ensures that the attained grid threshold T; is a
threshold at which the leave-one-out procedure rejects, so the self-consistency relation reads

mg(T;) <
R;
Conditioning on all other p-values makes R; and iy fixed, while p; is uniform. By leave-one-
out stability, the contribution of hypothesis 7 to the FDR is bounded by

1{p; < w7 U(T; (1, ~1
o[He SO ) D) 2 D) g, 0000
R; m g(T;) ~ myer g(t)
Summing over i € Io and using the definition of C' gives the result. O

Ordinary BH satisfies the stability condition in Proposition 5.5 because lowering an already
rejected p; to zero only moves that value within the first R ordered positions; the transformed
values beyond rank R do not change, so no larger rank can newly cross and R; = R. The
canonical cutoff ¢gR/m is therefore also unchanged, which gives the required focal inequality. For
fixed weighted BH, apply the same argument to the fixed transformed values p;/w;. A rejected
hypothesis necessarily has w; > 0, and lowering p; to zero again moves only its transformed
value within the rejected preﬁx Hence the transformed cutoff remains ¢R/m, and rejection
gives p; < wiqgR/m =), ( 3). If w; = 0, the hypothesis cannot be rejected and the condition is
vacuous.

For ordinary BH, +; !(t) =t and g(t) = t, so

c="0
m
For weighted BH with ;(p) = p/w; and weights normalized so that >, w; = m, one has
Y H(t) = wit; taking g(t) = t gives

Z w; < — Z w; = 1.

ZEIO
Thus fixed weighted BH controls FDR at level g. The 1nequahty is strict when larger weights are
assigned mostly to nonnull hypotheses, which is why genuinely external prior information can
improve power.

The value of this template is conceptual. It shows that BH is one member of a larger family

of self-consistent thresholding rules. Later chapters use the same logic for dependence, adaptive
estimation, and e-value procedures.
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10. Arbitrary Dependence: The BY Correction

BH is valid under independence and under positive regression dependence on a subset (PRDS),
defined in Section 1. Under arbitrary dependence the BH procedure can fail. Where does the
failure come from? The leave-one-out proof of Theorem 5.2 used the unconditional uniform
distribution of a true-null p; to compute the expectation E[1{p; < qR;/m}/R;] = q/m; under
arbitrary dependence, the random threshold R; is correlated with p;, and the same expectation
can be larger. A careful arbitrary- dependence calculation by Benjamini and Yekutieli [20] shows
that FDR < ¢H,,, under arbitrary dependence, where

Uy |
Hy, = Z -
=17
is the harmonic number. Dividing the nominal level by H,, restores the ¢ bound. The BY
procedure rejects according to '
qi
mH,,’
i.e.,, BY is BH run at level ¢/H,,. Since H,, =logm + O(1), the power cost can be substantial,
but the benefit is robustness: no dependence structure among the p-values is required.

Py <

Theorem 5.6: BY correction

Assume the true-null p-values are marginally continuous uniforms, with arbitrary dependence
allowed among all p-values. The BY procedure at level ¢, equivalently BH run at level
q/Hp,, satisfies

FDR < 24 < q.
m

For the proof, first consider a generic step-up rule with nondecreasing critical values
O=ap<a1 < - <ap

We reserve 7 for the nominal level supplied to an ordinary BH rule, so its generic cutoffs become
as = ns/m; the symbol ¢ remains the book-wide FDR target to be imposed at the end.

Proof of Theorem 5.6

The displayed proof uses exact continuous uniformity of the true-null p-values. For merely
super-uniform p-values, one should use the standard reshaping formulation or state the
corresponding conservative interval-probability inequalities explicitly. Let R be the number
of rejections. Step-up self-consistency says that if hypothesis ¢ is rejected and R = r, then
p; < a,. Hence, for a true null 4,

1{i is rejected } < 1{p; <agr}
Rv1 - Rv1

On the event p; € (as—1,as), the inequality p; < ag can hold only if R > s. Therefore, path
by path,

1{p; <a 1
W < Zgl{as—l < pi < as}

s=1
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Taking expectations and using the marginal uniformity of the true-null p-value gives

1{i is rejected } T as — as—1
E < .
{ RV1 } Z s

s=1
For BH run at nominal level 1, as = ns/m, so
y %1yl nHn
s m“— s m
s=1 s=1
Summing over the mg true nulls shows that BH at nominal level n has

FDR < "% H,,..
m

Taking n = q/H,, proves the BY bound without redefining the target q. [l

Remark 5.7: Reshaping the step-up boundary

The proof shows more than the harmonic correction. For any step-up rule with critical
values as; = qB3(s)/m, where 5(0) =0 < (1) < --- < 5(m), the same argument gives

m

FDR < 704§~ B) = B ~1)
s

s=1
Thus arbitrary-dependence control follows whenever the displayed sum is at most one.
Ordinary BH uses f(s) = s, giving the factor H,,; BY uses ((s) = s/H,,. This is
the simplest instance of the reshaping viewpoint for self-consistent FDR procedures: the
rejection boundary is bent downward just enough that the worst-case dependence calculation

still sums to one. More general reshaped and self-consistent procedures are developed in
Blanchard and Roquain [27].

11. Mirror Estimation

Route: Research frontier

Another way to estimate false discoveries uses symmetry. Suppose null p-values are uniform,
while alternatives mostly produce small p-values. Then the upper tail near one can act as a
mirror for the lower null tail. For 0 < ¢ < 1/2, define

— 1 L ip; > 11—t
FDP i (1) = +#{;(t];v1 3

The plus one stabilizes the estimate. A mirror procedure chooses from the finite candidate set of
positive reflected magnitudes

Because every p-value lies in [0, 1], each min(p;,1 — p;) is automatically at most 1/2; an explicit

upper-bound intersection is therefore redundant. Strict positivity merely removes the degenerate
zero-threshold candidate arising at p; € {0,1}. The procedure then sets

~

Tmir = max {t € Upir : FDPmir(t) < q} ,

with fmir = 0 if no candidate passes, and rejects p; < fmir.
This rule is attractive because it estimates the number of false discoveries from the data
rather than using the conservative upper bound mt. Under suitable joint sign-symmetry and
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stopping-time conditions — for example, conditionally independent null signs given magnitudes
and nonnull information, with the threshold chosen by a valid sign-revealing filtration — the
procedure satisfies
FDR < gq.

The argument is a martingale stopping-time argument on the sign-flip variables 1{p; < 1/2} —
1{p; > 1/2}; the same sign-symmetry logic appears in the knockoff proofs of Chapter 9, so we
defer the detailed argument to Barber and Candes [8]. Three caveats matter in practice: the
orientation of the mirror count is essential (counting p; > 1 — ¢ rather than p; < 1 —t), the
plus-one stabilizer is what gives finite-sample control, and dependence among null p-values is
not free — the sign-flip argument needs a suitable conditional joint-null symmetry, not merely
marginal symmetry. Exact uniformity and even PRDS do not by themselves validate this adaptive
two-tail comparison; Section 2 of Chapter 6 gives an exact counterexample.

Figure 5.6 uses nominal level ¢ = 0.10. BH rejects where the conservative estimate mt/R(t)
first reaches this level; in the example this gives 53 rejections. The mirror rule uses the observed
upper tail instead. Because the upper-tail mirror count is small at the selected threshold,
(1+#{p; > 1—1t})/(R(t) V1) stays near 0.10 until a larger threshold and the rule rejects 84
hypotheses. This is a data-adaptive power gain in this symmetric example, not a guarantee that
mirror always dominates BH.

lower tail and upper-tail mirror FDP estimates (q = 0.10)
' '
reject p <= 0.104 mirror p >= 0.896 H
R =84 count =7, 03 ! [BH endpoint
T : . R=53 J
' '
;
‘l . o
' [a)
[
' ° i I
: Q mirror threshold
: E R=84|,
U = u ier count =7,
0 %
' r
0 .-
EH X e
H ) 3 [
Q 4
o 1
R 0.0 '
0.00 0.25 0.50 0.75 1.00 0.000 0.025 0.050 0.075 0.100 0.125
p-value threshold t
nonnull null === BH estimate == = mirror estimate

FIGURE 5.6. Mirror estimation in one simulated example at nominal level ¢ = 0.10.
The lower tail supplies candidate discoveries, while the upper tail p; > 1 — ¢
estimates the null contribution in the lower tail. Compared with BH’s conservative
estimate mt¢/R(t), the mirror estimate can allow a larger threshold when the
upper tail is sparse; here BH rejects 53 hypotheses and the mirror rule rejects 84.
The simulation has m = 240 hypotheses, including 70 one-sided Gaussian signals
of mean 2.7.

The equicorrelated simulation in Figure 5.7 previews a systematic failure rather than a
high-correlation curiosity. Section 2 of Chapter 6 shows that the mirror threshold can fail for
exactly uniform PRDS p-values and for Gaussian scores with any fixed positive equicorrelation,
even though PRDS continues to protect BH.
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FIGURE 5.7. Simulation comparing BH, BY, and a mirror estimator. BY is
robust but conservative. The mirror rule can gain power, but its validity is more
sensitive to dependence and symmetry assumptions. The design uses m = 300
one-sided Gaussian tests, 45 signals of mean 2.45, ¢ = 0.10, 1,000 replications,
and equicorrelations 0, 0.3, and 0.6.

12. Assumptions in Plain Language

Assumption diagnostic

Checkable Check marginal null calibration, duplicated tests, weight
normalization, and dependence simulations tied to the
design.

Not identified from PRDS is a property of the joint null law and is rarely

these data testable from a single p-value vector.

Sensitivity analysis Compare BH with BY and vary filtering or weighting

choices fixed independently of the tested p-values.
Conservative fallback  Use BY, or use BH only after a design-based indepen-
dence/PRDS justification.

BH needs valid null p-values and a dependence condition that lets the random threshold be
analyzed. Independence is the cleanest case; PRDS is treated in Chapter 6. BY sacrifices power
to avoid dependence assumptions. Weighted BH is valid when the weights are external to the
tested null noise. Mirror estimators use symmetry and require more care than the formula alone
suggests.

13. Bibliographic Notes



14. EXERCISES 68

The BH procedure was introduced by Benjamini and Hochberg [19]. The BY arbitrary-
dependence correction is due to Benjamini and Yekutieli [20]. Generalized and reshaped FDR
procedures are discussed by Blanchard and Roquain [27]. The mirror estimator and its sign-flip
finite-sample argument are due to Barber and Candeés [8], where the related knockoff filter
is introduced. The distinction between a bare mirror or knockoff+ threshold and a valid
knockof! filter under dependence is studied by Zhang [181]. The empirical-process, adaptive, and
empirical-Bayes extensions are deferred to Chapter 6.

Independent hypothesis weighting is introduced by Ignatiadis et al. [83]; the procedure is
widely used in genomics, where the side information is typically a measure of statistical precision
such as gene length or baseline mean expression. Masking-based and local-FDR-~guided covariate
thresholding, including AdaPT, is deferred to Chapter 6, after local FDR has been introduced.
Group and multilayer extensions to grouped or tree-structured families are from Barber and
Ramdas [9] and Yekutieli [178]; these are developed in detail in Chapter 7. A frontier topic not
pursued in this chapter is differentially private BH, which uses Laplace-noised log p-values to
obtain FDR control under (g, d)-differential privacy with a multiplicative inflation factor; see
Dwork et al. [51] for a treatment in the privacy-utility literature.

14. Exercises

Basic.

Exercise 5.8: FDP versus FWER

For a testing problem with m = 100, my = 70, V = 3, and R = 8, compute the FDP and decide
whether a familywise error occurred. Then, keeping m = 100 and mg = 70 fixed, give the smallest
value of R for which a procedure rejecting V' = 3 true nulls would still achieve FDP < 0.10, and
verify that this R is feasible given how many nonnull hypotheses are available.

Exercise 5.9: BH by hand

For p-values
0.004, 0.011, 0.018, 0.042, 0.067, 0.21, 0.33, 0.46, 0.71, 0.88,

compute the BH rejection set at ¢ = 0.10.

Exercise 5.10: Adjusted p-values

For the same p-values, compute the BH-adjusted p-values. Be careful to apply the running minimum
from the largest rank back to the smallest rank.

Exercise 5.11: Threshold equivalence
Prove that the ordered-p-value definition of BH is equivalent to the threshold definition

k= max{i : pi;y < qi/m}, T = qif\/m,

with & = 0 if the set is empty. Show also that when k> 0, this T is the largest threshold with
R(t) > 0 and mt/R(t) < ¢, while k = 0 gives no rejections.

Intermediate.
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Exercise 5.12: Leave-one-out proof

Fill in the details of Theorem 5.2. In particular, prove the self-consistency relation between rejection
of a true null and the leave-one-out rejection count R;.

Exercise 5.13: Z-score BH
Starting from two-sided p-values p; = 2{1 — ®(|Z;|)}, derive the z-score threshold used when BH
makes at least one rejection:

~ 2m{1 — ®(t)}

T=infqt>0: ————= < .

{ = rRyvi -1

Explain why the infimum is the right operator (rather than supremum) when larger |Z;| is stronger
evidence. Also explain why the no-rejection case is kK = 0 in the p-value BH rule, not an empty
search over all ¢ > 0.

Exercise 5.14: Weighted BH

Show that fixed weighted BH is ordinary BH applied to p;/w;. State the normalization condition
on the weights and explain why data-learned weights are not automatically valid.

Exercise 5.15: IHW validity through folds

Suppose an IHW-style procedure splits the hypotheses into K folds. For each fold k, a weight
function @w_g(z) is learned using only {(p;, X;) : j ¢ Fi}, assigned to held-out hypotheses by
w; = W_p(X;) for i € Fy, and normalized so that the final weights satisfy ), w; = m. Assume the
normalization is leave-one-out-safe: when analyzing a focal true null 7, the final weight vector used
by the BH step is fixed after conditioning on data that exclude p;. Condition on that information
and on all p-values except p;. Explain why p; remains uniform and the weighted-BH leave-one-out
proof applies. Under mutual independence, why would it also be safe for the weight of i to use
p-values in Fj other than p;? What can go wrong if p; itself is used to tune the weight assigned to
i, or if a global normalizing constant reintroduces dependence on p;?

Exercise 5.16: BY correction

Compute H,, for m = 10,100,1000. Compare the BH and BY critical values and discuss the power
cost of arbitrary-dependence robustness.

Computational.

Exercise 5.17: Pathwise FDP

Reproduce Figure 5.4. Explain why the BH estimator need not dominate the realized FDP for every
threshold.

Exercise 5.18: Simulation study

Simulate BH, BY, and the mirror procedure under independent and equicorrelated Gaussian z-
scores. Report FDR, power, and the distribution of realized FDP. As a sanity check, under the
all-null independent setting the empirical FDR should be close to the nominal level for BH, while
BY should be visibly more conservative. Then set every hypothesis to null, fix p € {0.05,0.10},
and increase m through values such as 200, 1000, 5000. Estimate P(R > 0), which equals FDR
under the global null, and compare BH with the mirror rule. Use the exact mirror candidate set
{min(p;,1 — p;) : 1 < i < m,min(p;, 1 — p;) > 0}, and explain the trend using Theorem 6.8. The
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figure-generation function £ig04_bh_by_bc_sim() in scripts/make_figures.R gives one reference
implementation.

Advanced.

Exercise 5.19: Mirror orientation

What is the role of the plus-one term? Construct a small example with two independent null
p-values showing that omitting the plus-one breaks the finite-sample bound.

Exercise 5.20: Generalized BH

Specialize the generalized threshold template to weighted BH and verify the constant C' under
independent true-null p-values. Then show that ordinary BH is the case ¢;(p) = p, g(t) = t, and
that the BY procedure corresponds to a different choice of g (which one?).

For the mirror estimator, explain why the numerator counts #{p; > 1 —t} rather than #{p; < 1—t}.
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CHAPTER 6

Dependence, Adaptive FDR, and Empirical Bayes

Chapter 5 presented BH under independent null p-values and then introduced BY as a robust
but conservative arbitrary-dependence correction. In large-scale inference, neither independence
nor worst-case dependence is a satisfactory default. Gene-expression measurements are correlated
through pathways. Imaging statistics are spatially dependent. Benchmark scores share training
data, prompts, and evaluation pipelines. Dependence is part of the problem.

This chapter has two goals. First, it explains when dependence is benign for BH. Positive
dependence, formalized through PRDS, often preserves FDR control. Second, it explains how the
null fraction and posterior null probabilities can be estimated. Storey’s estimator, g-values, and
local FDR all refine the basic BH idea, but they answer different questions and rely on different
assumptions.

1. Positive Dependence and PRDS

The BH proof in Theorem 5.2 used a leave-one-out argument: a true-null p-value was
separated from the random threshold. Under dependence, that separation is no longer automatic.
PRDS is a condition that keeps the dependence in a favorable direction.

Because p-values are small when evidence is strong, one must be careful with monotonicity.
For two p-value vectors p = (p1,...,pm) and p’ = (p},...,p;,), write p’ > p when pj; > p; for
every coordinate. A Borel-measurable set A C [0, 1]™ is called increasing if

pcdA p>p = pecA

The set A is the measurable geometric object; for a random p-value vector P, the corresponding
event is {P € A}. Increasing P coordinatewise can therefore only move this event from false to
true.

Definition 6.1: PRDS for p-values

A p-value vector P = (P4, ..., Py) is positively regression dependent on a set of true nulls
Ty if, for every Borel-measurable increasing set A C [0, 1]™ and every i € Zp,

tH]P’(PGA’PZ':t)

is nondecreasing in ¢, using a regular conditional distribution.

Figure 6.1 gives the geometry behind the definition in two coordinates: once a point enters
the shaded upper set, moving either p-value upward cannot make it leave. PRDS asks that
conditioning a true-null coordinate at larger values makes the event {P € A} no less likely for
every such set.
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FIGURE 6.1. A schematic increasing set in p-value coordinates. Once a point
is inside the shaded set, making coordinates larger keeps it inside. PRDS is a
positive-dependence condition stated in terms of the events generated by these
increasing sets.
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Theorem 6.2: Gaussian sufficient condition for PRDS

Let Z = (Zy,...,Zy) be multivariate normal with means y; and covariance X, and let
P=1-9(%)

be the right-tail p-value for testing H; : u; = 0 against positive alternatives, so u; = 0 for
true nulls. If

Cov(Zi, Z;) > 0 for every i € Zy, j € {1,...,m},
then the p-value vector P = (P,..., Py) is PRDS on Zj in the sense of Definition above.

Proof of Theorem 6.2

Fix i € Zy and let A be a Borel-measurable increasing set in p-value coordinates. Its inverse
image in Z-coordinates is the set

B={zeR™: (1-®(z),...,1—®(z)) € A}

It is decreasing: increasing the Z;’s decreases the P;’s, so a set that is upward closed in
p-value coordinates is downward closed in Z-coordinates. If 2’ < z coordinatewise and
z € B, then the corresponding p-value vector at 2’ is at least the one at z, so 2’ also lies in
B.
The conditional distribution of Z_; given Z; = z is Gaussian with covariance not depending
on z and mean

ElZ_i| Zi =z = p_s + 5455 (z — )
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Under the covariance assumption, ¥_; ; is entrywise nonnegative, so this conditional mean
is coordinatewise nondecreasing in z. To see the monotonicity explicitly, take z; < zo and
represent the two conditional vectors as

Z(Ti) =m(z,) + ¢, r=1,2,

using the same centered Gaussian noise ¢, where m(z) = u_; + $_;;%7 (2 — ;). Then
m(z1) < m(z2) coordinatewise. Since B is decreasing,

1{(z2,m(22) +¢) € B} < 1{(21,m(z1) +¢) € B}

after inserting the fixed ith coordinate into the same position in both vectors. Taking
expectations of this pointwise inequality with respect to the shared noise gives

P(P e A| Z; = 29) = E.[1{(22,m(22) + €) € B}]
< Ee[1{(z1,m(z1) +¢) € B}]

Here the displayed vectors are understood with the ¢th coordinate inserted in its original
position. Thus P(P € A | Z; = z) is nonincreasing in z.

Translating back to p-values reverses the direction once more. The map P, =1 — ®(Z;) is
strictly decreasing, so conditioning on P; = t is the same as conditioning on Z; = ®~1(1 —1t),
and this value of Z; decreases as t increases. Therefore a conditional probability that is
nonincreasing in Z; becomes nondecreasing in ¢:

tHP(PGA’PZ':t)

is nondecreasing, which is the PRDS condition for the p-value vector. O

The sign manipulation above is the source of many mistakes in informal descriptions of
PRDS. The two coordinate systems are equivalent, but coordinatewise transformations preserve
PRDS only when their order is tracked. If each 7; is strictly increasing, transforming P; to T;(F;)
preserves the coordinate order. If each T is strictly decreasing, the partial order reverses and
the PRDS statement must be written in the reversed order. In the theorem, the right-tail map
P, =1— ®(Z;) is decreasing, so the nonnegative regression shift in Z-coordinates becomes the
required monotonicity in p-value coordinates. Keeping this transformation-order note next to
the Gaussian proof makes the two reversals explicit.

Remark 6.3: MTP2, PRDS, and Gaussian signs

Multivariate total positivity of order two (MTP2) is a stronger positive- dependence
condition. A density f on a product lattice is MTP2 if

flevy)fleny) = fx)fly)  forall z,y,

where V and A are coordinatewise maximum and minimum. MTP2 implies positive
association and, in the appropriate coordinate order, PRDS [94, 140]. For a nonsingular
Gaussian vector, MTP2 is equivalent to the precision matrix ¥~! having nonpositive off-
diagonal entries. This is stronger than pairwise nonnegative covariance in dimensions larger
than two. Theorem 6.2 used a direct one-sided Gaussian sufficient condition; it should not
be read as an MTP2 characterization.
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Lemma 6.4: PRDS conditioning inequality

If P is PRDS on the true-null set Zy, then for every Borel-measurable increasing set
A C[0,1]™ and every i € Ty,
tHP(PGA’PZ'St)

is nondecreasing.

Proof of Lemma 6.4

Let h(s) =P(P € A | P, = s), which is nondecreasing by PRDS, and let F; denote the
marginal CDF of P;. Then

1
Fi(t)

P(PeA|P<t)= /Oth(s)dFi(s).

For t' > t,

Fz(t) Fi(t/) — Fl(t)
Fi(t) Fi(t)
The right-hand side is a convex combination of P(P € A | P; < t) and an average of h
over (t,t']. Since h is nondecreasing, the second average is at least the first, so the convex

combination is at least P(P € A | P; <t). Therefore P(P € A | P; < t) is nondecreasing in
t. ]

P(PeA|P<t)= P(PeA|P <t)+ P(PeA|t< P <t).

The PRDS definition says that conditioning a true-null p-value to be less stringent should
not make an increasing-set event less likely. We now connect that abstract condition to BH. The
key events in its proof are {R < k}, where R is the BH rejection count. If p < p’ coordinatewise,
every ordered p-value of p’ is at least the corresponding ordered p-value of p. A BH crossing that
disappears after increasing the p-values cannot be replaced by a new crossing, so R(p') < R(p).
Consequently {R < k} = {P € A} for an increasing set Ay, which is exactly the form needed to
apply the preceding PRDS conditioning inequality.

Theorem 6.5: BH under PRDS

If the p-value vector is PRDS on the set of true nulls and true-null p-values are super-uniform,
then the BH procedure at level ¢ satisfies

FDR < @qé q-
m

Proof of Theorem 6.5

Let R be the number of BH rejections and fix a true null ¢. It is enough to show
1{P, < qR/m} < 4

RV1 ~—m
Write F;(t) = P(P; < t). Super-uniformity gives, for every k =1,...,m,
Filgk/m) _ q

k - m
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Decompose by the value of R:

1{P, <qR/m}] <&
£ RV 1 } =2

4 < gk
< = PlR=k|F<—].
=P ( ‘ ‘e m)
If F;(gk/m) = 0, the corresponding summand is zero and its conditional probability may
be defined arbitrarily. The event {R < k} is increasing in the p-value coordinates: BH
compares p(;) with gj /m, so making p-values larger only weakens crossings, hence R can

only decrease. Therefore {R < k} is preserved under coordinatewise increase, and Lemma
6.4 applies. Writing each term as a difference of { R < k}-probabilities,

ZIF’(R:k‘Piqu)
k=1

m
=P(R<m|P<q)-P(R<0| P <q/m)
m—1
+> {P(ng Pigql{:)—lp(ng‘Bg(Mﬂ.
k=1 m

m
The first term is at most 1. The second is zero: conditional on P; < q/m, the p-value P;
itself satisfies the smallest BH threshold p(;) < g¢/m, so the BH procedure rejects at least
hypothesis i, giving R > 1 deterministically. Each bracket in the final sum is nonpositive: by
Lemma 6.4, the conditional probability P(R < k | P; < t) is nondecreasing in ¢, so increasing
t from gk/m to q(k + 1)/m only increases the right-hand side. Hence the total is at most 1,
and summing the bound ¢/m over the mg true nulls proves the claim. Il

PRDS is not arbitrary dependence. Negative or adversarial dependence can break the proof.
This is why BY remains useful as a safe fallback and why dependence modeling deserves attention.

Remark 6.6: Two-sided Gaussian p-values

For two-sided p-values

P =2{1-9(|Z)}
from a Gaussian vector with arbitrary covariance, the one-sided PRDS argument above no
longer applies directly: the map Z; — |Z;| is not coordinatewise monotone. This obstruction
leads to two distinct questions.
For general configurations of null and nonnull means, BH need not control the FDR under
arbitrary Gaussian dependence. Dobriban [46] constructs a sequence with m = 100N
coordinates, of which 96N are true nulls and 4N are nonnulls, such that BH at level
q = 0.01 satisfies FDRy > 0.0104 for all sufficiently large N. In that construction, the
two nonnull blocks enlarge the BH rejection count in the same latent-factor states where
the conditional null distribution has heavier two-sided tails. Thus the general arbitrary-
covariance conjecture is false.
The counterexample is not a global-null example. Under the global null, V = R, so
FDR = P(R > 0), and FDR control at level ¢ is equivalent to the two-sided Gaussian Simes
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bound "
P(Hk: Py < q) <q.
m

The case m = 2 is known, and several positive-dependence or MTP2 subclasses are covered
by existing comparison arguments. In dimensions m > 3, an arbitrary Gaussian correlation
matrix can have negative-dependence patterns that fall outside PRDS, MTP2, and the
usual Gaussian correlation inequality machinery. The counterexample above does not settle
this global-null Simes question, which remains open for an arbitrary Gaussian correlation
matrix.

2. Why PRDS Does Not Protect Mirror Thresholds

Route: Research frontier

The PRDS theorem above belongs to BH; it is not a generic license for every adaptive FDR

threshold. Recall the mirror rule from Section 11 of Chapter 5. For
R(u) = #{i: P; < u}, Lu)=#{i: P, >1—u},
let
U={min(P,1-P):1<i<m}nN(0,1/2]

and choose the largest u € U satisfying

1+ L(u)

Ruyvi=1
The rule rejects P; < u, with no rejections if no candidate passes.

This is algebraically the knockoff+ threshold applied to W; = 1/2 — P,. Indeed, with

t=1/2—u,

P <u <= W, >t, P>1—u <= W, <—t,

and a candidate v = min(P;,1 — P;) corresponds to ¢t = |W;|. Apart from deterministic tie
conventions, the two formulas therefore give the same rejection set. This equivalence is algebraic,
not a validity theorem. A sufficient condition used by valid knockoff statistics is that, conditional
on all magnitudes and all nonnull scores, the signs of the nonzero null scores are mutually
independent fair signs. Marginal symmetry does not imply this conditional coordinatewise
property [181].

Under the global null every rejection is false, so FDR = P(R > 0). A simple mechanism can
therefore force failure. If m > 1/q and all W;’s are positive, then at ¢ = min; W; the knockoff+
ratio is 1/m < ¢, so the procedure rejects. The next example makes this common positive
movement compatible with exactly uniform PRDS p-values and a positive joint density.

Example 6.7: Uniform PRDS p-values with full support

Let H ~ Bernoulli(1/2). Conditional on H = h, let P,..., P, be independent with density
fn, where, for 0 < e <1/2,

fo(u) = {

2(1—¢), 0<u<1/2,

267 1/2<u<1’ fl(u):fO(l_U)
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Because (fo + f1)/2 = 1, every P; is uniform on (0, 1). The joint density
15 15
91, Pm) = 5 IT folps) + 5 11 fi(ps)
j=1 j=1

is strictly positive on (0,1)™, and absolute continuity makes ties have probability zero.
To verify PRDS, fix a Borel-measurable increasing set A and a coordinate i, and set
ap(u) =P{(u, P_;) € A| H=h}, w(u) =P(H=1| P, =u).

The conditional law under H = 1 stochastically dominates the law under H = 0. Con-
sequently, ag and a; are nondecreasing and a; > ag. A regular conditional version of w
is

€, u<1/2,
w(u) =<1/2, wu=1/2,

l—¢, u>1/2

which is nondecreasing. Writing
ha(u)=P(P € A| P, =u) ={1 —w(u)}ap(u) +w(u)ay(u),
we obtain, for u < v,
ha(v) = ha(u) = {1 —w(v)Hao(v) — ao(uw)} + w(v){a1(v) — ai(u)}
+ {w(v) — w(u) Hai(u) —ao(u)} = 0.

Thus P = (P,...,Py) is PRDS.
Now take ¢ = 0.1, m = 11, and e = 0.1. Put W; =1/2— P;, M; = |W;|, and S; = 1{W; > 0},
and order the magnitudes as My) > -+ > M. Conditional on H = h, signs and
magnitudes are independent, so the reordered signs remain iid Bernoulli(py, ), where pg = 1—e¢
and p; = e. A prefix containing at most nine scores cannot pass because its ratio is at
least 1/9 > 0.1. The ten-score prefix passes exactly when all ten signs are positive, because

then the ratio is 1/10 = g. The eleven-score prefix can pass only when all eleven signs are
positive, an event already included in the preceding one. Hence, under the global null,

1
FDR = _{(1 - )10 + €191 = 0.1743392201 > 0.1.

The exponent ten records the convention < q. With the strict convention < ¢, the ten-score
boundary no longer passes and the FDR becomes

1

Sl - )M+ e} = 0.15690529805.
Every sign is marginally fair, but for i # j, Cov(S;, S;) = (1/2—¢)? > 0. The latent variable,
invisible in the uniform margins, aligns many null signs at once.

The failure is not limited to a specially designed mixture.

Theorem 6.8: Fixed positive equicorrelation can defeat the mirror threshold,
cited result [181]

Let ¢ € (0,1) and p € (0,1), and let Zy, Z1, ... be independent standard normal variables.
For each m, apply the knockoff+ threshold to the all-null scores
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Then ]
lim inf FDR,,, > 3

m—0oQ
Consequently, if ¢ < 1/2, FDR control fails for all sufficiently large m. The one-sided
p-values Pi(m) =1- @(Wi(m)) are exactly uniform and PRDS, and their mirror rule has the
same rejection set after the corresponding monotone change of threshold.

Proof idea. Condition on Zy = z > 0. Far enough into the tails, the conditional probability
that W; exceeds a positive threshold is much larger than the probability that it falls below the
corresponding negative threshold. As m grows, the two empirical tail counts converge to these
conditional probabilities, and their ratio falls below ¢ with probability tending to one. Integrating
over z > ¢ and then letting ¢ decrease to zero gives the lower bound. This is a liminf statement,
not a claim that the FDR converges to 1/2. Also, although p may be any fixed positive number,
the largest eigenvalue of the equicorrelation matrix grows with m, so the model is not weakly
dependent in every matrix sense.

Low-order diagnostics cannot repair the problem. There are exchangeable score vectors with
identical continuous symmetric margins and zero pairwise correlations for which the FDR is
arbitrarily close to one. Nor can one obtain a useful distribution-free repair merely by replacing
the plus one with a more conservative deterministic function of the two current tail counts. For
q < 1/2, any such function that is nonincreasing in the positive count and nondecreasing in the
negative count is either invalid over the full-support PRDS family above or never rejects. This
dichotomy does not cover randomized or nonmonotone rules, or procedures that use the whole
path of counts.

These statements do not contradict the knockoff theorems. A valid knockoff filter couples the
threshold with a construction whose swap exchangeability and antisymmetric statistic produce
the needed conditional null sign flips; see Chapter 9. Conditional sign flips are a clean sufficient
condition for this threshold, not a necessary condition for every mirror method. Masking,
controlled revelation, sample splitting, conditional calibration, or a calibrated approximate-
knockoff argument can place the validity burden elsewhere.

3. Empirical Processes and Reverse Martingales

Route: Optional proof‘

Threshold procedures can be studied as empirical-process stopping rules. For a p-value
threshold ¢, write

V)= #{ieTy: P<t),  R(t)=#{i: P <t}

BH chooses the largest t for which
mit <
ryvi =T
Under independent true nulls, the process V (¢) is a binomial counting process with mean mqt.
The ratio V(t)/t has a reverse-martingale structure when time runs from 1 down to 0. One
convenient reverse filtration is

Fr=c({L(P,<u):iecTy u>t}),

which records the configuration of true-null p-values in the already revealed upper part [t, 1],
together with the number V(¢) that remain below ¢. With respect to this decreasing-time
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filtration,

E[V(S)’}}]:m 0<s<t<,

s t
because the true-null p-values not yet revealed, those lying in [0, t], are conditionally exchangeable
and uniformly scattered in that interval [151].
For a first reading, it is enough to check the same calculation with only V() conditioned on.
If V(t) = v, then the v true-null p-values that fell in [0,¢] are conditionally iid uniform on [0, ¢].
Therefore, for s < t,

V@|Wﬂ:v~&n@j), EFlﬂ

V@:ﬂ:?

t
The full filtration version says that this identity remains true after also revealing which true-null
p-values lie above t, and after conditioning on nonnull p-values when they are independent of the
nulls. This is the technical reason Storey-style thresholds can be stopped before A without losing
the null-count calibration.

This viewpoint gives a procedure-specific design rule: a data-dependent threshold must be
a stopping time for a filtration that reveals only information compatible with that procedure’s
null-count calibration. A filtration suitable for one estimator cannot automatically be reused for
another. The next section illustrates the rule with Storey’s estimator: tail information above a
fixed \ is revealed first, and only then does the threshold search move downward through [0, AJ.

4. Estimating the Null Fraction

BH uses m as a conservative upper bound on the number of true nulls. If many hypotheses
are nonnull, this can be conservative. Storey’s procedure estimates the null fraction g = mgy/m
from the right side of the p-value histogram. For a tuning parameter A € [0, 1), define

) 1+ #{i: P, > \}
(I —=X)m
The plus one is a finite-sample stabilizer. The idea is that alternatives tend to produce small
p-values, so p-values above A are enriched for nulls.

Figure 6.2 shows the tuning tradeoff directly. At small A, alternatives can contaminate the
right-tail count and push the estimate upward; near one, the estimate is based on very few
p-values and becomes visibly variable. The useful range lies between these two failures.

Given %()\, an adaptive BH threshold replaces m by mﬁ()\:

. mat
T = <A ——9" <%,
SUP{ M TORVE T

If the set is empty, set T = 0 and make no rejections. The restriction ¢ < X is important
in finite-sample proofs. The right-tail estimate 7?6\ is formed from p-values above A, and the
threshold search then moves downward through [0, A]. Thus the estimate is fixed before the
reverse-time martingale is stopped. Under independence, the proof uses the binomial identity for
the number of true-null p-values above A:

Vo(N) = #{i € Iy : P; > A} ~ Bin(mg,1 — \).

The reciprocal moments of 1 + V5(\) are what make the plus-one version conservative.
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FIGURE 6.2. Storey’s estimate 7 as A varies in one simulated mixture of m = 2500
tests with true null fraction 7y = 0.82, null distribution N (0, 1), and alternative
distribution N(2.6,1). Small X can be biased by alternatives; large A can be noisy
because few p-values remain in the tail.
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Theorem 6.9: Storey’s finite-sample bound, simplified

Assume the true-null p-values are independent uniforms and are independent of the nonnull
p-values. For fixed A € (0,1), Storey’s procedure above satisfies

FDR < q.

Proof of Theorem 6.9

Let V(t) = #{i € Zp : P; < t}. The value A is fixed in advance, and the threshold search is
restricted to 0 < t < A. Conditional on the nonnull p-values and on which true-null p-values
lie above A, the remaining true-null p-values in [0, A] are iid uniforms on [0, A]. Call this
conditioning the tail information at \. After this information is fixed, 7} is fixed, and the
only remaining randomness relevant to V' (¢) comes from the unobserved null p-values below
A

In the reverse filtration that reveals the lower tail as ¢ decreases, V' (t)/t is therefore a reverse
martingale. The event {T >t} can be decided from the p-values at thresholds u € [t, A,
together with the fixed tail information at A, so T is a reverse stopping time bounded by A.
Optional stopping gives

V(T)
T

tail information at A\| = Vg\)\)

E [1{f>o}
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Thus

Rﬂ
cip V(T)
< — T
_q m(l—X) V(A)
Coms |14+ #{ P> A |

Since the denominator includes all p-values above A,
L+#{j:P;> A} > 14+mo—V(N).

Here mo — V() is exactly the number of true-null p-values above \. With X = V() ~
Bin(myg, A), a direct calculation gives

{ X ]:m—wo)'

1—|—m0—X 1—A
Indeed, if X ~ Bin(n,p) and Y =n — X ~ Bin(n,1 — p), then
X n—Y n+1l

l+n—-X 1+Y 1+Y 7

n ney 1_pn+1
B |y = 2 Ty <y>1‘ D = A=)
nd X

y:
Substituting n = mg, p = A, a
Substitution yields

and

= V(A) gives the displayed reciprocal moment.

FDR < ¢q(1 —\"™) <gq.
O

Storey’s estimate is not automatically valid under arbitrary dependence or arbitrary data-
dependent choices of A. The PRDS theorem for ordinary BH does not automatically transfer to
Storey’s adaptive denominator: dependence can make the right-tail estimate too small exactly
on samples where the lower tail contains many null p-values. Positive dependence can therefore
lead to FDR inflation for adaptive Storey procedures unless the dependence and adaptivity
assumptions are controlled. The more adaptive the procedure, the more carefully its randomness
must be separated from the null p-values it will test.

Figure 6.3 makes this distinction visible by plotting both FDR and power as equicorrelation
increases. The power panel records the attraction of estimating my, while the FDR panel shows
why that gain must be interpreted together with the estimator’s dependence assumptions.

5. Q-Values

The g-value of a hypothesis is the smallest FDR level at which that hypothesis would be
rejected. In practice, g-values are often computed by applying a Storey-type estimate of my to
BH-style adjusted p-values. If 7 is fixed, the ordered g-values are

. [ Tmompg)
Qo =min {7 p o
As with BH-adjusted p-values, the running minimum ensures monotonicity across ordered ranks.
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FIGURE 6.3. BH and a simple Storey adaptive procedure under equicorrelated
one-sided Gaussian tests at target ¢ = 0.10. Each configuration has m = 400
tests, including 65 nonnulls with mean 2.35; the Storey estimator uses A = 0.5.
Points summarize 900 Monte Carlo runs at correlations p € {0,0.25,0.55}. The
adaptive procedure gains power when the estimator is reliable, but this simulation
also shows why dependence and adaptivity require explicit assumptions.

Writing V' for the number of false rejections and R for the total number of rejections, the
positive false discovery rate is

v
FDR =E | =
b E

R>0],

provided P(R > 0) > 0; Section 10 develops its posterior interpretation. A family of rejection
regions is nested when any two regions are ordered by inclusion—equivalently, relaxing its
threshold can add cases but cannot exchange one selected case for another.

Q-values are tail-area quantities: they summarize the error rate for a nested rejection region
containing all hypotheses at least as significant as the current one. For a one-sided statistic, the
g-value Q(z) attached to z asks about a region such as {Z > z}, not about the single point Z = z.
This is why g-values are closer to pFDR for nested rejection regions than to local posterior
probabilities for individual hypotheses. The distinction becomes clear in the two-groups model.

6. The Two-Groups Model and Local FDR

The empirical-Bayes view starts by putting each hypothesis into a latent state. Here Z;
denotes the scalar evidence statistic for hypothesis ¢; in a one-sided Gaussian testing problem,
larger Z; is stronger evidence against the null. Let 6; = 0 denote a null and 6; = 1 a nonnull.
The two-groups model assumes

P(@,‘:O):ﬂ'o, Zi‘HiZONfQ, Zi|9i:1wf1.

The marginal density is

f(z) = mofo(z) + (1 —m0) f1(2)-
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The local false discovery rate is the posterior null probability
mo.fo(2)
mofo(2) + (1 —mo) f1(2)
Figure 6.4 links this formula to the mixture geometry. The upper panel shows where the null

and alternative densities contribute to f; the lower panel converts their pointwise shares into the
posterior null probability 1fdr(z). Regions dominated by the alternative therefore correspond to

low local FDR.

Ifdr(z) =P(0=0|Z =2) =

Two-groups mixture
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FIGURE 6.4. Two-groups model with 79 = 0.85, fo = N(0,1), and f; =
N(2.7,1.1%2). The top panel shows the weighted null and alternative compo-
nents, mo fo and (1 — mp) f1, together with their mixture f. The bottom panel
shows local FDR, the posterior probability that a case with z-score z is null.

Local FDR is a pointwise quantity. A g-value is a tail-area quantity. In a one-sided problem,
the tail-area FDR for rejecting Z > z is

PO=0|Z > =z).
This averages local FDR values over the whole rejection tail:
PO=0|Z>z2) =E{lfdr(Z) | Z > z}.
Here is the calculation. Let I = 1{f = 0}. Since lfdr(Z) =P(6 =0 | Z) = E[I | Z], conditioning
further on the tail event and applying iterated expectation gives
PO=0|Z>z2)=E[l|Z>7]
—E{E[[] 2] | Z > =)
=E{lfdr(2) | Z > z}.
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Equivalently, the numerator of the tail probability is [7° 7o fo(u) du, while averaging local FDR

over the same tail gives
S0 Mdr () f(w) du [7° 7o fo(u) du
[ f(u)du [ fu) du

Thus lfdr(z) is the posterior null probability for a case observed near z, while the tail-area
quantity is the average posterior null probability among all cases at least as extreme as z. A
g-value Q(z) reports the smallest tail error level at which an observation would enter a nested
rejection rule. The two numbers can differ substantially, especially when the mixture density
changes rapidly.

Figure 6.5 compares the two summaries on the same ranked observations. Each local-FDR
point evaluates one case, whereas each g-value pools the entire prefix up to that rank; the
separation between the curves is the visible cost of pointwise versus tail-area averaging.
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FIGURE 6.5. Local FDR and BH g-values for the 220 largest z-scores from a
simulated two-groups sample with m = 1800, 7y = 0.85, fo = N(0,1), and
fi = N(2.7,1.12). Local FDR ranks individual cases by posterior null probability,
while g-values summarize the tail set that would be reported at each rank.

7. Optimal Thresholding by Local FDR

The two-groups model also gives an optimization principle. This section treats the no-
side-information setting: all hypotheses share the same null fraction 7, null density fy, and
alternative density fi. Suppose a rule rejects observations in a region I'. For m independent
draws from the two-groups model, the expected numbers of false and true discoveries are

EFP(T) = mo / fo(z)dz,  ETP(T) = m(1 — o) / fi(2) dz.
r r
The corresponding marginal false discovery rate is

_ EFP(D) _E[V]
mEDR(D) = Ges T S BTP(M) ~ B[R]’
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when E[R] > 0. This ratio is not the same object as the frequentist FDR E[V/(R V 1)], but it is
often the natural oracle objective in empirical-Bayes decision theory.
This objective can be written directly in terms of local FDR. Let

1@) =mfo(x) + (1 =m)fi(2), (=) =ldr(2) = m}szoz(f).
Then
BFP() = m [ 6G)f()dz,  EIRMO) = m [ f()d

so mFDR(I") is the average value of ¢(z) over the rejected region, with respect to the mixture
density f. Thus a region containing mostly small local-FDR values spends less false-discovery
budget per rejection.

The following oracle statement is the continuous version of this sorting principle. To include
boundary randomization, let a procedure be a measurable function §(z) € [0, 1], where §(z) is
the probability of rejecting an observation with statistic z. A deterministic rejection region I' is
the special case d(z) = 1{z € I'}. For such a rule,

a2 (=) de
mEDRO) = s (2 dz

when the denominator is positive.

Proposition 6.10: Oracle local-FDR level sets

Among all oracle procedures ¢ satisfying mFDR/(0) < ¢, a procedure maximizing expected
true discoveries can be chosen to reject a lower level set of local FDR:

5u(2) = 1{L(2) < c} + p(2)1{L(2) = e},
for some ¢ and some boundary randomization 0 < p(z) < 1. If ¢(Z) has no atom at the
boundary, the rule is simply I'. = {z : £(z) < ¢}, with ¢ chosen as the largest threshold for

which
f{ﬁ(z)gc} K(Z)f(Z) dz
Jwze f(2) dz

Thus the optimal oracle rejection boundary is a level surface of local FDR.

Proof of Proposition 6.10

Write integrals with respect to the mixture measure dv(z) = f(z) dz. For a rule ¢, define its
rejection mass and false-discovery mass by

r(5) = / 5(2)dv(z),  o(8) = / 5(2)8(2) di(2).

Then mFDR(9) = v(d)/r(6) when r(§) > 0. If no positive-mass rule is feasible, the no-
rejection rule is optimal and the claim is trivial. Hence assume below that the optimizer
has positive rejection mass. The mFDR, constraint is therefore

v(6) —qr(8) <0,

and the expected true-discovery mass is

/5(2){1 — U(2)} dv(z) = r(5) — v(5).



7. OPTIMAL THRESHOLDING BY LOCAL FDR 86

The Lagrange calculation makes the shape of the optimum transparent. Attach a multiplier
1 > 0 to the constraint and consider the penalized objective

£4(8) = {r(8) = v(8)} — n{v(5) - gr(3)}
- / 3(2) [(1 = €(2)) — n{t(2) — q}] dv(2)
= [8E) 1+ - (14 A=) dve).

For a fixed 7, this integral is maximized pointwise: set §(z) = 1 where the coefficient of §(z)
is positive, set §(z) = 0 where it is negative, and allow randomization where it is zero. Thus
any rule selected by this constrained optimization has the form

) = 1) < eob + AU =cry e = T

All nontrivial boundary points therefore have the same local-FDR value. This is the no-
side-information version of the equal-boundary condition: the rejection boundary is a level
surface of £(z).

The exchange argument below is the self-contained justification that the Lagrange form
loses no generality. Fix the rejection mass r(6) = r > 0. Among rules with this same mass,
maximizing expected true discoveries is the same as minimizing v(J). If a rule puts positive
rejection probability on a higher-local-FDR set B while not fully rejecting a lower-local-FDR,
set A, take smaller subsets if necessary so the available v-masses match, and move a small
amount of rejection probability from B to A. The rejection mass r is unchanged, but v(0)
decreases because the moved mass is charged a smaller value of ¢. Hence r — v(d) increases.
Repeating this exchange forces the rule, up to ties, to fill the smallest local-FDR values first,
with randomization only on a boundary set {¢ = c}.

Now take any mFDR-feasible rule and replace it by this lower-level-set rule with the same
rejection mass. The replacement cannot increase v(d)/r and cannot decrease r — v(¢), so
an optimizer may be chosen from the nested family of local-FDR level sets. Within that
family, adding points in increasing order of £ increases expected true discoveries until adding
more points would violate the mFDR constraint, or until all points have been included. If
¢(Z) has no boundary atom, this gives the displayed largest feasible threshold; if there is a
boundary atom, p randomizes on that atom to obtain the same boundary level. O

The finite-sample posterior version of the same argument treats local FDR as the cost of
rejecting one observed case. Conditional on the observed Z;’s, define

For a rejection set A, the posterior expected number of false discoveries is
EV(A) | Z1,....Zm) = > _ 4,
€A

and the posterior plug-in mFDR of A is

— Z'EA gl

FDR(A) = & .

mFDR(4) = 57
Thus a discovery with smaller /; has smaller posterior false-discovery cost. The optimal oracle
rule should spend its false-discovery budget on the smallest local-FDR values first.
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Proposition 6.11: Oracle local-FDR step-up rule

Suppose the oracle local FDR values ¢; = lfdr(Z;) are known, and order them as by <
lig) < -+ < L(y). Among rejection sets of size k that minimize the posterior expected
number of false discoveries, the size-k set rejects the k smallest ¢;’s; among all oracle prefix

rules satisfying mFDR < g, the one with the most rejections is

- 1.F
k = max 1§k§m:k;€(]~)§q ,

with the convention k = 0 if the set is empty. It rejects the k hypotheses with the smallest
local-FDR values and has posterior plug-in mFDR at most q.

Proof of Proposition 6.11

Given the observed Z;’s, ¢; is the posterior probability that hypothesis ¢ is null. Therefore
the posterior expected number of false discoveries in a rejection set A is D, 4 ¢;, while the
number of rejections is |A|. For any fixed size k, suppose A contains an index a with £, > ¢
while omitting an index b. Swapping a out and b in changes the posterior expected false
count by ¢, — £, < 0 and leaves the size equal to k. Repeating this exchange proves that the
unique minimal set, up to ties, consists of the k£ smallest ¢;’s.

Among these nested optimal size-k sets, the posterior plug-in mFDR is the prefix average
k1 Z?:l £(jy- The displayed rule chooses the largest prefix whose average is at most g,
so no other oracle prefix rule can make more rejections while satisfying the same plug-in
mFDR constraint. O

In practice the £; are replaced by estimates ZZ from a fitted mixture model. The proposition
then describes the oracle optimum; the realized procedure inherits the model errors of the mixture
fit.

This explains why empirical-Bayes ranking can differ from p-value ranking. If the alternative
density is asymmetric, heteroscedastic, or multimodal, the most promising observations are those
with small posterior null probability, not necessarily those with the smallest classical p-values.

In practice, 7, fo, and fi must be estimated. Common approaches include maximum
likelihood, EM algorithms, central matching for the empirical null, and flexible mixture modeling.
These methods are powerful but model-dependent. Their output should be read as posterior-style
evidence under the fitted model, not as a distribution-free finite-sample FDR, guarantee.

8. Covariate-Assisted Local FDR

Route: Advanced

The previous section assumed that all hypotheses share the same mixture weights. Side
information lets those weights, or the alternative distribution, depend on observed covariates.
Let X; € X be a covariate observed before the testing decision, and let P; denote the random
p-value with observed realization p;. A covariate-assisted p-value mixture model has the form

0; | Xi = x ~ Bernoulli(1 — mp(x)), P; | X; = x,0; = 0 ~ Unif|[0, 1],

and
Pi‘Xi:l',ei:lel(-’x).
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The covariate is useful when either the conditional null fraction mo(x) or the conditional alternative
density fi(- | «) varies with z. For example, in an omics-wide screen, genes or CpG sites with
higher read depth, stronger baseline expression, known functional annotation, or corroborating
evidence from a previous GWAS may have a different prior chance of being nonnull or a different
power curve. Bayes’ rule gives the covariate local FDR

mo ()
mo(x) + (1 —mo(x)) f1(p | z)
Thus the same p-value can carry different posterior evidence at different covariate values: a

moderate p-value may be more compelling in a covariate stratum with high power or low null
fraction.

Ifdr(p,x) =P(0; =0 | P, =p, X, =x) =

Proposition 6.12: Oracle covariate local-FDR thresholding

Suppose the oracle local-FDR values at the observed data, ¢; = lfdr(p;, X;), are known, and
order them as £(1) < --- < {(,,). Define

N 1F
k = max 1§k§m:k;€(]~)§q ,

with & = 0 if the set is empty, and reject the k hypotheses with smallest ¢;’s. Conditional on
the observed data (p;, X;)™, the posterior expected FDP of this rejection set is at most g.
Among rejection sets of any fixed size, the set with the smallest posterior expected number
of false discoveries rejects the smallest local-FDR, values. Among these nested oracle sets,
the displayed rule makes the most rejections subject to the posterior average-local-FDR
constraint.

Proof of Proposition 6.12

Given the observed data (p;, X;), ¢; is the posterior probability that hypothesis 4 is null. If
a rejection set A is chosen after seeing the data, its rejection count is fixed at R(A) = |A],

while
V(4) =) 1{6; = 0}.
i€EA
Taking posterior expectation conditional on the observed data gives
E[V(A) | (pi, X)iZ] =Y PO = 0| Pi=pi, X;) = Y _ ;.
icA i€ A
Therefore the posterior expected FDP, with the usual convention that the FDP is zero when
A is empty, is

V(4) m 1

|:|A’ v 1 ' (plaXl)i:1:| - |A| VI ggz

For fixed |A| = k, the denominator is fixed, so minimizing the posterior expected FDP is the
same as minimizing > ;. 4 ¢;. If A contains an index a with ¢, > ¢, and omits b, replacing
a by b lowers the sum by ¢, — ¢,. Repeating this exchange yields the set of the k£ smallest
local-FDR, values, up to ties.

For that optimal size-k set, the posterior expected FDP is k1 Z;?:l £(;)- The step-up rule
scans these nested optimal sets and chooses the largest prefix whose average is at most q.



9. ADAPT: LOCAL-FDR-GUIDED MASKING 89

Thus its posterior expected FDP is at most ¢, and no other oracle prefix rule satisfying the
same average-local-FDR constraint can make more rejections. U

This is a model-based oracle statement. If mo(z) and fi(p | x) are correctly specified and
known, it describes the best posterior ranking rule. In practice they are estimated, for example
by smoothing 7y(x) over the covariate axis and fitting flexible conditional alternative densities.
Then the guarantee is no longer automatic. The usual justification is asymptotic: as the number
of hypotheses grows, the fitted local-FDR scores must be accurate enough that the empirical
average false-discovery cost is close to the oracle one. This is different from a distribution-free,
finite-sample FDR proof. When finite-sample validity is needed, the model should be paired with
a separate device that prevents overfitting the null p-values.

9. AdaPT: Local-FDR-Guided Masking

Route: Advanced

AdaPT adds such a validity device. It combines two ideas: a model, often local-FDR-like,
proposes powerful covariate-dependent threshold surfaces; a masking and mirror argument
prevents the adaptive search from using the null signs it is trying to test. In this section P,
denotes a random p-value, and p; denotes its observed value.

For each observed p-value define the masked value and sign

pi = min(p;, 1 — pi), si =1p; <1/2}.

The masked value tells us how close p; is to either tail, but it hides which tail contains the
point. Under a true null with P; | X; ~ Unif]0, 1], the random sign 1{P; < 1/2} is a fair coin
conditional on (min(P;,1 — P;), X;), as stated formally in Proposition 6.13. AdaPT lets the
analyst or algorithm update a threshold surface s; : X — [0,1/2] using the covariates, masked
p-values, and signs that have already been revealed, but not the hidden signs of hypotheses still
eligible for rejection.

For a fixed threshold surface s, the lower-tail rejection count and upper-tail mirror count are

R(s) =#{i:pi <s(Xi)},  Bls) =#{i:pi = 1—s(Xi)}.
The two sets use the same covariate-dependent width s(X;). The lower tail contains candidate
discoveries. The upper tail contains mirror cases that are not rejected but, under a null, are as
likely as lower-tail cases after conditioning on the masked value. AdaPT uses the mirror FDP
estimate

1+ B(s)

R(s)V1’

The +1 is the same finite-sample stabilizer as in mirror procedures. If s(x) =t is constant, this
reduces to the no-covariate mirror estimate from Chapter 5. AdaPT is more than the no-covariate
mirror rule, however: the threshold surface can change with z. A local-FDR model can suggest
larger thresholds in covariate regions where discoveries look more credible, while the masking
rule controls which sign information the adaptive search is allowed to see.

FDPpdapT(8) =

Proposition 6.13: Conditional symmetry under masking

For a true-null hypothesis with P | X ~ Unif(0, 1), the sign 1{P < 1/2} is Bernoulli(1/2)
and conditionally independent of (min(P,1 — P), X).
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Proof of Proposition 6.13

Conditional on X = «, the null p-value is uniform. The map
P (min(P,1 - P), 1{P <1/2})
sends the uniform distribution on [0, 1] to the product of a uniform distribution on [0, 1/2]

and a Bernoulli(1/2) sign. Since this holds for every z, the sign is also conditionally
independent of X. Il

Theorem 6.14: AdaPT FDR control, informal simplified statement

Assume the true-null p-values are conditionally independent uniforms given their covariates,
and that the threshold sequence s; is adapted to the filtration generated by the covariates,
masked p-values, and previously revealed signs. In particular, while a hypothesis is still
eligible for rejection, the update rule has not seen whether its p-value lies in the lower or
upper tail. If AdaPT stops at a threshold surface s satisfying

L+##{i:p; > 1—-35(X;)}
#{i:p <5(Xy)}FVvi
then, under the regularity conditions of Lei and Fithian [107], the rejection set {i : p; <
$(Xi)} controls FDR at level gq.

<gq,

Proof idea. Among null hypotheses whose masked values place them inside the current two-
sided band p; < s¢(X;), the hidden signs are fair coins. The lower side contributes false discoveries,
while the upper side contributes mirror decoys. The key point is not that the threshold surface is
fixed in advance; it may be chosen adaptively. The key point is that, for still-hidden hypotheses,
the choice of the next surface is based only on information that is independent of their null
signs. Conditional on the visible information, the unrevealed null signs remain independent fair
coins. This makes the upper-tail mirror count a conservative proxy for the number of lower-tail
nulls, with the +1 term providing finite-sample stabilization. The formal proof packages this
comparison into a supermartingale and applies optional stopping when the mirror estimate falls
below g. The local-FDR model is used for power, by proposing promising surfaces s;(z); the
masking and mirror symmetry are what supply the finite-sample validity argument.

This separation is important. A poor local-FDR model can make AdaPT weak or inefficient,
but the masking proof can still protect FDR when its assumptions hold. Conversely, if the
adaptive model is allowed to peek at the hidden signs of candidate discoveries, it can steer the
threshold toward lower-tail nulls without paying for the corresponding upper-tail mirrors, and
the mirror comparison is no longer valid.

10. Positive FDR

The positive false discovery rate is
Vv
pFDR:E{R‘R>O].

Since FDP = 0 when R = 0,
FDR = pFDR P(R > 0).
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Under the two-groups model, if a rejection region is I', then pFDR has the following posterior
interpretation.

Proposition 6.15: Posterior interpretation of pFDR

Under the two-groups model, for a fixed rejection region T,
pFDR(I") =P(@=0]| Z €T).

This identity is one reason g-values and empirical-Bayes FDR methods are often described as
posterior error probabilities for rejection regions. The phrase "for rejection regions" is essential:
pFDR and g-values average over all cases inside a selected set, whereas local FDR is the posterior
null probability for a single observed case.

Proof of Proposition 6.15

Condition on the event R(I') = k& > 0. By exchangeability in the two-groups model, the
expected number of nulls among the k selected observations is

kP(O=0|Z€T).

Thus V(T)
El—=|RID)=k|=PO=0]|Z¢cl),
FE |FO =k R0 =01 zeT)
and averaging over k > 1 gives the result. O

For a nested family of rejection regions {I';, : 0 < u < 1}, the g-value of an observed statistic
z can be defined as

Q(z) = inf pFDR(I'y).

This is the smallest positive-FDR level at which z would enter the rejection region. In monotone
one-sided models it coincides with the tail-area interpretation used earlier in this chapter.

11. Conditional Calibration

Route: Research frontier

The final idea is that known dependence can sometimes be exploited rather than ignored.
Conditional calibration and dependence-adjusted BH methods construct p-values or rejection
thresholds using conditional distributions given dependence-relevant statistics. The goal is to get
closer to BH power while retaining valid FDR control under a structured dependence model.

The basic move is the following. Suppose the joint null distribution of the p-value vector
P = (P,...,P,) has a sufficient or approximately sufficient statistic S that captures the
dependence. Write p; for the observed value of P;, and write sqps for the observed value of
S. Conditional on S = sgps, the true-null p-values may become exchangeable or may have a
tractable conditional null distribution. Rather than running BH on the unconditional observed
p-values p;, one runs it on conditional null p-values

pi = ]P)O (Pinull <p; ‘ S = Sobs) y

where Pinull denotes a draw from the conditional null law for hypothesis i. Because p; is the
conditional null CDF evaluated at the observation, it is uniform in the continuous exact case and
super-uniform with conservative randomization or discreteness. The price is computational: .S
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must be modeled and the conditional distribution must be tractable. The dependence-adjusted
BH procedure of Fithian and Lei [57] formalizes this idea for a broad class of dependence
structures and shows that BH applied to the recalibrated p-values regains FDR control.

This topic is more advanced than the core PRDS and Storey material. The important message
for now is that dependence creates a spectrum of choices: use BH when benign dependence
conditions are justified, use BY when one wants robustness without structure, or model the
dependence explicitly when the structure is scientifically meaningful and reliable.

12. Assumptions in Plain Language

Assumption diagnostic

Checkable Inspect null-tail stability, covariate balance, masking logs,
and local-FDR fit residuals.

Not identified from The true-null subset, exact PRDS property, and correctness

these data of the two-groups model are not observable.

Sensitivity analysis Vary null-fraction tuning, empirical-Bayes families, and
dependence calibrations.

Conservative fallback  Use nonadaptive BH under a justified condition or BY
under arbitrary dependence.

PRDS is a positive-dependence condition, not a synonym for correlation. Its direction
depends on whether the coordinates are evidence scores or p-values. BH remains valid under
PRDS, while BY remains valid under arbitrary dependence at a power cost. PRDS does not, by
itself, validate a bare mirror or knockoff+ threshold. Storey’s estimator needs the right tail of
the p-value distribution to behave like mostly null p-values and requires care under dependence
or data-adaptive tuning. Local FDR and g-values are different: local FDR is pointwise and
model-based; g-values summarize tail-area error for sets of discoveries.

13. Bibliographic Notes

The PRDS framework and BH validity under positive dependence are due to Benjamini and
Yekutieli [20]; related Simes-type positive-dependence results include Sarkar [140]. Failure of
mirror and knockoff4 thresholds under PRDS and other dependent score laws is studied by
Zhang [181]. Storey’s estimator and g-values are developed in Storey [149], Storey [150], and
Storey et al. [151]. The empirical-Bayes local-FDR perspective originates with Efron [52] and
is treated comprehensively in the book Efron [53]. The compound-decision formulation and
oracle/adaptive local-FDR thresholding are developed by Sun and Cai [155]. Covariate-assisted
local-FDR rules and their oracle optimality theory are developed by Zhang and Chen [182] and
Cao et al. [37]. Related structured empirical-Bayes approaches, including local-index ideas for
dependent and spatial settings, are represented by Sun et al. [156]. AdaPT is due to Lei and
Fithian [107], and the broader masking/interactive FDR framework is developed by Lei et al.
[108]. General FDR reshaping and dependence ideas are discussed by Blanchard and Roquain
[27]. Conditional calibration and dependence-adjusted BH are represented by Fithian and Lei
[57]. A frontier direction with growing practical relevance under regulatory constraints such as
GDPR and the EU Al Act is differentially private FDR control: the analyst adds calibrated
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Laplace or Gaussian noise to the log-p-values before selection, trading a small multiplicative
inflation of the FDR bound for (e, d)-differential privacy of the released rejection set. Dwork
et al. [51] develops the theoretical framework.

14. Exercises

Basic.

Exercise 6.16: Increasing sets

Draw two increasing and two non-increasing subsets of [0, 1] in p-value coordinates. Explain which
direction is relevant for the PRDS definition used in this chapter.

Exercise 6.17: Local FDR
Derive

mo.fo(2)
mofo(2) + (1 —mo) f1(2)

Ifdr(z) =

from Bayes’ rule.

Exercise 6.18: pFDR identity
Show that
FDR = pFDR P(R > 0).
Then, under the two-groups model, show that for a fixed rejection region I';, pFDR(T") =P(§ =0 |
Zel).

Intermediate.

Exercise 6.19: Gaussian PRDS direction

Let Z be a Gaussian vector with nonnegative covariances and suppose larger Z; is stronger evidence.
Explain why monotone transformations to right-tail p-values reverse the coordinate order. State the
corresponding PRDS condition in p-value coordinates.

Exercise 6.20: BH under PRDS

In the BH proof under PRDS, show that the event {R(¢) < k} is increasing in the p-value vector.
Explain how this replaces the independence step in the leave-one-out proof.

Exercise 6.21: Storey’s estimator

Derive Storey’s estimator
(1=Xm
Discuss the bias-variance tradeoff as A changes.

Exercise 6.22: Optimal covariate local-FDR. thresholding
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Let p; be the observed value of P;, and set ¢; = lfdr(p;, X;). For a rejection set A, verify that the
posterior expected number of false discoveries is ), , £; and that the posterior expected FDP is

1
v b

i€EA

Use an exchange argument to show that, among rejection sets of fixed size k, the set with smallest
posterior expected number of false discoveries rejects the k smallest local-FDR values. Derive the
oracle step-up rule that chooses the largest k for which

1 k
T > o) <4,
j=1

with k& = 0 if no nonempty prefix satisfies the inequality. Explain why this is a model-based posterior
optimality statement rather than a finite-sample frequentist FDR proof.

Computational.

Exercise 6.23: Storey under dependence

Reproduce Figure 6.3. Vary A, the signal strength, and the correlation. Identify settings where the
adaptive estimator is too aggressive.

Exercise 6.24: Q-values and local FDR
Simulate m = 10,000 z-scores from the two-groups model
Z ~mN(0,1) + (1 —mo)f1, mo = 0.9,
where
fi(z) =0.7¢0(z —2.5) + 0.3 p{(z + 1.5)/2}/2

is an asymmetric heavy-tailed alternative density. Use one-sided p-values p =1 — ®(Z). Compute
BH g-values and the oracle local FDR

mop(z)
mop(z) + (1 — mo) f1(2)
Identify specific ranks where the two rankings disagree. Explain why g-values summarize tail
rejection sets, while local FDR ranks individual cases by posterior null probability.

Ifdr(z) =

Exercise 6.25: Two-stage BKY

Let g € (0,1) and set ¢1 = q¢/(1 + ¢). The two-stage procedure of Benjamini et al. [22] first runs BH
at level ¢p, obtaining R; rejections. If R; = 0 or R; = m, it stops. Otherwise it runs BH again at

level
m

m — R1 ’

equivalently using critical values iq;/(m — R;). Implement this procedure and compare it with
BH and Storey’s procedure under independent p-values with g € {1,0.9,0.7}. Then repeat under
positively correlated Gaussian z-scores. Report empirical FDR and power, and explain why this is
an adaptive method for structured settings, with independence as the basic theorem, rather than an
arbitrary-dependence replacement for BY.

g2 = q1

94
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Advanced.

Exercise 6.26: Why masking suffices for AdaPT

Consider a single null hypothesis with P ~ Unif[0, 1], masked value P= min(P,1 — P), and sign
S =1{P < 1/2}. Show that conditional on P, the sign S is Bernoulli(1/2) and independent of any
function of P. For a covariate-dependent threshold s(z), identify the lower-tail event P < s(X) and
the upper-tail mirror event P > 1 — s(X). Explain why an AdaPT update based only on covariates,
masked p-values, and already revealed signs cannot peek at the hidden null signs. Then explain
why fitting the next threshold using unmasked signs of still-eligible hypotheses would invalidate the
upper-tail mirror comparison.

Exercise 6.27: Why two-sided Gaussian p-values need care
Let Z ~ N(0,%) and define two-sided p-values

P =2{1- %(Z))}.

Show that {P; < t} is not monotone in Z;, and explain why this blocks a direct application of
Theorem 6.2 but proves neither validity nor failure of BH. The counterexample of Dobriban [46]
uses 4N nonnulls to enlarge the rejection count. Explain why it disproves general FDR. control
without settling the global-null two-sided Gaussian Simes bound.
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CHAPTER 7

Structured and Hierarchical Multiple Testing

The BH and BY procedures of Chapters 5 and 6 treat the hypotheses as a flat list. They
sort the p-values, compare them with a common boundary, and rely on broad assumptions about
dependence among those p-values. They do not use the scientific map that says which hypotheses
belong together. Real families are rarely flat. Genomic studies test variants inside genes and
genes inside pathways. Clinical trials separate primary endpoints from secondary and tertiary
endpoints. Benchmark suites for AI models pool prompts inside tasks, tasks inside capability
domains, and domains inside an overall evaluation. When this structure is part of the question,
ignoring it can waste power and can report discoveries at the wrong resolution.

This chapter develops procedures that use such structure without losing FDR, control. We
treat four cases: (i) hypotheses grouped into disjoint families with one layer of aggregation (group
BH), (ii) several partition layers tested simultaneously (p-filter), (iii) hypotheses arranged on a
rooted tree with per-level FDR targets (TreeBH), and (iv) replicability across studies, where a
discovery requires evidence in enough separate experiments (partial conjunction). A knockoff
analogue also exists for structured feature selection; it is discussed after ordinary knockoffs are
introduced in Chapter 9.

1. Why Flat BH Is Not Enough

A plain-language roadmap. Choose a method by asking two questions: what structure
do the hypotheses have, and what unit will appear in the final scientific report?

One collection of disjoint groups.: Use group BH when the data are variants within genes,
prompts within tasks, or another single grouping, and the reported discoveries are the
groups. It controls group-level FDR; it does not by itself certify the individual leaves
inside a selected group.

Several groupings of the same leaves.: Use the p-filter when every leaf belongs to several
prespecified layers—possibly nested, possibly overlapping—and the report should contain
one jointly filtered leaf set together with the groups it touches at each layer. Its guarantee
is simultaneous layerwise FDR for those induced group discoveries.

A rooted hierarchy.: Use TreeBH when discoveries must form paths down a tree, such as
pathway — gene — variant, and the report should contain only leaves reached through
selected ancestors. Its guarantee is a recursive selected-family FDR along those reported
branches, rather than an unconditional FDR for all nodes at a given depth.

Repeated studies.: Use partial-conjunction testing when the structure is across experiments
rather than across resolutions, and the reported unit is a feature supported in at least r
of K studies. The claim is “replicates often enough,” not “is non-null in every study.”

The procedures therefore answer different questions even when they start from the same leaf
p-values. The rest of the chapter makes each target precise before giving its algorithm.
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Suppose the m hypotheses are partitioned into G groups Gy, ..., Gg, where group g contains
mg hypotheses. Call group g a null group if every hypothesis in G, is a true null, and a rejected
group if at least one hypothesis in G, is rejected. Two natural error rates are

\%
FDRy = E| —— | ,
Ritat {RVJ

where V' is the number of false rejections across all hypotheses, and

1/ group
FDRgroup = E [Rgroup ; 1] ,

where V&°UP ig the number of rejected null groups (i.e., null groups in which the procedure
rejected at least one hypothesis) and R8°"P is the total number of rejected groups. Under this
definition, a group that mixes true signal with one falsely rejected null is not counted as a false
group discovery: the group’s null hypothesis “all members are null” is genuinely false, so flagging
the group is a true discovery at the group resolution.

These rates can differ dramatically. Consider a stylized genomic example: G = 50 genes,
each with m, = 200 tightly correlated single-nucleotide variants, so that the variants within
a gene effectively measure the same underlying signal. Suppose five genes carry a real signal
and BH at the variant level rejects 800 variants concentrated in those five real genes plus 40
variants spread across five null genes (where correlated noise produced small p-values). Then the
realized flat FDP is 40/840 ~ 4.8%, which is within target. But the realized group-level FDP is
yeroup /peroub — 5 /10 = 50%: half the genes flagged are false positives at the gene resolution. A
geneticist who is going to follow up at gene resolution needs the group-level guarantee, not the
variant-level one.

Remark 7.1

The flat and group rates are not directly comparable. A procedure controls both only if it
accounts for the group structure explicitly. The methods of this chapter let the analyst
declare the resolutions of interest in advance and obtain calibrated FDR at each one
simultaneously.

A second issue is heterogeneity of group sizes and group signal density. A flat BH procedure
pools all p-values into a single ordering, so groups with many small p-values dominate the rejection
set even when those p-values reflect correlated noise within a single null group. Procedures aware
of the group structure can balance rejections across groups or apply group-level filtering before
within-group testing. Either approach restores the connection between “what the procedure
rejects” and “what the analyst will act on.”

2. Group BH via Simes Aggregation

The simplest group-level procedure aggregates each group into a single super-uniform p-value
and applies BH to the group representatives. Given within-group p-values py1,...,pgm,, the
Simes representative for group g is

mes . MgPg,(k
pSmleb — min g Pg,(k)

1<k<my Eo
where py (1) is the kth-smallest p-value in group g. Group BH then applies the ordinary BH
procedure at level g to pP™s, .. ., p%imes and rejects the corresponding groups. The plain-language
idea is simple: a null group should not look significant unless at least one of its ordered p-values
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crosses the Simes line. Under independence, and under the usual positive-dependence conditions
for Simes, that crossing probability is no larger than the nominal level. Thus the whole group

can be represented by one valid group-level p-value.

Theorem 7.2: Simes super-uniformity inside a group

Suppose group g is null, meaning every constituent Hy; is true. Assume either that

Pg1s- - > Pgm, are mutually independent and super-uniform, or more generally that their
joint null law satisfies the Simes inequality
m
]P’( min gpg’(’“)gt)gt, 0<t<1.
1<k<my

For example, the latter condition holds for exact-valid PRDS p-values under the usual Simes
assumptions. Then P(p™ < t) <t for every ¢ € [0,1].

Proof of Theorem 7.2

First take all my p-values to be independent and exactly uniform. The classical Simes
calculation, proved in Theorem 3.1, states that for independent uniform Uy, ..., Uy, with
order statistics U(l) <. < U(mg),

g
]P’(U Uy < tk:/mg}> — 7 for every t € [0, 1],
k=1
and hence P(pgimes < t) = t. For completeness, the induction proof is the same as in
Theorem 3.1: split on the largest order statistic Uy,,), condition on U, ) = s, and rescale
the remaining m, — 1 uniforms to [0,1]. The integral gives t(1 — t™s~1) 4 ¢™s = ¢.

Now relax to independent super-uniform nulls. Since each p,; stochastically dominates a
uniform random variable, Strassen’s monotone coupling theorem gives a pair (pgm, U;) with

Py 4 Pg,i» Ui ~ Unif(0,1), and p; ; > U; almost surely. Applying this coupling independently
for i = 1,...,my preserves the product joint law of the p-values and makes Uy, ..., Up,
independent uniforms. Coordinate-wise domination implies order-statistic domination,
pg}’(k) > Uy, for every k path-wise, and since the Simes statistic is non-decreasing in
each input, miny, mgp;’(k)/k' > ming myUyy /k path-wise. Because (pj 1, - - ,p’gmg) has the
same joint distribution as the original independent p-values, this gives P(pEimeS <t) <
P(ming myUyy/k < t) = t, as claimed. In the general case where the displayed Simes
inequality is assumed directly, the conclusion is exactly that inequality rewritten in terms of

pSimeS. The PRDS example is the positive-dependence Simes theorem of Sarkar [140]; see
Chapter 6. O

The across-group condition in the next theorem is a condition on the group-level representa-

tives, not merely on the original leaf-level p-values. Two safe situations are worth keeping

mind. If the groups are disjoint and the p-values in different groups are independent, then the
Simes representatives are independent. More generally, if the group representatives themselves
are one-sided Gaussian p-values whose underlying Gaussian vector has the positive-dependence
structure of Theorem 6.2, then they are PRDS. What is not automatic is that a PRDS statement
for all leaf-level p-values survives the nonlinear operation that maps each group to its Simes

minimum.

in
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Theorem 7.3: Group BH FDR control

Suppose that
(1) within each true-null group G4, the p-values satisfy the assumptions of Theorem 7.2,
and
(2) the Simes representatives p
across groups.

%imes Simes
.

., pp™e are mutually independent (or PRDS)
Then group BH at level ¢ applied to the Simes representatives p%imes, ey p%mes controls
group FDR at level ¢:

{ 1/ group

|<a
Rgroup v 1

Proof of Theorem 7.3
By Theorem 7.2, each pgimes is super-uniform under its group null. Across-group indepen-
dence (or PRDS) of the representatives is assumed. Applying Corollary 5.3 (or the PRDS

variant from Chapter 6) to the family {p?imes ngl yields FDR&™"P < ¢. O

Interpretively, group BH differs from flat BH by changing the reported unit. A single strong
signal in a group of size my can produce many small correlated within-group p-values, inflating
the variant-level discovery count even when the scientific signal lives at the gene level. Group
BH collapses these into one calibrated representative, so the output is a group-level list rather
than a long list of correlated within-group hits. If within-group correlations are strong enough
to violate the Simes assumptions, one needs a Bonferroni-type aggregation (or a BY-reshaped
Simes) inside the group before invoking Theorem 7.3.

Example 7.4: Two genes by hand

Let G = 2 groups have within-group p-values
(p1,1,p1,2,p1,3) = (0.028,0.028,0.028), (p2,1, 2,2, p2,3) = (0.031,0.40, 0.50).

The Simes representatives are
Simes . <3 -0.028 3-0.028 3-0.028
= min

pl 1 ) 9 ) 3
: 3-0.031 3-0.40 3-0.50
pomes — min( R ) = 0.093.

Group BH at ¢ = 0.05 compares the sorted representatives (0.028,0.093) with the thresholds
qk/G = 0.025k for k = 1,2, namely (0.025,0.05). Because 0.028 > 0.025 and 0.093 > 0.05,
group BH rejects no group.

Compare with flat BH on the six pooled p-values, sorted as

0.028, 0.028, 0.028, 0.031, 0.40, 0.50,
against thresholds ¢k/6 = 0.00833k for k =1,...,6,
(0.0083, 0.0167, 0.025, 0.0333, 0.0417, 0.05).

The step-up rule of BH rejects the largest k for which p() < gk/m. Here Py = 0.031 <
0.0333, so flat BH rejects all four of the smallest p-values: the three from gene 1 and the

) = 0.028,
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first p-value of gene 2. Group BH does not: it has refused both groups, including the
one for which flat BH would have rejected a (likely null) variant. The price of group-level
interpretability is this conservatism: group BH refuses to rebrand a single gene’s correlated
evidence as multiple within-gene discoveries, and refuses to leak a variant-level rejection
into a gene that fails its group-level test.

3. The p-Filter

Route: Advanced ‘

Group BH controls FDR at a single layer at a time. Multi-resolution problems require
simultaneous FDR control at several layers. The p-filter of Barber and Ramdas [9] solves this.

Setup. Let the hypotheses {1,...,m} carry L partition layers; layer ¢ is described by a
many-to-one map 7y : {1,...,m} — {1,..., Gy} that sends each hypothesis to its group at layer
0. Layer £ = 1 is typically the finest (often G; = m with one hypothesis per “group”); deeper
layers are coarser. The layers need not be nested; the p-filter applies to multiple partitions of the
hypotheses, with nested hierarchies as an important special case. Call a layer-£ group g a null
group if all of its constituent hypotheses are true nulls. For a rejection set R C {1,...,m}, define

RY = |m,(R)], VW = |{g € m(R) : g is a null group}|,

that is, the number of layer-¢ groups containing at least one rejection, and the number of those
that are null groups. The p-filter takes layer levels ¢y, ..., qr and returns a rejection set R such
that FDR() = E[V® /(R® v 1)] < ¢ simultaneously for every £.

The iterative algorithm. For each layer ¢ and each group ¢ at that layer, let pée) denote

a layer-£ group p-value — in practice, a super-uniform aggregator such as Simes applied to the
within-group p-values (at ¢ = 1 with G; = m, one has pg) = py, for each hypothesis h). Given a
threshold vector t = (t1,...,t1), the joint hypothesis-level rejection set and its layer-¢ image are

(2) R(t) = {i: pgri)(i) <ty for every (£}, RO ) = my(R(E)).

The p-filter of Barber and Ramdas [9] can be described through count-space coordinates. For a
proposed vector k = (ki1,...,kL), set

k
tZ(kf) = %;a ke € {0717' . 'aGf}‘

The algorithm chooses the coordinate-wise largest feasible k such that
#RO (t(k)) >k,  for every layer /.
Equivalently, at the returned threshold vector ¢, the BH-style boundary
Gyt
®) #ﬁ(ﬁg(té V1
holds at every layer ¢, and t is the largest such vector on the finite BH ladders.

< q

Algorithm 7.1: p-filter coordinate reduction

1. Initialize ky = Gy, equivalently t;, = gy, for every layer.
2. Given the current ¢, compute R(¢) and the layer counts r, = #R O (¢).
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3. Replace k¢ by min(kg,r¢) and t; by qoke/Gy for every layer, then repeat until k stabilizes.

The iteration is coordinate-wise monotone: each k; can only decrease, and each coordinate
takes values in the finite set {0, 1,...,G,}. Hence the reduction iteration terminates in a finite
number of steps at a self-consistent fixed point; convergence and uniqueness of the maximal
feasible point are established in Barber and Ramdas [9].

Validity. The theorem below is quoted as a result from Barber and Ramdas [9]. A simple
sufficient case is mutual independence of all base p-values, with true-null base p-values super-
uniform, and group p-values formed by Simes or weighted Simes as in that paper. More general
positive-dependence cases are possible, but they are assumptions on the full collection of null
group p-values across layers, not automatic consequences of having valid p-values within each

group.

Theorem 7.5: p-filter FDR control, cited result [9]

Under the assumptions of Barber and Ramdas [9] (in particular, the layer-¢ group p-values
{pg)} are valid super-uniform combinations of the within-group p-values, and the dependence
structure of the null group p-values satisfies their joint independence-or-PRDS condition),
the p-filter output at levels ¢1, ..., g7, satisfies FDR® < q¢ for every /.

Proof idea. At a single layer (L = 1), the boundary (3) is exactly the BH self-consistency
characterization: the largest ¢ for which G¢/#R < ¢ and R = {g : p, < t} is the BH threshold.
The BH leave-one-out proof of Chapter 5 then applies verbatim and gives FDR < ¢. For multiple
layers, Barber and Ramdas [9] show, via a per-layer leave-one-out argument that mirrors the
single-layer case but accounts for the cross-layer coupling through the shared hypothesis-level
rejection set, that the aggregate contribution of null groups at layer ¢ to FDR® is bounded by
qe; their detailed bookkeeping under within-layer PRDS is the main technical content of that
paper, and we refer the reader to it for the full argument.

In the special case L = 1 with G; = m (the trivial layering at the hypothesis level), the
boundary (3) reduces to BH at level ¢; applied to pi,...,pm. In the special case L = 1 with
coarser groups and Simes aggregation, the layer-1 p-values are pél) = pgimes and the p-filter
reduces to the group BH of Section 2. The new content of the p-filter is that the same iteration
controls FDR at multiple resolutions simultaneously without inflating the per-layer levels.

4. Trees of Hypotheses and TreeBH

Route: Advanced ‘

A different and more permissive structure is a rooted tree 7. Let the leaves of T be the
testable hypotheses {Hy, ..., Hy,} and let each internal node v carry the intersection hypothesis
Hv = ﬂ Hi7

1=V
where ¢ < v means leaf i is a descendant of v. A rejection set R is ancestor-closed (or “prefixed”)
if, whenever a leaf is rejected, all of its ancestors up to the root are also rejected. Ancestor-closure
is the natural constraint for hierarchical procedures because it makes scientific sense: one cannot
claim a gene-level discovery without also claiming the containing pathway as a discovery, since



4. TREES OF HYPOTHESES AND TREEBH 102

the pathway null “no leaf in the pathway is non-null” is implied to be false by the very rejection
of one of its descendant genes.

Algorithm. The TreeBH procedure of Bogomolov et al. [29] implements a top-down rejection
rule. Let C'(v) denote the children of node v, and write p for the formal root. We index depth
from d =1 at the topmost tested layer (the children of p) down to d = D at the leaves; p itself is
only a container, not a tested family, so it does not consume a target FDR level. This is the
opposite direction from the p-filter notation above: here depth 1 is the coarsest tested layer and
depth D is the leaf layer. Each tested depth carries its own target FDR level ¢4 ford =1,...,D.

TreeBH uses valid p-values throughout the tree. Leaves carry their original p-values. For
an internal node w, define its p-value by a valid combination rule applied to the p-values of its
immediate children, typically Simes; recursively, this supplies valid p-values for all internal nodes
under the TreeBH dependence assumptions. Using Simes over all descendant leaves is a valid
simplified aggregation in some settings, but the formal TreeBH algorithm is naturally stated
through immediate-child p-values.

For a selected parent v, write S(v) C C(v) for the children rejected by BH within that child
family. The formal root p is selected by convention, so its children form the first tested family.

Algorithm 7.2: TreeBH top-down procedure

1. At depth 1, apply BH to the p-values of the children of p at level ¢i; call the rejected
children S(p).

2. At depth d + 1, for every selected node v at depth d, apply BH to the p-values of C(v)
at the path-specific level

S(vp—
@) — g0 H |‘C e 1

where vg = p,v1,...,vq4 = v is the ancestor Cham of v. Reject the children selected by
that BH run and call the set S(v).

3. Recurse on rejected children until no further rejections occur or the leaves are reached.

The product of selected proportions along the ancestor chain is the key design choice. It
concentrates the available g441 budget into branches that survived earlier screens. For a two-level
hierarchy this product reduces to the familiar selected-family factor R(* / (G1; in deeper trees it is
path-specific, not a single global ratio at the previous depth.

Validity. For a two-level hierarchy, the selected-family target is the average FDP among the
selected parent families. For deeper trees, TreeBH controls the recursive selected-family FDR,

denoted s FDRY, rather than a flat average over all selected parents at the immediately previous
depth.
Fix a target level £. For a selected node u at depth £, let

AY) = 1{H, is a true null}.
For a selected node v at depth k < ¢, define recursively

IR R )

’S(U)‘ vl ueg(v)
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Finally set
(4) sFDR' = E[AY)].

The quantity Al(,e) is the false-discovery fraction passed upward from the selected descendants of v

at target depth £. At the formal root p, it is the recursively averaged FDP for the whole selected
tree at depth £. At £ = 2, this reduces to the usual average of within-family FDPs over selected
depth-1 families. At £ = 3, it first averages over selected children within each selected depth-1
family, then averages those quantities over selected depth-1 families. This recursive weighting
differs from pooling all selected depth-2 parents together when selected branches have different
numbers of selected children.

For example, suppose that two selected depth-1 nodes, A and B, have respectively three and
two selected children at depth 2. If one selected child under each node is a true null, then

2 1 @2 1 oy 1 /1 1\ 5
-z -z -3(G)-w
The pooled depth-2 FDP would instead be 2/5. Recursive averaging gives the two selected
parent families equal weight, whereas pooling gives more weight to A simply because it has more
selected children.

The displayed algorithm is a pedagogical summary of the procedure in Bogomolov et al. [29].
The exact path-specific levels, valid tree p-values, the paper’s dependence assumptions, and
the simple-selection-rule condition are all part of the cited theorem. The simple-selection-rule
condition is substantive: selected child families must come from the prescribed BH-on-valid-child-
p-values step so that the selected-family adjustment applies.

Theorem 7.6: TreeBH recursive selected-family FDR control, cited result

Apply the TreeBH procedure of Bogomolov et al. [29] with the exact path-specific levels
above, valid tree p-values, the paper’s dependence assumptions, and the required simple
selection rule at each tested family. Then the TreeBH output satisfies

sFDR' < ¢y, (=1,...,D.

Why the rescaling has this form. Two levels suffice to see the idea: a root whose children are
groups, whose own children are leaves. At depth d = 1, BH applied to the group-level Simes
representatives at level q; gives FDRW < q1 by Theorems 7.2-7.3.

For depth d + 1 = 2, the standard mistake is to condition on “group g was selected at depth
17: the selection event {ps’imes < q1 RW/G1} is a function of the very leaf p-values inside g, so
within-g conditional super-uniformity is not available. The ¢; in this event is correct: it is the
level used to select top-level groups. The later BH run inside each selected group uses the depth-2
level qu(l)/ (1. Instead we work unconditionally, noting that the within-g FDP contributes to
sFDR? only when g is selected:

v, 1

1 .
FDR?Z = E|—— S 1lgeRMWL.
5 [R(l)v1%: {g } A1

The selected-family theorem of Bogomolov et al. [29] — of which TreeBH is the prototypical
instance — shows that testing each selected family at the rescaled level qu(l)/ (G1 controls the
selected-family average in (4) at go. The factor R /Gy is what compensates for choosing the
family by looking at its own data: only a fraction R() /G of top-level families are selected, so
the within-family level is reduced by that selected fraction. In deeper trees the same adjustment
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is applied recursively along the realized ancestor chain. A selected gene inside a selected pathway
therefore inherits the pathway-level selected fraction and the selected-gene fraction inside that
pathway; replacing this product by a single global previous-depth ratio is not the TreeBH rule.

Remark 7.7

TreeBH’s per-level target (4) is a recursive selected-family FDR, not the unconditional
“overall” FDR E[V(@+1) /(R(@+1) v/ 1)]. Bounding the overall FDR at depth d + 1 directly
would require simultaneous control across all rejected ancestors at depth d, and a naive
per-rejected-parent BH does not deliver this without additional adjustment. “BH inside
each rejected family” is the right tool for the recursive selected-family target, which is the
natural multi-level error rate in genomics, neuroimaging, and benchmark hierarchies.

Example 7.8: Three-level genomic hierarchy

Suppose 20,000 single-variant p-values are nested inside 800 gene-level hypotheses, which are
nested inside 50 pathway-level hypotheses, with target levels (q1, g2, ¢3) = (0.05,0.10,0.10)
for pathway, gene, and variant FDR. At depth 1, BH is applied to the 50 pathway-level
Simes representatives at level ¢; = 0.05; suppose this rejects R = 6 pathways. At depth
2, within each rejected pathway, BH is applied to the gene-level Simes representatives at

the local testing level
RW 6
oc — —— =0.10- — = 0.012.
q2,1 g2 G1 50

Here g2 = 0.10 remains the global depth-2 selected-family FDR target, whereas g 1o = 0.012
is the nominal level used by each BH run inside a selected pathway. The two quantities
play different roles and should not share a symbol. Suppose this rejects genes inside those
pathways. If a selected pathway P has Rgenes(P) rejected genes among Ggenes(P) tested
genes, then at depth 3, within each rejected gene in pathway P, BH is applied to the variant
p-values at the path-specific level

q3,p = Q3 - E : 7Rgenes<P)
’ 50 Glgenes(P)

The variant threshold is therefore pathway-specific. The global ratio 0.10- Rgenes,total /800, for
example 0.10 - 80/800 if 80 genes are rejected in total across all pathways, is not the TreeBH
formula because it omits the top-level selected-pathway factor and replaces the selected-
parent-specific gene ratio by a pooled count. TreeBH controls the recursive selected-family
FDR s FDR’ at each depth, not the ordinary depth-level FDR E[V() /(R(®) v 1)].
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The same pathway—gene—variant hierarchy, used in two ways

p-filter: joint, fine-to-coarse
filtering

Start with all variants and solve the
thresholds at every requested layer
together:

all variants

4

Pvariant Stvariantu
Simes
Pgene Stgenev

Simes
Ppathway Stpathway

4

one leaf set

A variant survives only if all of its layer

constraints pass. The reported genes and
pathways are the groups touched by that
single jointly filtered variant set. The

TreeBH: coarse-to-fine branch
selection
Screen the tree from its coarsest tested
layer and descend only along selected
branches:
pathways
U

genes within selected
pathways

4

variants within selected
genes

FEach within-branch BH run uses its
path-specific local level. The report is an
ancestor-closed set of selected pathways,
genes, and variants. The target is
recursive selected-family FDR along
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target is simultaneous FDR at every those selected branches.

requested layer.

The same Simes gene and pathway p-values can be inputs to both procedures, but that
does not make the methods interchangeable. Their error targets, thresholds, and resulting
rejection sets generally differ.

The trade-off with flat BH is power for interpretability. TreeBH may gain or lose leaf-level
power relative to flat BH, depending on how signal is distributed across branches and how
strongly the parent levels screen the search. Its main advantage is interpretability: each rejected
leaf has a structurally certified parent at every level, so a rejected variant lies in a rejected gene
in a rejected pathway, and the chain of rejections is itself the report.

Structured versions of the knockoff filter address a related multi-resolution feature-selection
problem using knockoff statistics rather than p-values. We defer that topic to Chapter 9,
Section 10, after the ordinary knockoff construction has been introduced.

5. Replicability and Partial Conjunction

Route: Advanced

The discussion so far concerns multi-resolution error rates within a single study. A different
structural problem appears when the analyst wants to report only findings that replicate across
two or more separate studies.

Definition 7.9: Replicability

Let H;y, k =1,..., K, be the null hypothesis for feature ¢ in study k. Feature i is r-out-of-K
replicated if at least r of the per-study nulls H; 1, ..., H; i are false.

The partial conjunction null negates replicability. Writing N; for the set of true-null per-study

nulls of feature 1,

r/K)

H Wil > K =7 +1,
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that is, at most r — 1 of the per-study nulls H; 1,..., H; x are false. A finding is replicated if
and only if this null is false.

The naive “r-th smallest p-value” statistic is not super-uniform. For instance, in the any-of-
two case r = 1, K = 2 (one wants at least one of the two studies to detect a signal), the minimum
of two independent uniforms has CDF 2t — 2 > ¢, so p(1) cannot serve as a global-null p-value

for H(/2) without correction. This is the global-null / any-of-two regime, not the two-study
full-replication regime more commonly meant by “replication,” which corresponds to r = K = 2
and is addressed separately below. The construction that handles general r is due to Bogomolov
and Heller [28] (with foundational antecedents in Benjamini and Heller’s earlier work on partial
conjunction testing) and uses a Bonferroni-type correction applied to the r-th smallest p-value.

Definition 7.10: Partial conjunction p-value

Let pii,...,pik be per-study p-values for feature i and let p; ;) < --- < p; (i) be their
order statistics. The r-out-of-K Bonferroni-style partial conjunction p-value for feature 7 is

pZ(T/K) = (K —r+ 1)pi,(r) Al

The intuition is that under HZ-(T/ K) at least K —r + 1 of the p-values are super-uniform nulls.
When the procedure looks at the r-th smallest p-value, it is looking at the smallest among at
least K — r + 1 null p-values (in the worst case where the r — 1 non-null p-values occupy the
r — 1 smallest slots). Applying Bonferroni to the K — r + 1 nulls and using the smallest of them
gives a multiplier of K — r + 1. Two boundary cases anchor the formula:

e r =1 (any-of-K): pgl/ O Pi,(1), the Bonferroni global-null p-value applied to all K

studies. The PC null is “all studies are null,” and the p-value is super-uniform by the
union bound.

o r = K (all-of-K): pgK/K) = pi,(K), the largest p-value. The PC null is “at least one
study is null,” and the maximum p-value is bounded below by the smallest null p-value,
hence super-uniform.

Theorem 7.11: Super-uniformity of the Bonferroni PC p-value

Suppose that, under the partial conjunction null HZ-(T/ K), each true-null per-study p-value
is super-uniform. No independence assumption on the joint distribution of the per-study

p-values is required. Then

P(pg’”/K) < t) <t telo1].

Proof of Theorem 7.11

The cleanest case is K = 2, r = 2: HZ»(Q/ 2 says at least one of the two nulls is true, and
the PC p-value is p§2/2) = pi2) = max(p;1,pi2). If pi1 is the super-uniform null, then
Pi,2) = Pis 50 P(p; 0y <t) < P(p;1 <t) <t. This inheritance is unconditional on the joint
distribution: the inequality max(py,p2) > p1 holds path-wise.

The general case has the same flavor. Under HZ-(T/ K), at least K —r + 1 of the per-study

p-values are super-uniform nulls. Choose a subset N;* C N; of true-null study indices with
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size K —r + 1. For any subset S of size K — r + 1, the path-wise inequality
Di,(r) 2 I]?eigpi,k

holds: the smallest element of S can be beaten in rank by at most the r — 1 elements outside
S, so its rank among all K p-values is at most . Applying this to S = N}*, the union
bound over those K — r + 1 super-uniform nulls gives P(mingens pix < s) < (K —7+1)s
without any independence assumption, because the union bound is dependence-free. Hence
IF’(pEr/K) <t) < P(mingens pix <t/(K —r+1)) <t, establishing the claim. O

Remark 7.12: Bonferroni PC vs. Simes/Fisher/Stouffer PC

The proof above gives the Bonferroni-style PC p-value of Definition 7.10 and is dependence-
robust: it remains valid under arbitrary joint dependence among the per-study p-values
Dil,---,Pi Kk for a given feature 7, because the union bound does not require independence.
Several other PC p-values trade dependence-robustness for sharper rejection thresholds:

e The Simes-style PC p-value

plr/K)Simes | (K —r+1)p;

- A1
r<j<K j—r+1

sharpens Bonferroni under conditions ensuring the Simes inequality for the relevant
true-null per-study p-values, such as independence or suitable PRDS [140]; it is
well-defined and super-uniform under those conditions, and uniformly no larger
than the Bonferroni PC p-value at every realization. The cap at 1 is harmless and
kept for parallelism with the Bonferroni formula, although the minimum is already
at most one because the j = K term equals p; (k. Outside the PRDS class, Simes
can be anti-conservative, depending on the specific dependence structure.
e Combination-based global-null p-values (Fisher’s —2 ", log pg, Stouffer’s combined
z-score) are typically used in the global-null regime r = 1, where they combine all
K per-study p-values into a single p-value for the global null “all studies are null.”
Their usual calibration relies on independence (or on specific, justified dependence-
aware variance/covariance calibration); positive dependence can inflate the variance
of the combined statistic relative to the independent-study calibration and can
make Fisher’s and Stouffer’s p-values anti-conservative. For example, with two
perfectly dependent global-null p-values p; = po = U, the Stouffer statistic uses
V2®71(1 - U), so its nominal 0.05 rejection probability is about 0.122. Fisher’s
independent x? calibration similarly rejects with probability e~9-488/4 ~ 0.093
under p; = po = U. The advanced exercises work through these calculations.
This is the relevant distinction for replication across studies that share samples, share
calibration sets, or otherwise induce dependence among the per-study p-values; see Heller
and Bogomolov [76] for a unified treatment.

Remark 7.13

For r = K = 2, Definition 7.10 gives p§2/2) = Pj,(2), the larger of the two per-study p-values.
This recovers the elementary “max p-value” rule for two-study full replication, a simple
and common operational choice.
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Theorem 7.14: FDR control on replicated findings

Let R(/K) be the set of features for which Hl-(r/ K) is false (i.e., the r-out-of-K replicated

features). Assume that for each feature i with Hi(r/ K) true, each true-null per-study p-value

Di i is super-uniform — no independence across studies is required for the Bonferroni PC

p-value — and that the PC p-values {pET/ K)};-Zl are independent (or PRDS) across features.

Then applying BH at level g to {pl(-r/ K)}Z-

to the target R(/K):

", controls FDR on the discovery set with respect

R\ R(/K)
El'R\R | <

|R| V1

Proof of Theorem 7.14

By Theorem 7.11, each PC p-value pz(r/ K) js super-uniform under its PC null, with no
cross-study independence needed. Across-feature independence (or PRDS) is assumed.
Corollary 5.3 (or the PRDS variant from Chapter 6) now applies directly to the family

{pz(r/K) 2L U

Example 7.15: Two studies by hand

Two studies report p-values for four features:
(p11s---,pa1) = (0.001, 0.002, 0.03, 0.45), (p1,25---,pa2) = (0.0005, 0.5, 0.02, 0.03).

The 2-out-of-2 PC p-values are the maxima per feature:
(P72, p2P p? p@2)y = (0.001, 0.5, 0.03, 0.45).

Sorted, the PC p-values are 0.001,0.03,0.45,0.5, to be compared with the BH thresholds
0.05- k/4 for k = 1,2,3,4, namely 0.0125,0.025,0.0375,0.05. Only 0.001 < 0.0125 crosses
(since 0.03 > 0.025, 0.45 > 0.0375, and 0.5 > 0.05), so feature 1 is the unique replicated
discovery.

For contrast, BH applied separately within each study at ¢ = 0.05 rejects features {1, 2,3} in
study 1 (since the sorted study-1 p-values 0.001,0.002,0.03,0.45 compared with thresholds
0.0125,0.025,0.0375,0.05 yield rejections at k = 1,2,3) and features {1, 3,4} in study 2
(the sorted study-2 p-values 0.0005,0.02,0.03,0.5 compared with the same thresholds yield
rejections at k = 1,2, 3, which correspond to features 1, 3,4 by original index). The naive
intersection of single-study rejections is {1, 3}; the PC procedure returns only {1}. The
contrast is not that PC is “more conservative” in a loose sense; rather, the two procedures
target different nulls. The naive intersection is not calibrated for the partial-conjunction
null. A feature can be truly associated in one study and null in another, yet appear in
both single-study rejection lists because of a false positive in the null study. The PC
procedure instead tests the explicit r-out-of-K replication target. Intersecting separately
valid discovery lists is a different operation and need not be calibrated for the replication
FDP. The max of feature 3’s p-values, max(0.03,0.02) = 0.03, is not small enough to certify
replication at the joint BH threshold of 0.025 even though both studies individually rejected
feature 3.
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6. Connections to Regulatory Practice

The closure principle of Chapter 4 gives strong FWER control on hierarchical families
through graphical procedures. TreeBH gives FDR control on the same families, but for a different
inferential target. Confirmatory regulatory clinical trials primarily use FWER-controlling
gatekeeping, because the trial is asking whether any primary or secondary endpoint shows a
true effect with a small tolerance for false positives over the entire endpoint hierarchy. Genomic,
neuroimaging, and benchmark-evaluation pipelines typically prefer FDR-controlling hierarchical
procedures, because the goal is to identify many promising findings with a controlled false-
discovery proportion at each resolution. The choice between FWER and FDR hierarchical
procedures is not a methodological dispute; it is a difference in inferential target.

The relevant regulatory documents include International Council for Harmonisation [88]
(ICH E9 addendum on estimands), the EMA Multiplicity Issues in Clinical Trials guideline
[54], and the FDA Multiple Endpoints in Clinical Trials guidance [161]. These documents
specify the structural language (primary/secondary/tertiary endpoints, intersection-union and
union-intersection tests, gatekeeping) used to organize multi-endpoint confirmatory testing.
Their preferred mechanism is FWER-controlling gatekeeping, not FDR-controlling hierarchical
procedures: hierarchical FDR procedures of the kind developed in this chapter are appropriate
for exploratory and biomarker-discovery contexts, where the analyst trades a tight per-family
error rate for a tunable average false-discovery proportion across many findings. Treating these
documents as endorsements of hierarchical FDR would overstate their scope.

7. Assumptions in Plain Language

Assumption diagnostic

Checkable Audit the hierarchy, group overlap, aggregation p-values,
and whether the scientific claim matches the controlled
layer.

Not identified from The hierarchy’s scientific correctness and every cross-layer

these data dependence condition are not learned from the final p-
values.

Sensitivity analysis Repeat with alternative prespecified groupings and report

which discoveries depend on the hierarchy.
Conservative fallback  Use flat BY or layer-specific Bonferroni/Holm when struc-
tured assumptions are doubtful.

Group BH assumes that the within-null-group p-values make the chosen aggregator super-
uniform, and that the resulting group representatives are independent or PRDS across groups;
PRDS of the original leaf p-values alone does not automatically imply PRDS of the Simes
representatives. The p-filter uses a stronger multilayer joint assumption; a simple sufficient case
is mutual independence of all base p-values, with true-null base p-values super-uniform and Simes
or weighted-Simes group p-values formed as in the p-filter theorem.

TreeBH uses valid p-values at internal nodes, usually built recursively by applying Simes
to the immediate child p-values. Thus it requires the dependence assumptions that make those
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node-level p-values valid and that make the simple-selection-rule theorem apply; this is what
validates the recursive selected-family FDR bound of Theorem 7.6. “Arbitrary within-node
dependence” would break ordinary Simes and therefore the TreeBH chain unless one replaces
Simes by a Bonferroni or BY-reshaped node-level aggregator.

Partial conjunction tests in the Bonferroni version of Definition 7.10 require only that each
true-null per-study p-value is super-uniform; the Bonferroni PC p-value is dependence-robust
across studies, by Theorem 7.11. The Simes-style PC p-value is sharper than Bonferroni under
conditions ensuring the Simes inequality for the relevant true-null per-study p-values, such as
independence or suitable PRDS [140], but loses validity under dependence outside that class.
Combination-based global-null p-values (Fisher, Stouffer), typically used in the global-null regime
r = 1, assume independence across studies in their usual calibration; positive dependence
among the combined per-study p-values can inflate the variance of the combined statistic
relative to the independent-study calibration and can make these p-values anti-conservative. In
replication analyses across genomic consortia or Al benchmarks where study-level p-values may
be correlated through shared samples or calibration sets, Bonferroni PC is the safer default;
Simes PC is acceptable when PRDS is plausible; Fisher or Stouffer should be used with their
usual independent-study calibration only when across-study independence is verified.

8. Bibliographic Notes

Hierarchical FDR control was introduced by Yekutieli [178]. The modern tree-structured
procedure with multi-resolution FDR control is from Bogomolov et al. [29]. The p-filter and its
multilayer generalization are due to Barber and Ramdas [9]. Adaptive group-aware procedures for
partially ordered side information are from Li and Barber [110]. The original partial conjunction
framework is Benjamini and Heller [18]; the replicability extension to multiple features and
two-study FDR control is developed by Bogomolov and Heller [28] and Heller and Bogomolov [76].
The connection to regulatory practice in clinical trials is documented in International Council for
Harmonisation [88], European Medicines Agency [54], and U.S. Food and Drug Administration
[161].

9. Exercises

Basic.

Exercise 7.16: Group BH by hand

Six hypotheses are grouped as {1,2,3} and {4,5,6} with p-values (0.028,0.028,0.028) and
(0.031,0.40,0.50). Compute the Simes representative for each group and apply BH at ¢ = 0.05
on the two representatives. Compare with flat BH on all six p-values. Verify the arithmetic of
Example 7.4: flat BH rejects the four smallest p-values (three from Gene 1 plus the smallest p-value
of Gene 2), while group BH rejects no group.

Exercise 7.17: Partial conjunction p-value

Two studies report p-values
(pl,l,p271,p371,p471) = (00017 00027 003, 045), (p172, pz,z, p372,p472) = (00005, 05, 0027 003)
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for four features. Compute the 2-out-of-2 Bonferroni partial conjunction p-values and apply BH at
q = 0.05. Compare with BH applied separately within each study and with the naive intersection of
the two single-study rejection sets. Verify the arithmetic of Example 7.15: PC rejects only feature 1,
while the naive intersection is {1, 3}.

Exercise 7.18: Tree-respecting rejection

Consider a rooted tree with two internal nodes A and B, where A has leaves {1,2} and B has
leaves {3,4}. Suppose a tree-aware procedure rejects the internal node A but not B, while flat BH
on the four leaves would reject leaves {1,3}. Under the rule that a leaf may be reported only if
every ancestor on its path has been rejected, identify the tree-respecting leaf rejection set and the
flat-BH-only rejection.

Intermediate.

Exercise 7.19: Simes within groups
Fill in the proof of Theorem 7.2. In particular, verify the equality

Mg
IP’(U {Uuy < tk/mg}> =t
k=1
for independent uniform U(yy < --+ < Uy, by induction on my, or by the area argument used in
the original Simes [146] paper.

Exercise 7.20: Simes-style PC p-value: validity and sharpness

The Bonferroni PC p-value of Definition 7.10 can be sharpened under conditions ensuring the Simes
inequality for the relevant true-null per-study p-values by the Simes-style PC p-value

. (K =r+1)piy)
min -
r<j<K j—r+1

Show that this is super-uniform under HZ-(T/ K), for example when the per-study p-values are
independent (or suitable PRDS [140]) and the true-null p-values are super-uniform. Hint: argue
that the least favorable case for validity occurs when the r — 1 non-null p-values are pushed to zero;
in that least-favorable configuration, the K —r + 1 largest order statistics p(,),...,pk) coincide
with the order statistics of the K — r + 1 null p-values, and Simes’s inequality applied to those
null order statistics gives the bound. Then show algebraically that the Simes-style PC p-value is
uniformly no larger than the Bonferroni-style PC p-value at every realization: the Simes formula
is the minimum over a set whose j = 7 term equals the Bonferroni value (K —r 4 1)p; (), so the

minimum is < the Bonferroni value at every realization.

Al

pl("r/K) ,Simes _

Exercise 7.21: p-filter as BH special case

Verify that the p-filter with L = 1 layer at the hypothesis level reduces to ordinary BH. Then verify
that the p-filter with L = 1 layer using Simes-aggregated group representatives reduces to group
BH of Section 2.

Computational.

Exercise 7.22: Genomic pathway simulation
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Simulate a three-level hierarchy: 20 pathways, each containing 20 genes (400 genes total), each gene
containing 25 variants (10,000 variants total). Generate each variant p-value as p; = ®(—Z;) where
Z;i ~ N(p;, 1), with p; = 2.5 for signal variants and p; = 0 for nulls. Place signal in 4 pathways, 5
signal genes per signal pathway (out of 20 genes per pathway), and 5 signal variants per signal gene
(out of 25 variants per gene); all other variants are nulls. For TreeBH, compute internal-node p-values
recursively from immediate children using Simes; for the p-filter, compute layer group p-values using
the same Simes aggregation convention. Implement (a) flat BH at the variant level at ¢ = 0.05;
(b) TreeBH with per-level targets (gpathways dgenes Gvariant) = (0.05,0.10,0.10), corresponding to
(g1, q2,q3) in the coarsest-to-finest TreeBH order; and (c) the p-filter with layer levels mapped to its
finest-to-coarsest convention: gyariant = 0.10, ¢gene = 0.10, and gpathway = 0.05. Average over > 200
replicates and report variant-, gene-, and pathway-level FDR (or recursive selected-family FDR for
TreeBH) and power for each procedure. (An extended version of this exercise scales the hierarchy
up to genome-wide proportions of ~ 10° variants; we keep the scale modest here for pedagogical
clarity.)

Exercise 7.23: Replication study

Generate three independent batches of m = 1000 p-values each. In each study, the per-feature
p-value is p = ®(—Z) with Z ~ N (p,1); set p = 0 for null features and p = 2.5 for signal features.
In the joint design, 100 features are signals in at least two of the three studies (“2-out-of-3 replicated
truths”), 100 are signals in exactly one study, and 800 are null in all three. Compare three procedures
targeting r = 2-out-of-K = 3 replication: (a) BH at ¢ = 0.05 applied to each study separately, then
declaring a feature replicated if it is rejected in at least two of the three study-specific BH analyses,
(b) BH applied to the 2-out-of-3 Bonferroni PC p-values, and (¢) BH applied to the 2-out-of-3
Simes-style PC p-values (which differ from Bonferroni PC because r < K). Average over > 200
replicates and report the realized replication FDR and power, counting false discoveries as selected
features with fewer than two non-null studies and true discoveries as selected features among the
100 replicated-truth features.

Exercise 7.24: Tree depth and power

Generate a three-level balanced tree with 64 leaves (a branching factor of 4 at each level, so depth
3). Leaf p-values are p; = ®(—Z;) with Z; ~ M (u;,1): p; = 0 for nulls and p; = 2.5 for signals.
Place all signal in one top-level branch, so every leaf below one child of the formal root is a signal
and all other leaves are null. Internal-node p-values are formed recursively from immediate children
using Simes; in this balanced simulation, one may alternatively compare with a fixed descendant-leaf
aggregation rule if it is declared in advance and remains valid. Apply TreeBH with top-tested-layer
target g1 = 0.05 and gg = 0.10 for lower tested depths d > 2, and record leaf-level power. Now repeat
with a deeper tree of the same total size: 64 leaves arranged as six tested levels with branching factor
2, keeping all other simulation parameters fixed and using the same per-depth target convention.
Average over > 200 replicates and discuss how the additional depth affects leaf-level power and the
recursive selected-family FDR.

Advanced.

Exercise 7.25: TreeBH versus flat BH for high-density signal

Use a four-level binary tree with 16 leaves. Put signals in all four leaves below the leftmost depth-
two internal node and set all other leaves to null. Generate independent one-sided p-values from
Z; ~ N(2.5,1) for signal leaves and Z; ~ N(0, 1) for null leaves, with internal-node p-values formed
recursively by Simes combinations of immediate-child p-values, matching Section 4. Compare flat
BH at the leaf level with TreeBH using (g1, g2, g3, ¢4) = (0.05,0.10,0.10, 0.10) over at least 500 Monte
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Carlo replicates. Report leaf-level power and explain the interpretation gained when a rejected leaf
is accompanied by rejected ancestors.

Exercise 7.26: Stouffer at the global null can fail under positive dependence

For two studies with one-sided z-scores Z, = ® (1 — p), k = 1,2, the Stouffer global-null
combination (i.e., the r = 1, K = 2 Stouffer PC) is

p(l/?),StOuﬁer - 1_ (I)<Zl + Z2) .
V2

Under the global null (both pj, ~ Unif(0, 1)) with independent studies, show that p(1/2)Stouffer jg
exactly uniform. Then suppose p; and ps are perfectly positively dependent, p1 = pa = U ~ Unif(0, 1)
(so Z1 = Zy = Z with Z ~ N(0,1)). Show that the Stouffer combination evaluates to 1 — ®(v/2 Z),
and that at the nominal ¢ = 0.05 cutoff, P(p(1/2)Stouffer < 0 05) = P(Z > 1.645/v/2) = P(Z >
1.163) ~ 0.122, so the Stouffer global-null p-value is anti-conservative by more than a factor
of 2. Discuss why this kind of failure does not happen for the Bonferroni global-null p-value
p(1/2),Bonf _ 2min(p1,p2) A 1, which remains super-uniform under any dependence by the union
bound, and relate the contrast to the dependence-robustness theme of Heller and Bogomolov [76].

Exercise 7.27: Sharp PC with verified side information

Heller and Bogomolov [76] discuss sharper procedures that use information about |V;| beyond the
worst-case bound. Suppose a rule fixed by the study design before looking at the p-values identifies
a subset S; of K — r + 1 studies that is guaranteed to consist of true nulls whenever Hi(r/ K) holds.
Derive the corresponding “conditional” PC p-value — the Bonferroni union bound applied only to the
studies in S; — and show that, under independence across features, BH applied to this conditional
PC p-value controls FDR at level ¢ without further inflation. Comment on what could go wrong if
S; is inferred from the same p-values, or if the side information is only an unverified belief: explain
why such a procedure cannot in general be justified for FDR control uniformly over the PC null.



CHAPTER 8

E-Values, Safe Testing, and Multiple Testing

Suppose a laboratory is running many experiments at once. Some outcomes are observed
today, more data may arrive next week, and the same subjects, batches, or model outputs may
be reused across several hypotheses. The analyst wants to make discoveries while the evidence is
still being monitored. This is the setting in which ordinary fixed-sample p-values become fragile:
if we repeatedly look at the data and then decide whether to continue, the final fixed-sample
p-value no longer has the error guarantee suggested by its formula. Here fized-sample means that
the p-value formula was calibrated for one prespecified sample size and one planned analysis. It
was not calibrated for a workflow in which the sample size or the number of looks is chosen after
seeing interim evidence.

This chapter introduces e-values as an alternative evidence scale. The main idea is deliberately
simple. A p-value controls a tail probability under the null; an e-value controls an expectation
under the null. This expectation budget can be spent in ways that are difficult for p-values:
e-values can be multiplied over time when each new factor is conditionally valid, averaged across
procedures, pooled across data sources, and used in the e-BH procedure to control FDR under
arbitrary dependence.

The chapter is organized around a running question. How should we build an evidence
measure that remains valid after monitoring, combining, or selecting among many hypotheses?
The answer has three parts:

(1) construct evidence whose null expectation is controlled;
(2) prove that the construction did not spend too much null-evidence budget;
(3) apply a rejection rule whose proof uses only that budget.

Advanced extensions are developed in Appendix A. Section 4 of Appendix A explains
why weak convergence alone does not preserve the e-value expectation budget and develops
uniform-integrability, truncation, and tail-bound remedies for asymptotic e-values. Section 5 of
Appendix A treats predictable online FDR allocation, including the roles of the filtration, time
order, delayed outcomes, alpha-wealth, LORD, SAFFRON, and e-LOND. Section 6 of Appendix A
shows how inverting an e-process through C; = {6 : M;(0) < 1/a} yields simultaneous-in-time
confidence sequences, together with mixture and stitched boundaries.

1. Setup and Notation

This chapter uses the multiple-testing notation introduced in Chapters 5—6. We recall the
formulas needed below, and then introduce the new sequential and e-value notation for this
chapter.

For one hypothesis, let X denote the observed data and let Hy be the null model, represented
as a set of probability distributions for X. A simple null has the form Ho = {Fy}. A composite
null has the form

Ho={Fy:0¢€ 0},

114
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where the null parameter set ©( contains more than one value. When densities exist, po(x)
denotes the density of Py, pg(z) denotes the density of Py, and g(z) denotes the density of an
alternative distribution Q). The letter g, rather than g, keeps an alternative density distinct from
the book-wide FDR target. These are density functions, not p-values.

Recall that for multiple testing there are m hypotheses Hy, ..., Hy,. The set of true null

indices is Zy C {1,...,m}, with mg = |Zp|. For a rejection set R, we write
|4

The convention RV 1 makes FDP = 0 when there are no rejections.

For sequential problems, F; is the information available after the tth look or batch; the
increasing family (F;)¢>0, with i1 C F3, is called a filtration. A quantity is adapted if its value
at time t is F;-measurable, that is, computable from the information available at time ¢. A rule
is predictable at time t if it is F;_1-measurable; in plain language, it is chosen using only past
data. A stopping time 7 is a time at which the decision to stop is made using the information
available so far. A deterministic finite horizon is denoted by K. We reserve ¢ for time or a generic
threshold variable, and write ¢ for data-dependent thresholds.

2. Evidence on an Expectation Scale

Definition 8.1: E-value

A nonnegative random variable E' = E(X) is an e-value for H if

sup Ep[E] < 1.
PeHy

Large values of F are evidence against the null.

Two conventions will be useful later. First, we allow E to take the value +o00, provided that
Pp(E = 00) =0 for every P € Hy. An infinite e-value plays the same role as a p-value equal to
zero: it may occur only on events that are impossible under the null. Second, we call an e-value
exact if

EplE] =1 for every P € Hy.
For a simple null, exactness means the entire null-evidence budget is spent. If Ep [E] < 1, the
e-value E + 1 — Ep, [E] is at least as large as E and is exact; the likelihood ratios constructed
below are also exact. For a composite null, exactness at every null distribution is usually too
restrictive, and a useful e-value may meet the budget with equality only at a least favorable null
distribution; the one-sided Gaussian example later in this chapter has this property.

Recall from Chapter 2 that a p-value, denoted by the lowercase letter p, is a [0, 1]-valued
statistic satisfying

sup Pp(p < u) < w, 0<u<l.
PeHo

Small p-values are evidence against the null. A statistic satisfying this tail inequality is called
super-uniform: it is stochastically no smaller than a Unif(0, 1) random variable. Although p is
computed from the data, we avoid writing p(X) here because symbols such as py(x) and py(x)
denote density functions in this chapter.

The p-value and e-value definitions use different currencies. A p-value promises that small
values are rare under the null. An e-value promises that the average amount of null evidence is
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at most one. The second promise is weaker in some fixed sample problems, but it is algebraically
useful because expectations add and conditional expectations multiply.

Proposition 8.2: Markov calibration

If F is an e-value for Hy, then
pp = min{l,1/E}
is a valid p-value for H.

Proof of Proposition 8.2

Fix P € Hy. For 0 <u <1,
Pp(pr < u) = Pp(E > 1/u) < uEp[FE] < u,

where the inequality is Markov’s inequality. The case © = 0 is immediate. The truncation
at one only keeps the calibrated p-value inside [0, 1]. O

Figure 8.1 makes the reciprocal geometry visible: strong evidence maps to a small calibrated
p-value, whereas every e-value below one is truncated to the uninformative value pgp = 1.

1.000 weak e-values map

to p =1 after truncation

0.100

0.050 === ==mmmmmmmmememem e e N

0.010

calibrated p-value min(1, 1/E) (log scale)

0.001

1e-01 1e+00 1e+01 2e+01 1e+02 1e+03
e-value E (log scale)

F1cURE 8.1. Calibration from e-values to p-values on log-log axes. The conversion
pp = min{l,1/E} is always valid by Markov’s inequality. Weak e-values with
FE <1 all map to pg =1, so calibration is valid but can lose information.

The reverse direction is more delicate, and it is where the two evidence scales genuinely differ.

Calibrating p-values into e-values. The naive conversion 1/p fails. If p ~ Unif(0, 1),
then

Bl1/r = [ Tdu=cx,

so 1/p is very far from being an e-value. A valid conversion rule must be declared before the
data are seen.
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Definition 8.3: Calibrator

A calibrator is a nonincreasing function f : [0,1] — [0,00] such that f(p) is an e-value
whenever p is a p-value, for every null model Hg.

To compare calibrators we need two more terms, which will be reused several times in this
chapter. A calibrator f dominates a calibrator g if f > g pointwise, so that f never reports
less evidence than g from the same p-value; the domination is strict if in addition f # g. A
calibrator is admissible if no calibrator strictly dominates it. Admissibility means the rule cannot
be improved for free: any attempt to report more evidence somewhere breaks validity.

Proposition 8.4: Characterization of calibrators

A nonincreasing function f : [0, 1] — [0, 00] is a calibrator if and only if

/f )du < 1.

It is admissible if and only if, in addition, f is left-continuous, £(0) = oo, and fy f(u)du = 1.

Proof of the first statement

Suppose fol f(u)du < 1, and let p be a p-value under P € Hy. Fix x > 0. Because f
is nonincreasing, the set {u € [0,1] : f(u) > x} is an interval starting at 0; let u, be its
right endpoint. The event {f(p) > x} is contained in {p < u,} or {p < uz}, so the p-value
property gives Pp(f(p) > z) < u,. For U ~ Unif(0, 1), the same interval has probability
exactly u,, so

Pp(f(p) > x) <u, =P(f(U) > x).

Integrating the tail probabilities over z € [0, ),

1
Eplf(»)] < ELf (U)] = / Flu) du < 1.

Conversely, an exactly uniform p-value is available in the models used in this chapter, and
for p ~ Unif(0, 1) the requirement E[f(p)] < 1 is precisely f01 f(u)du < 1. For the proof of
the admissibility statement, see Vovk and Wang [170] and Chapter 2 of Ramdas and Wang
[130]. O

The integral condition makes examples easy to generate and easy to check. Each of the
following functions integrates to one on [0, 1], takes the value oo at zero, and is left-continuous,
so each is an admissible calibrator:

fa(p) = kp" 1, 0< k<1,
1—-p+plogp
mix = T 1 N9 0< < 1,
fuix () p(log p)? P
fsqrt(p) = p_1/2 -1, f]og(p) = —logp.

For the mixture calibrator, define the endpoint by continuity: fmix(1) = 1/2. The second example
is the average of f, over x € (0,1), useful when one does not want to commit to a single x. The
function equal to 2(1 — p) for p > 0 and to oo at p = 0 is also an admissible calibrator; away
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from zero it never reports evidence larger than 2, which limits its use for single tests but makes
it stable inside products. As a concrete number, f(p) = p~'/2 — 1 converts p = 0.01 into e = 9:
an honest pre-declared conversion turns a p-value of 0.01 into roughly ninefold evidence, not
hundredfold. Figure 8.2 plots these calibrators together: all sit below the hindsight envelope 1/p,
and none dominates the others, which is exactly what admissibility permits.

1e+04 .

BRI hindsight envelope 1/p

~~

1e+02

1e+01

1e+00

calibrated e-value (log scale)

1e-01

1e-04 1e-03 1e-02 5e-02 1e+00
p-value (log scale)

—— power calibrator, k =1/2 == square-root rule

mixture over k = = negative log

FIGURE 8.2. Four admissible calibrators on log-log axes, with the hindsight
envelope 1/p as a dashed line. Every calibrator lies below the envelope, and no
calibrator dominates another: the mixture is largest for very small p-values, the
square-root rule near p = 0.01, the negative logarithm for moderate p-values,
and the power calibrator for large ones. The marked point is the conversion
p = 0.01 — e = 9 under the square-root rule f(p) = p 2 1.

Two facts sharpen the comparison with 1/p. First, every calibrator satisfies
1
f(p)gg, 0<p<l.

Indeed, if f(pog) > 1/po for some pg, then, since f is nonincreasing,

1 D0
| f@auz [7 rwdu = o) > 1.
0 0

Equality f(po) = 1/po at a fixed point pg forces f(u) = 1{u < po}/po for all u € (0,1]: up to
its value at zero, f must be the calibrator that stakes everything on the single threshold py.
Second, the failure of 1/p has a betting interpretation. For each fixed r € (0, 1], the all-or-nothing
function Y <)
u<r

fr(u) = -

is a calibrator, because fol fr(u)du = 1. Tt is a pre-declared bet that pays 1/r if the p-value lands
below r and zero otherwise. The realized value 1/p is exactly the payoff of the best such bet
chosen with hindsight, » = p. Reporting 1/p as evidence is double counting: the data are used
once to choose the bet and again to settle it.
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In the reverse direction there is essentially no choice. Among all nonincreasing functions
h such that h(FE) is a p-value for every e-value F, the Markov calibration h(e) = min{1,1/e}
of Proposition 8.2 dominates every other in the sense appropriate for p-values, where smaller
is more informative: it reports a p-value no larger than any valid competitor’s, and it is the
unique admissible choice [130, 170]. It also preserves decisions at every level simultaneously: for
aec(0,1),

E > é <= min{l,1/F} < q,

so thresholding the e-value and thresholding its calibrated p-value are the same test at every a.
No p-to-e calibrator has this property: by the bound f(p) < 1/p, converting p to f(p) and then
testing f(p) > 1/« is strictly more conservative than testing p < «, except for the all-or-nothing
calibrator at its own threshold. Calibration in both directions loses evidence: converting p = 0.01
to e =9 and back yields 1/9 ~ 0.11. The practical advice is to choose the evidence scale once,
at design time, based on whether the analysis needs the algebra of expectations developed in
the rest of this chapter. Finally, calibration is exhaustive: on rich enough sample spaces, every
e-value can be written as f(p) for some calibrator f and some exactly uniform p-value p, one
satisfying Pp(p < u) = u for all u € [0, 1] under the null [130].

How large is a convincing e-value? Students meeting e-values for the first time reasonably
ask what a value such as F = 7 means. For e-values built from likelihood ratios and their
generalizations, which is most of this chapter, a useful rough grid, in the spirit of Jeffreys’s scale
for Bayes factors (ratios of marginal likelihoods, introduced in the next section), is given in

Table 8.1.
TABLE 8.1. A rough grid for reading the size of likelihood-ratio-type e-values.

It does not apply to all-or-nothing conversions.

Observed e-value Reading

E<1 favors the null model over the specified alternative
E=1 neutral

1< E<L32 barely worth mentioning

32<E<L10 substantial for the specified likelihood comparison
10< E <32 strong for the specified likelihood comparison

32 < E <100 very strong

E > 100 decisive

Two caveats keep the grid honest. First, it applies to naturally constructed e-values such as
likelihood ratios, not to all-or-nothing e-values of the form 1{p < a}/a; for the latter, £ = 10
only records that p < 0.1. Second, rejecting when E > 1/« gives a valid predeclared level-ar e-test
by Markov’s inequality. This operational threshold is not a calibration theorem or a numerical
conversion between p-values and e-values. It can be conservative for a single prespecified test; the
value of the e-value scale is what it buys later in this chapter, namely monitoring, multiplication,
combination, and e-BH.

A final warning: a p-value and an e-value computed from the same data can point in opposite
directions. Let X ~ N(u,1), test Hy : p = 0 against the alternative u = 5, and observe X = 2.
The one-sided p-value is 1 — ®(2) ~ 0.023, which most analysts read as evidence against the null.
The likelihood-ratio e-value is

E = exp{bX — 25/2} = exp{—2.5} ~ 0.08,

which supports the null: the observation X = 2 is unlikely under N (0, 1) but far more unlikely
under N(5,1). There is no contradiction. The p-value measures rarity under the null alone;
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the likelihood-ratio e-value compares the null against a specific alternative. Only the calibrated
conversions of this section are guaranteed to preserve direction; separately constructed p-values
and e-values need not agree.

3. Likelihood Ratios, Bayes Factors, and Composite Nulls

The most basic way to construct an e-value is to compare two probability models.

Proposition 8.5: Likelihood-ratio e-value

Suppose Ho = { Py} is simple and @ is absolutely continuous with respect to Py. Then

_ 4@

E(X)= P,

(X)

is an e-value for Fp.

Proof of Proposition 8.5

By the definition of the Radon-Nikodym derivative,

Ep, Lﬁ(xﬂ - jg)dPo:/szl.
O

The computation shows more than validity: the null expectation equals one exactly, so
likelihood-ratio e-values are exact in the sense of the previous section. For the simple null
Ho = {Py}, say that an e-value E’ dominates E if E' > E Py-almost surely, and that the
domination is strict if Py(E’ > E) > 0. Call E admissible if no other e-value strictly dominates it.
With this almost-sure definition, an e-value for a simple null is admissible if and only if it is exact,
if and only if it equals dS/dP, for some probability distribution S absolutely continuous with
respect to Py [130]. Thus choosing an admissible e-value for a simple null amounts to choosing a
distribution S whose likelihood ratio will be used as evidence.

If densities are available, the same e-value is E(X) = ¢g(X)/po(X). If Q is a mixture over
alternatives,

9(2) = [ pala) dGr(0).

then ¢g(X)/po(X) is a Bayes factor and also an e-value for the simple null. The phrase “simple
null” is doing real work. The denominator pg is the density of the one null distribution whose
expectation must be controlled. More generally, for any prior distribution G on a parameter set,
write

po@) = [ pola) dG(6),

and let Qg denote the probability distribution with density pg. This notation is used below for
both alternative mixtures and null mixtures.
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Example 8.6: Gaussian likelihood ratio

Let X1,..., X, =" N(u,1). We test

Hy: =0 against Hy:p=p >0.
The joint density under u is
1 n

3 Z(%‘ - M)2

=1

pll(wlw'wxn) = (271—)7”/2 €xXp § —

Therefore

p//’/l(X]J""Xn) ]. n 2 1 2
=exp{ —= X;— + = X;
po(X1,- -, Xy) 2;1( i) 2;

n

2
n
= exp{ 1 Z X — %
j=1
This is an e-value for Hy : p = 0. Under the alternative p = p;, its logarithm has positive

mean nu? /2, so the e-value tends to grow.

Composite nulls require more care. Suppose Hog = {Py : § € ©p}, and assume that the
alternative mixture is absolutely continuous with respect to the null mixture, Qg, < Qg,. The

Bayes factor
e (X )

o en (X )
is then a version of dQg,/dQg,. It averages the null over a prior Gy on ©g, but it is not
automatically an e-value for the whole composite null. To be an e-value, it must satisfy

{pG 1 (X )
yoen (X )
Averaging over the null prior gives only

Eg~c,Ep, [

Ep

[

} <1 for every 6 € Oy.

yy e (X)] _
pGo(X) ’

which does not control the worst null value of 6.

One useful design problem is therefore: given an alternative distribution @), find the e-value
for the composite null that grows fastest under ). To make “fastest” precise, we compare e-values
on the logarithmic scale; the next section explains why the logarithm is the right scale when
evidence is accumulated multiplicatively. Say that an e-value E* for Hg is log-optimal against @
if 5

Eg [log E*] <0 for every e-value E for Hy.

The ratio inside the logarithm matters: it keeps the comparison meaningful even in problems
where Eg[log E] is infinite for some e-values.

Numeraire and reverse projection. For a composite null and a fixed alternative, the growth-
optimal e-value is the numeraire; when an appropriate reverse information projection exists, it
is a likelihood ratio against that projected null law. This is an optimality statement, not an
additional requirement for ordinary e-value validity. Existence, uniqueness, support details, and
the reverse-projection derivation are developed in Appendix A.
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Universal inference: validity without regularity conditions. The guess-and-verify
recipe requires a good guess, and for many composite nulls no tractable guess is known. Universal
inference is a general-purpose construction that trades optimality for applicability: it produces
a valid e-value for essentially any composite null where maximum likelihood can be computed,
with no regularity conditions on the model [174].

Split the sample into two independent parts Dy and Dy; for i.i.d. data any predetermined
split works. Using D; only, construct any probability density g; intended to approximate the
alternative: a maximum likelihood fit, a Bayes predictive density, or even a fixed guess. Using
Dy, compute the null maximum likelihood.

Proposition 8.7: Split likelihood-ratio e-value

Let Dy and Dq be independent blocks of observations, i.i.d. from a common distribution.
Let g1 be a probability density built from D; alone, and let pp maximize the null likelihood

on Dy:
H Po(X;) max H po(X
X;€Dg X €Do
Then N
[ HXjeDO gl(Xj)
HXj €Dg Po(X;)

is an e-value for Ho = {Py : € Og}. For each 0, define g1(x)/ps(x) = 0 whenever py(z) = 0.

Proof of Proposition 8.7

Fix 6 € ©y. The null maximum likelihood is at least the likelihood at 6, so, Py-almost

surely,
g1(

X €Dy pe(

Condition on D;. Given Dy, the function g; is a fixed probability density, and the observa-
tions in Dy are independent draws from FPy. Each factor then has conditional expectation

91(X;) ] / _
Ep D| = g1(z)dr <1,

’ [pe(Xj) {ps>0}
with equality precisely when Py < Py. Here P, is the distribution with density g1. The
factors are conditionally independent, so Ep,[E | D] < 1. Averaging over D; gives
Ep, [E] < 1. O

If the null maximum is not attained, replace the maximum by the supremum; this only
decreases F, so validity is preserved. The remarkable feature of the proposition is what it does
not assume: no smoothness of the model in #, no dimension conditions, no asymptotics. It
applies to irregular problems, such as mixture models with an unknown number of components,
where the classical generalized-likelihood-ratio theory has no usable distributional limit. The
price is conservativeness: universal inference is generally not exact, and it is dominated by the
numeraire for the same null and alternative [100]. Data splitting also costs power, which can be
partly recovered by swapping the roles of Dy and D; and averaging the two e-values [50, 174].

It is worth placing the constructions of this section side by side.
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e The frequentist generalized likelihood ratio, which maximizes the numerator over the
alternative parameter set on the observed data, is not an e-value in general: optimizing
the numerator after seeing the data spends more than the null-evidence budget.

e A Bayes factor pg, /pc, with a prior on the null is an e-value precisely when Q¢, is the
reverse information projection of ¢, onto the null, in which case it is the numeraire.
In this sense, the numeraire is the unique Bayes factor that is also an e-value [100].

e Universal inference replaces both the projection and the verification by a data split; it
is always valid, and typically conservative.

A permutation e-value. Some composite nulls are defined by a symmetry rather than
by a parameter set. The null of exchangeability states that the joint distribution of the data is
invariant under permutations of the observations; it contains every i.i.d. model, and it is the null
behind permutation tests.

Example 8.8: Soft-rank e-value

Let Lo = T(X) be a test statistic computed from the data, and let Ly, ..., Lp be recomputa-
tions of the same statistic after applying independent uniformly random permutations to the
observations. Under the exchangeability null, the vector (Lo, L1, ..., Lp) is exchangeable:
its distribution is unchanged when its coordinates are permuted. Form nonnegative scores
by subtracting the minimum,

B
Ry =Ly — min Ly S R
b b 0<b<B b bz_%) bs

and define
(B+1)Ry

S 9
with £ = 0 when S = 0. Then F is an e-value. To see this, condition on the unordered
multiset of score values { Ry, R1, ..., Rp}. Exchangeability makes every assignment of these
values to the positions 0,1, ..., B equally likely, so

E:

E[RO|RO+'“+RB]:B7—|—1’

and therefore B41

E[E] = E {1{5 >0} S E(Ry | 8)] =B(S > 0) < 1,
using that S is determined by the conditioning information and that £ = 0 when S = 0.
Compare with the standard permutation p-value pperm = (B+1)"' S 1{Ly > Lo}. Since
the scores preserve order,

S> Y Ry>Ry #{b:Ly> Lo} = Ro(B + 1)pperm,
b:Ry>Ro
so E < 1/pperm. For a single fixed-sample test, the permutation p-value therefore always
beats the calibrated conversion of this e-value. The e-value earns its keep exactly in the
settings this chapter develops: independent batches multiply, laboratories combine, and
many hypotheses enter e-BH.

Exchangeability nulls of this type reappear in Chapter 9 for conditional randomization and
knockoff methods and in Chapter 10 for conformal prediction.
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4. Betting Scores and Safe Tests

The betting language is only a bookkeeping device. No actual money is needed. Imagine
that we keep an evidence account whose starting balance is one. The number one means “no
accumulated evidence yet,” so all later values are measured relative to this neutral starting point.
At time t, after seeing the next piece of data, we multiply the current balance by a nonnegative
factor E;. If Ey = 2, the account doubles; if E; = 1/2, the account is cut in half; if Ey = 1, the
new data leave the account unchanged. The cumulative evidence, also called the capital process,
is therefore

t
Mt = H Es, M(] — 1
s=1

The statistical constraint is that, under the null, this account is not allowed to grow in expectation.
Informally, the null model must view the game as fair or unfavorable to the analyst. Thus each
new multiplier should have conditional null expectation at most one, given the past information.
Then the capital can still go up on some sample paths, but it cannot have positive expected drift
under the null. Under a well-chosen alternative, the multipliers tend to be larger than one often
enough that the product may grow quickly.

For independent observations with a simple null and a fixed alternative,

_ 9(Xy)
po(Xt)
is a per-observation likelihood-ratio e-value. The cumulative likelihood ratio is

t
9(Xs)
M; = .
! g Do (Xs)
Under Py, Ep,[M;] =1 for each fixed ¢. A level-« safe test rejects when

1
My > —.
(67

Ey

For a fixed t, Markov’s inequality gives
1
PPO (Mt 2 ) S Q.
o

The next section explains why, with the right sequential construction, the same boundary can be
monitored over time.

Figure 8.3 contrasts representative capital paths under the null and under the alternative:
null paths may cross upward temporarily, while a well-chosen likelihood ratio has sustained
multiplicative growth under the alternative.

The logarithm of M; explains what a good e-value is trying to optimize. If X1, Xo,... are
i.i.d. from an alternative (J, then

¢

Log g =1 S log By 222 By [log By,

t t =
So the long-run growth rate is expected log evidence under the alternative, subject to the
null constraint Ep [E;] < 1. This is the statistical content behind betting terminology: we
want evidence that cannot grow in expectation under the null but grows multiplicatively under
alternatives that matter. The quantity in the limit deserves a name.
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Null: capital has no positive drift Alternative: capital tends to grow
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FIGURE 8.3. Eight simulated paths per panel of log,, M; for the Gaussian
likelihood-ratio capital process with o = 0.05, K = 120 looks, and alterna-
tive mean p; = 0.30. The horizontal line is log;((1/a). The x-axis is the look
index t, which equals the sample size in this one-observation-per-look simulation.

Definition 8.9: E-power

—+00.

The e-power of an e-value E against an alternative @) is Eg[log E], which may be —oo or

By Jensen’s inequality, Eg[log E] < logEqg[E], so positive e-power is a strictly stronger
requirement than Eg[E] > 1: the evidence must grow geometrically, not merely on average. The

next proposition explains why e-power, and not ordinary power at a fixed sample size, is the
right design criterion for evidence that will be multiplied.

Proposition 8.10: E-power decides the long run

Let Fy, Es,... be ii.d. under Q, each an e-value for Hg, and let M; = [[,_; Es. Suppose

the e-power Eg[log E1] is well defined, possibly infinite. If Eg[log Eq] > 0, then for every
ac(0,1),

1
PQ(MtZ)%l as t — oo.
o
If Egllog E1] < 0, the same probability tends to zero.

Proof of Proposition 8.10

By the strong law of large numbers, which applies whenever the mean exists in [—o0, 00],
t~!log M; — Eg[log E1] Q-almost surely. If the limit is positive, then log M; — oo almost

surely, so M; eventually exceeds any fixed boundary; if the limit is negative, log My — —o0
and the crossing probability at time ¢ vanishes.

O
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Recall from Section 3 that an e-value E* is log-optimal against () when Eg[log(E/E*)] <0
for every competing e-value F, and that the ratio form is needed because supy Eg[log E] can be
infinite. For a simple null the log-optimal choice is exactly the likelihood ratio.

Theorem 8.11: Log-optimality of the likelihood ratio

Let Ho = {FPy} be simple, and let @ have density g with pg > 0 wherever g > 0. Then
E* = g(X)/po(X) is log-optimal against @, it is the unique log-optimal e-value up to @-null
events, and its e-power equals the Kullback-Leibler divergence:

Eqllog E*] = D(Q|| Po)-

Proof of Theorem 8.11

Proposition A.3, applied with the point mass at the single null distribution, shows that E* is
the numeraire: Eq[E/E*] = Ep,[E] < 1 for every e-value E, and Jensen’s inequality converts
this into log-optimality. The e-power is Eg[log{g(X)/po(X)}] = D(Q || Po) by the definition
of the divergence. For uniqueness, we treat the case where the relevant expectations are
finite; the general case follows from the uniqueness of the numeraire [100]. Let E be any
log-optimal e-value. Log-optimality of E tested against E* gives Eg[log(E*/E)] < 0, and
log-optimality of E* tested against E gives Eg[log(E/E*)] < 0; the two expectations sum
to zero, so both vanish. Then

E E
0=Eg {log E*} <logEq {E*] <0,

and equality in Jensen’s inequality for the strictly concave logarithm forces E/E* to be
(-almost surely constant; the constant is one because the middle expectation equals one. [

Two cautions keep e-power in perspective. First, an all-or-nothing e-value 1{p < a’}/a equals
zero with positive probability under any nondegenerate alternative, so its e-power is —oo; e-power
is a criterion for evidence that will be multiplied repeatedly, and it treats a single zero as fatal
because a product with a zero factor never recovers. Second, for the same reason, e-power can
disagree with single-use usefulness: there exist e-values that exceed 100 with probability 0.99
under @) and yet have e-power —oo [130]. A useful bridge between the two scales is the fact that
Eq[E] > 1 if and only if the shrunken e-value 1 — A + AE has positive e-power for some A € [0, 1]
[130]; shrinkage toward one converts average growth into geometric growth, an idea that returns
twice below, in hedged products and in betting confidence sequences.

Unknown alternatives: mixtures and plug-ins. Example 8.6 fixes a known alternative
mean p1. In practice the alternative is unknown, and it may be two-sided. Two standard recipes
adapt the likelihood ratio.

The first recipe is the mizture method. Choose a prior v on the alternative parameter and

define .
E, = / H peg

j=1Po

X;)
v(do).
X;)
For each fixed 6 the product is an e-value for Py, and an average of e-values is an e-value, so F,
is valid. For the two-sided Gaussian problem, taking v to place mass 1/2 on each of +4 gives

1 né> 1 né> -
En—zexp{(SSn—2}+2exp{—55n—2}, Sn_]Z_:IXj’
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which grows under either sign of the true mean.
The second recipe is the predictable plug-in. Estimate the alternative parameter from the
past only, and use the estimate in the next factor:

E =] =t —,
' [[1 po(Xs)

where 673_1 is computed from Xi,..., Xs_1. Given the past, each factor is an ordinary likelihood
ratio with a fixed parameter value, so its conditional null expectation is one; the next section
turns exactly this observation into a general theory of sequential evidence. Both recipes achieve
the oracle growth rate in the limit: under mild conditions, n™'Eq[log E,,] — D(Q || Fy) for every
alternative @ in the model, for the mixture method whenever the prior puts mass around the
true parameter, and for the plug-in whenever the estimates are consistent [69, 175]. Here the
oracle growth rate means the rate D(Q || Py) achieved by the likelihood ratio that knows the
true alternative. Figure 8.4 illustrates both recipes on Gaussian data: adapting to an unknown
alternative costs only a vanishing fraction of the growth rate, while committing to a badly chosen
fixed alternative costs a constant fraction forever.

2 oracle rate u?/2 = 0.045
@ 0.05
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mixture at £ 0.3 === oracle likelihood ratio

= = mixture at + 0.5 === plug-in (running mean)

FIGURE 8.4. Average growth rate t~'Eq[log M;] of four e-processes for Hy : pn = 0,
estimated from 300 simulated N(0.3,1) sequences of length 400. The oracle
likelihood ratio that knows p = 0.3 sits at the rate u?/2 = 0.045; the predictable
plug-in with the running-mean estimate climbs toward the same rate; the two-
point mixture at +0.3 approaches it; and the mixture at +0.5 settles near its
theoretical rate du — §2/2 = 0.025.

Comparison with the fixed-sample test. The safe threshold and the fixed-sample
Neyman-Pearson threshold solve different problems. In Example 8.6, the fixed-sample Neyman-
Pearson test at sample size n rejects when

n

ZXj 2 \/ﬁZl_a.

=1
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In terms of the e-value M,,, this is

2
M, > exp {m\/ﬁzla — ngl} .
The Neyman-Pearson threshold is optimal for the prespecified sample size. The safe threshold
1/a is designed for monitoring and continuation. It may be more conservative at a fixed sample
size because it is protecting a larger workflow.

Three remarks quantify and qualify this conservativeness. First, Markov’s inequality is an
equality only for an e-value supported on the two points 0 and 1/« with mean one; for likelihood-
ratio e-values, the realized type-I error of the rule M,, > 1/« at a fixed n is typically far below «.
Second, when the null distribution of the e-value is fully known, as for a simple null, nothing
forbids treating F as an ordinary test statistic and rejecting beyond its null (1 — «)-quantile,
which can be far below 1/a; the threshold 1/« is the price of using nothing about E beyond the
expectation bound. A randomized compromise needs no distributional knowledge at all: draw
U ~ Unif(0, 1) independent of the data and reject when E > U/a. Then

Pp(E > U/a) = Epmin{aFE, 1}] < aEp[E] < a,

and the first inequality is an equality whenever aF < 1 almost surely; for an exact e-value
bounded by 1/«, randomization therefore makes the type-I error exactly « [129]. Third, no
expressibility is lost by working on the e-value scale: any level-a test with rejection region A is
recovered by thresholding the all-or-nothing e-value 1{X € A}/a at 1/a. The difference between
the two scales is not which tests are reachable but which optimality criterion is targeted, power at
a prespecified sample size or growth under monitoring, and which algebra the reported evidence
supports afterwards. Intermediate thresholds below 1/« are also valid under shape restrictions
on the null distribution of E; see Chapter 15 of Ramdas and Wang [130].

Post-hoc validity: choosing the level after the data. Classical testing fixes the level
« before the data are seen, and the guarantee evaporates if « is chosen afterwards. E-values
support a genuinely post-hoc guarantee. For each a € (0,1), let ¢, € {0,1} denote the decision
of a level-a test, with ¢, = 1 meaning rejection, and suppose ¢, is nondecreasing as a grows.

Definition 8.12: Post-hoc valid family

The family (@a)ae(0,1) is post-hoc valid for Ho if

Ep| sup @ <1 for every P € Hy.
ac(0,1) @

The ratio ¢/« is the Type I error budget spent if one rejects at level «; the supremum
charges the analyst for the most aggressive level they could choose after seeing the data. For a
fixed «, the definition recovers the usual guarantee, since Pp(¢o = 1) = Ep[pa] < a.

Proposition 8.13: E-value tests are post-hoc valid

Let E be an e-value for Hp and let ¢ = 1{E > 1/a}. Then

sup @ < FE pointwise,
ac(0,1) &

so the family is post-hoc valid.
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Proof of Proposition 8.13

Fix a data realization. If £ < 1, then ¢, = 0 for every a € (0, 1) and the supremum is zero.
If 1 < E < oo, then ¢o/a = 1/a exactly when a > 1/E, and the supremum over such o
equals F, attained at a = 1/E. In the remaining case E = oo, the ratio is 1/« for every «,
and its supremum is co = E. Thus the supremum is at most E in every case, and taking
expectations under any null P finishes the proof. O

A converse also holds: up to pointwise domination, every post-hoc valid family arises from an
e-value in exactly this way, with E = sup,, ¢o/, so testing with e-values is essentially the only
route to post-hoc validity [68, 98]. The practical reading deserves emphasis. Observing E = 25
licenses the statement “rejected at level 0.05” even if the level 0.05 was settled on after seeing
E, and equally licenses “rejected at level 0.04.” Observing p = 0.0001 licenses rejection only at
levels fixed in advance. For this reason, the calibrated p-value 1/FE carries a strictly stronger
guarantee than an ordinary p-value of the same numerical size, and comparing the two at face
value understates the e-value. A multiple-testing version of the same phenomenon appears in the
e-BH section below.

5. Optional continuation and e-processes

A fixed-time e-value remains valid when its sampling plan is fixed in advance. For continuous
monitoring, the process itself must be valid. Suppose E} is a conditional e-value,

E[E: | Fia] <1,

and let \; € [0,1] be F;_j-measurable. Thus ), is the fraction of current capital chosen from
past information and staked on the new evidence E;: As = 0 leaves the capital unchanged, while
A+ = 1 makes the full bet. Predictability gives

E[l — At + M By ’ftfl] =1-+ )\tE[Et | ftfl] <1.

Consequently,
t

My = JJ{1 = As + AES}

s=1
satisfies the explicit conditional calculation

E[M; | Fio1] = My 1 E[1 — X + MEy | Fioq] < My,
It is therefore a nonnegative test supermartingale, and
Py (suth > 1/oz> < a.
>0

Thus a reported stopping time may depend on the observed past, but the bet at time ¢ may not
use future information or hindsight about F;. The general e-process definition, its completeness
for sequential tests, mixtures, and the optional-continuation derivations are in Appendix A.
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6. E-BH: FDR Control by Aggregate Null Evidence

Now return to m hypotheses. Suppose hypothesis H; has a nonnegative evidence score FE;.
For individual e-values one often assumes E[FE;] < 1 for every true null i. For multiple testing,
the proof only needs the aggregate null-evidence condition

IS
Vectors (E1, ..., Ep,) satisfying (A) are called compound e-values. The name records that validity

is a property of the vector as a whole, not of its coordinates. One point of care: in a composite
model, both the set of true nulls Zy = Zy(P) and the expectation depend on the unknown
data-generating distribution P, and condition (A) is required for every candidate P. Individual
e-values imply (A), since my < m. So do deterministically weighted e-values w;E; with w; > 0
and Y ; w; < m. But the compound class is strictly richer than either: condition (A) constrains
only the sum, so a single coordinate may have null expectation far above one, provided the
excess is paid for by the other coordinates under the same P. The systematic study of compound
e-values, and the name, are due to Ignatiadis et al. [85]; the condition itself powers the FDR
theorem of Wang and Ramdas [173].

Definition 8.14: The e-BH procedure

Order the evidence scores from largest to smallest:
e = By = == = 2

m)-

At FDR level ¢, define

~ m
k= kedl,... By > —
max{ 6{ ’ 7m} (k) = qk}a

with & = 0 if the set is empty. Reject the hypotheses attached to the k largest e-values.

Theorem 8.15: E-BH FDR control

If £y,..., E, are nonnegative and satisfy (A), then e-BH controls FDR:
FDR < gq.
In particular, if each true null ¢ € Z satisfies E[E;] < 1, then FDR < (mg/m)q < q.

Proof of Theorem 8.15

Let R be the e-BH rejection set and R = |R|. If R = 0, then FDP = 0. Suppose R > 0.
Every rejected hypothesis 7 satisfies

Therefore, path by path,
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Summing over true nulls gives

Zien MWER) g S B
RV1 m
1€Zp

FDP =

Taking expectations and applying (A),

FDR < 1E |3 E| <q.
i€Zp
If E[E;] <1 for every true null, the aggregate expectation is at most my, giving the sharper
bound (mg/m)q. O

The proof does not condition on other p-values, does not require independence, and does not
use the PRDS positive-dependence condition of Chapter 6. The random rejection set may depend
on all e-values in an arbitrary way; the pathwise inequality above absorbs that dependence before
expectations are taken. This is the main reason e-BH is useful when evidence streams share
subjects, features, prompts, batches, or model outputs.

The proof yields two strengthenings at no extra cost. First, it never used the exact e-BH
rule, only the property that every rejected hypothesis satisfies E; > m/(gR). Call a procedure
with this property self-consistent at level q. Every self-consistent procedure controls FDR at
level ¢ by the same argument, and e-BH is the largest one: it rejects the largest set compatible
with the self-consistency inequality. Smaller self-consistent sets are useful when the rejections
must also satisfy structural constraints, for example respecting a hierarchy or a graph among
hypotheses. Second, the pathwise inequality in the proof is uniform in ¢, which upgrades the
FDR guarantee to a post-hoc one in the sense of Proposition 8.13.

Corollary 8.16: Post-hoc FDR control

For each ¢ € (0,1), let R, be the rejection set of e-BH at level ¢, or of any self-consistent
procedure at level ¢, applied to compound e-values Ei, ..., E,, and let R, = |R,| and
Vy = |Rq N Ip|. Then

<1

Va
- LE}B%) a(By V1)
In particular, E[V>/(q(R2;V 1))] <1 for every data-dependent level g: in this budget form,
with the level inside the expectation, the guarantee survives choosing the level after seeing
all the e-values.

Proof of Corollary 8.16

For each fixed ¢, the pathwise inequality established in the proof of Theorem 8.15 states
Vy

q
< = E FE;.
R,v1 ™~ m ’
i€Zp

Divide both sides by g. The right-hand side no longer depends on ¢, so the same bound
holds after taking the supremum over ¢ € (0,1). Taking expectations and applying (A)
completes the proof. Il
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Read the corollary the way a practitioner would: after computing the e-values, one may look
at the entire path of e-BH rejection sets across levels and report the level whose trade-off looks
best, and the reported false discovery guarantee, in the budget form E[V-/(q(R;V 1))] < 1, still
holds. The ordinary BH theorem for p-values does not provide this post-hoc guarantee; choosing
its level from the observed p-values requires a separate analysis.

Figure 8.5 shows the e-BH crossing in rank space, while Figure 8.6 compares p-BH and e-BH
under equicorrelated Gaussian evidence. Together they separate the algorithmic threshold rule
from the moment condition that supplies dependence robustness.

1e+05

1e+03

e-value (log scale)

1e+01

20 rejections

10 20 30 40 50
rank, from largest to smallest e-value

e-BH boundary === ordered e-values

F1GURE 8.5. The e-BH rule orders e-values from largest to smallest and compares
the first 50 ranks of a simulation with m = 160, 36 nonnulls, n = 12, working
effect # = 0.9, and target ¢ = 0.10 against the boundary m/(gk). The largest
rank & at which the ordered e-value crosses its boundary determines the cutoff;
all top k hypotheses are rejected, including any earlier ranks whose values lie
below their own rankwise boundaries.

7. How Threshold Rules Create E-Values

Route: Advanced

Universality. The aggregate-null-evidence proof above is the principal finite-sample guarantee.
A converse theory shows that, under only coordinatewise null expectation budgets and natural
symmetry conditions, self-consistent e-BH is essentially universal. The formal statement and
proof are deferred to Appendix A.
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FDR power
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FIGURE 8.6. Simulation with m = 400 hypotheses, 80 nonnulls, equicorrelated
Gaussian test statistics based on n = 20 observations with working effect 6 = 0.65,
650 Monte Carlo runs, correlations p € {0,0.3,0.6}, and ¢ = 0.10. The e-values
are Gaussian likelihood ratios exp{f\/n Z — n6?/2}. The lesson is not that e-BH
is always more powerful; it is that e-BH’s proof uses an e-value moment condition
rather than a p-value dependence condition.

Many p-value procedures work by choosing a data-dependent threshold and rejecting every-
thing below it. The e-value viewpoint turns this into a research recipe:

threshold rule
|3

induced evidence vector

4

aggregate null-evidence proof

(8
e-BH FDR control

The point is not to rename old procedures. The point is to identify the exact budget that must
be controlled when designing new procedures.

BH as the first example. Recall from Chapter 5 that BH can be written in threshold
form. Let pi,...,pm be p-values. For a threshold s € [0, 1], define

m
R(s) =Y 1{p; < s}.
i=1
The BH threshold can be written as
7 {0 <s<1:- < }
= su s P .
BH P - R(s)V1 ™~ 4
When the set is empty, set g = 0. The BH rejection set is
Rpn = {i:p; < tpu}.
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On the event tgy > 0, define the induced evidence score

)

1 ~
EBY — — 1{p; < gy}
tBH

If tgy = 0, define ElBH = 0 for all i.

Proposition 8.17: The BH rejection set as e-BH

Applying e-BH at level ¢ to the induced vector (EPH)™ | gives the same rejection set as BH.

)

Proof of Proposition 8.17

If tpg = 0, both procedures reject nothing. Suppose tgg > 0 and let k= R(tABH). If k = 0,

then all induced e-values are zero and both procedures reject nothing. Now assume &k > 0.
By the BH threshold definition,

migu

m
= < q, SO ==

1
= > —.
k ten gk
The k BH rejections have evidence 1 /tABH, and all non-rejections have evidence 0. Hence the

kth largest induced e-value crosses the e-BH boundary, while no non-rejected hypothesis
can be added because its induced e-value is zero. Thus e-BH selects exactly Rpy. [l

This proposition is algebraic. It does not prove BH validity. Validity comes from the budget
question:

E <m?

>
1€10
Under the usual independent-null assumptions for BH, this aggregate bound can be proved by a
reverse-time martingale or leave-one-out argument. The intuition is as follows. If a true-null
p-value is rejected at a data-dependent threshold tgg, it contributes 1 /fBH. For a fixed threshold
s, a super-uniform null p-value has expected contribution at most P(p; < s)/s < 1. The technical
argument shows that the same bound survives when s is the BH threshold chosen from the data,
because replacing one rejected true-null p-value by zero does not change the final number of BH
rejections in the leave-one-out comparison.

There is a second route to the same aggregate bound that assumes positive dependence
instead of independence. Recall from Chapter 6 that PRDS is the positive-dependence condition
under which BH controls FDR. On the event k > 1, the BH threshold is tpy = qE/m, so the
induced evidence of Proposition 8.17 can be written

The dependency-control lemma of Blanchard and Roquain [26] can be stated in the form
needed here. Let p; be a super-uniform true-null p-value and let R = R(p) € {0,1,...,m} be
coordinatewise nonincreasing in the p-value vector. Under independence or PRDS, for every
c> 0,

[tz e
RvV1
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The fixed-threshold inequality P(p; < s)/s <1 is therefore preserved when the threshold is the
random, monotone quantity cR; PRDS is exactly what controls this dependence between p; and
R. For BH take R = k and ¢ = ¢/m. The lemma gives

ll{pz < qk/m}]
kv = m

Multiplying by m/q, and using the convention ElBH =0 when k = 0, yields E[E?H] < 1. Thus
the induced vector consists of individual e-values, the aggregate bound holds with room to spare,
and Theorem 8.15 returns FDR < (mg/m)q for BH under PRDS. A classical theorem becomes a
short consequence of the e-value viewpoint plus one dependence lemma.

Benjamini-Yekutieli as e-BH on calibrated p-values. The second example needs no
dependence assumption at all, and it connects the calibrators of this chapter to the arbitrary-
dependence correction of Chapter 5. Recall Theorem 5.6: the BY procedure, which is BH run
at the reduced level q/H,, with H,, = >_}*; 1/k the harmonic number, controls FDR at level ¢
under arbitrary dependence. Fix ¢ and m, and define a step function that rounds each p-value
onto the BY grid:

g(k—1) gk

m
= — f
fey(P) gk orpe < mH,, ~ mH,,

with fgy(0) = m/q and fgy(p) =0 for p > q/H,,. This is a nonincreasing function with

/fBY du_zqk: mH 721@ 1

mk_

], k=1,...,m,

so by Proposition 8.4 it is a calibrator: F; = fgy(p;) is an e-value for each hypothesis whose
p-value is valid, with no assumption on the dependence among the p-values.

Proposition 8.18: BY as e-BH

e-BH at level ¢ applied to E; = fgy(pi), i = 1,...,m, rejects exactly the BY rejection set at
level g. In particular, Theorem 8.15 implies FDR < (mg/m)q under arbitrary dependence,
recovering Theorem 5.6.

Proof of Proposition 8.18

By construction, fgy(p) > m/(qk) if and only if p < gk/(mH,,). Since fpy is nonincreasing,
the kth largest e-value corresponds to the kth smallest p-value, so

m qk
B> — < < —=,
(k)_qk P() mH,,

where p(;) here denotes the kth smallest p-value. The largest k satisfying the left condition,
which defines e-BH, therefore equals the largest k satisfying the right condition, which
defines BY, and the rejected sets coincide. The FDR bound is Theorem 8.15 applied to
individual e-values. O

The calculation reframes the harmonic penalty. The factor H,, = logm is not an unavoidable
tax on dependence; it is exactly the cost of forcing p-values through a calibrator, the worst-case
exchange rate between the probability scale and the expectation scale. Evidence born on the
e-value scale enters e-BH with no correction under the same arbitrary dependence. When only
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p-values are available, however, the calibration route is essentially the best possible: BY is the
p-value optimum of this construction [130, 173].

The general threshold template. The BH example suggests a broader template. Suppose
a procedure has candidate thresholds s € 7. At threshold s, let

RZ(S) S {0, 1}
indicate whether hypothesis ¢ would be rejected, and let

R(s) = iRl(s)

Let M (s) be the procedure’s estimate or upper bound for the number of false discoveries at
threshold s. The procedure chooses

t = sup {s eT: RJ(\f)((i/)l < Q}

and rejects all ¢ with RZ(tA) = 1. We assume throughout that the supremum is attained, as it is
for the right-continuous step functions arising from p-value thresholds.

The induced evidence formula requires a positive false-discovery budget when there is at least
one rejection. We therefore assume

R >0 = M() >0.

If a candidate rule can have M (1) = 0 and R(#) > 0, it must be modified before using this
template; common fixes are to add a +1 correction to the budget or to disallow thresholds with
zero budget and positive rejections.

The induced evidence vector is
_ mRi(1)
(A ]/\Z(a Y
with the convention E; = 0 for all ¢ when R(tA) = 0. A rejected hypothesis receives evidence equal
to m divided by the estimated false-discovery budget; a non-rejected hypothesis receives zero.

Proposition 8.19: Threshold rule to e-BH

For a threshold rule of the form above, e-BH applied to the induced vector E; = mR;(£)/M (%)
has exactly the same rejection set as the threshold rule. If the induced vector also satisfies

2B

i€Zp

E

=m,

then e-BH controls FDR at level gq.

Proof of Proposition 8.19

Let 7 = R(t). If # = 0, there is nothing to prove. If i is rejected by the threshold rule, then
m

M)

P =
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The threshold definition gives

M (?)

~

m
S q, S0 El Z %\

Thus at least 7 hypotheses cross the e-BH boundary at rank 7. By definition, the remaining
hypotheses have R;(t) = 0 and hence induced evidence zero, so e-BH cannot reject beyond
rank 7. The rejection sets are equal. The FDR statement is exactly Theorem 8.15. O

Table 8.2 gives examples of the template. Each row should be read in the same way: the
middle column supplies the false-discovery budget M (s), the last column supplies the fixed-
threshold rejection rule R;(s), and Proposition 8.19 then gives the induced e-values once the
data choose .

Raw p-values are not always the best ranking scale. A researcher may want to borrow
information across hypotheses, as in empirical-Bayes or local-FDR ranking, or use external
information such as covariates, prior biological knowledge, group structure, or weights learned
from independent data. A simple way to represent this is to rank hypothesis i by a transformed
score. Before using the p-value p;, choose a function ; and define

Zi = i(pi)-
Assume 1); is nondecreasing. Then a smaller p-value gives a smaller, or at least no larger, score,
so small Z; still means stronger evidence. A score-threshold rule therefore rejects ¢ when Z; < s,
that is, when R;(s) = 1{¢i(p;) < s}.

Validity depends on how the score transformation is chosen. In this simple template, 1; is
fixed before the procedure uses p;. If the score transformation is learned from other p-values or
from the whole dataset, then the validity proof must account for that learning step, for example
through sample splitting, masking, independence, or a direct proof of the aggregate null-evidence
bound. .

After the ranking score is fixed, we still need a budget M (s). One simple choice is mg(s),
where the curve g is chosen before testing. Another choice uses the mirror idea from Chapter 5:
estimate the left-tail null count by looking at very large p-values. Under a well-calibrated null,
p-values near 0 and p-values near 1 are both rare tail events. Thus the right tail can sometimes
be used as a conservative guide to how many null p-values might fall into the left tail. A large
p-value p; becomes small after the transformation 1 — p;, so the count

m
L+ 1{y;(1 - p;) < s}
j=1
counts right-tail observations on the same score scale used for left-tail rejections. The +1 is a
conservative correction that keeps the estimated budget from being zero. This right-tail idea
is useful only when the model or assumptions justify the comparison between the two tails; it
is not a free validity guarantee. The raw-p-value right-tail row in the table is the special case

Yi(u) = u.
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TABLE 8.2. Self-contained examples of the threshold template. The customized rows use
the score Z; = 1;(p;) defined in the text above the table. In the Storey row, 7, is the
null-proportion estimator at tuning parameter A, recalled from Chapter 6.

Procedure ]/\/[\(s) Ri(s)

BH ms 1{p; < s}

BY mH,, s 1{p; < s}

Storey mry s 1{p; <s},s <A
Raw p-values, right-tail budget 1+370 {p; > 1 -5} 1{p; <s},s<1/2
Transformed score, fixed budget mg(s) {i(p:) < s}

Transformed score, right-tail budget 1+ Z;nzl 1{y;(1 —p;) < s} 1{(p;) < s}

That such a translation must exist, for any FDR-controlling rule whatsoever, is the content
of the universality theorem, Theorem A.12 [85, 173]. The useful message, developed by Li
and Zhang, is that for threshold rules the translation is expliciﬁ:\ the induced e-values come in
closed form once the procedure is written through R;(s) and M(s) [111, 112]. The remaining
mathematical task is to prove the aggregate null-evidence bound

E|Y Ei| <m.
IS
Different constructions need different arguments: independent-null leave-one-out arguments for
BH-like rules, symmetry or conservativeness arguments for right-tail estimates, and problem-
specific arguments for transformed scores.

8. Combining and Assembling E-Values

Route: Advanced

The e-BH proof uses only aggregate null evidence. This makes it possible to combine several
evidence sources without redoing the whole FDR, proof each time.

In one sentence, combining merges several evidence values for the same hypotheses, whereas
assembling rescales and pools evidence from disjoint hypothesis families into one final rejection
list.

Before turning to multiple testing, consider the one-hypothesis version of the question. Several
teams hand us e-values FE1, ..., Fp, for the same null, with unknown dependence; the analyses
may share data, subjects, or models. Which functions of them are again e-values?

Averaging always works. For fixed weights Ay > 0 with >, Ay <1,

L L
Ep [Z AzzEe] => MEp[E] <1
/=1 =1

by linearity, no matter how the F; depend on one another. Multiplication does not. The product
of arbitrarily dependent e-values is not an e-value, and the failure is immediate: take Fy = Fs = F,
where E equals 2 with probability 1/2 and 0 otherwise, so that each factor is an e-value, while
E[E) Ey] = E[E?] = 2. Products require independence, under which E[[], E;] = [[, E[E] < 1, or
the sequential structure of Proposition A.6. Taking the maximum also fails, for the same reason
that 1/p failed earlier: reporting the best of several evidence numbers, chosen after seeing them,
is a hindsight bet.

Under arbitrary dependence, weighted averages are the canonical safe choice. Call a Borel-
measurable, coordinatewise nondecreasing function F : [0, 00)" — [0,00) an e-merging function
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if F(Eq,...,Er) is an e-value whenever Fy,..., Fy, are arbitrarily dependent e-values. Every
e-merging function is dominated pointwise by one of the form

L L
Fx(er,....eL) =X+ > Meg, M >0, XA+ Y A=1,
=1 =1
a weighted mean that may place some weight \g on the constant one, and the admissible e-merging
functions are exactly these F [130, 170]. For symmetric merging rules, the arithmetic mean has
a related but weaker property called essential domination: if a symmetric e-merging function G
satisfies G(e) > 1, then the arithmetic mean is at least G(e). This is not pointwise domination
below one. The geometric and harmonic means are pointwise bounded by the arithmetic mean.
For multiple testing there are two different problems. The practical question is whether the
same hypothesis appears in every evidence source.
Before separating the two problems, define the error rates used when hypotheses are split
into groups. Suppose
Gi,...,0L
are disjoint groups of hypotheses. If a procedure returns a rejection set Ry C Gy inside group ¢,
define
w

RyV1
Controlling groupwise FDR at level ¢ means FDRy < ¢ for every group £. If a procedure instead
returns one pooled rejection set RP°! across all groups, define

Ri=|Rd. Vi=|R¢nTyl, FDR,=FE {

Vpool
Rpool v/ T

Rpool — ’7€/p001‘7 Vpool — |Rpool ml—o|, FDRpool —E [

Controlling overall FDR means FDRP°®! < ¢. In an assembling problem, the target is this pooled
guarantee. The groupwise definition is still useful because the assumptions we impose on each
family’s e-values also imply groupwise FDR control if the analyst reports family-specific e-BH
lists.

Combining means that several analyses speak about the same list Hy, ..., Hy,. For example,
a genomics study may test the same m genes using a model-based e-value, a permutation-based
e-value, and an e-value that borrows pathway information. A clinical monitoring problem may
test the same m endpoints using evidence from a primary model and evidence from a robust
sensitivity analysis. The final output is still one rejection list among the original m hypotheses;
the question is how much weight to give each evidence source.

Assembling means that different analyses cover different hypotheses, and the researcher wants
one pooled list at the end. For example, three laboratories may screen disjoint gene panels, or
several hospitals may monitor different sets of safety signals. Each laboratory or hospital can
construct valid evidence for its own family, but the final scientific action may require ranking all
discoveries together for follow-up. The bookkeeping must then account for the family sizes my
and for the fact that true nulls may be concentrated in the families that receive large weights.

Combining procedures on the same hypotheses. Suppose L procedures all analyze the
same m hypotheses. Procedure ¢ produces a nonnegative evidence vector

Y ... EY

m
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and has already been proved aggregate-valid, meaning that its total expected true-null evidence
is at most the number of hypotheses:

S EO| <m,  £=1,...,L

1€Zp
This condition already gives a guarantee for each procedure separately: e-BH applied to
E{é), e ,E,(,f) controls FDR for procedure £’s rejection list. The useful question is whether
we can combine the L vectors first and then run e-BH once. The next proposition says yes: with
suitable weights, the combined vector is still aggregate-valid, so e-BH on the combined e-values
controls FDR for one final rejection list.

Proposition 8.20: Combining aggregate-valid evidence

Let

with deterministic weights wy; > 0. If

L
<1
2_: max wg; < 1,
then the combined vector satisfies

i€Zp
Consequently, e-BH applied to Ff1, ..., Fy, controls FDR at level q.

Proof of Proposition 8.20

Using linearity of expectation and nonnegative weights,

Y E| = i > weElE"]

i€Ty 0=1i€Ty
L
< Z (max wgi) Z ]E[EZ(K)]
=1> " €Ty
L
< Z (mzax w&) m < m.
=1
The FDR conclusion follows from Theorem 8.15. O

The max-weight condition is the price of not knowing which hypotheses are true nulls. An
average weight can look small over all hypotheses while placing too much weight on the true
nulls. The maximum prevents this, so the combined e-values remain valid for a single e-BH run.
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Assembling disjoint datasets. Now suppose the hypotheses are split across disjoint
families

L
Gi,.... 91, Gl =me, Y mg=m.
=1

only for ¢ € Gy, and assume that within that family

>

1€GyNZLy

Family ¢ produces evidence Ei(g)

E < my.

This displayed bound has an immediate consequence: if family ¢ runs e-BH only on {Ez-(z) 21 € Gl
then Theorem 8.15 with m = my gives FDRy < ¢. The assembling step builds one pooled list

across all families. To do this, choose fixed nonnegative weights, form E; = ’U)giEi(Z) for ¢ € Gy,

and run e-BH once on all m assembled e-values. The next proposition gives the condition that
makes this pooled run control FDRP°!,

Proposition 8.21: Assembling disjoint families

For i € Gy, set

l
E; = wKiEi( ),

with deterministic weights wy; > 0. If

L

Z e MaX Wej <m,

1€Gy

(=1

then the pooled vector satisfies
E|> Ei| <m.

1€Zp
Thus e-BH controls FDRP°®! for the pooled rejection list.

Proof of Proposition 8.21

E ZEZ :i Z ’wm’E[Ei(Z)]

i€Zo =1i€G,NTo
L
§Z(maxwﬁ> Z E[EZ-(E)]
=1\t i€GeNTo

IA
M=

mpmax wy; < m.
1€Gy

~
Il

1
]

The proposition proves the assembling result: the one pooled e-BH run controls overall FDR
for the pooled rejection list. The family-level aggregate bound imposed before the proposition
has the separate consequence that family-specific e-BH runs would control FDRy. These are
different rejection lists; the pooled guarantee does not require reporting the family-specific lists.
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Figure 8.7 displays the distinction: combining aligns several evidence vectors coordinate by
coordinate, while assembling concatenates separately constructed families before one pooled
e-BH run.

Combining procedures for the same hypotheses

procedure A

EA
d \ weighted sum
/ E,' = 2/ Wi Ei
procedure B
EP
same hypotheses; one final rejection list
Condition: X, max; w; < 1
Assembling disjoint datasets

family 1

G \
family 2 assembled e-values -

G2 E=w,E
family 3 /

Gs

disjoint families; one pooled e-BH list

Condition: =, m max;w;<=m

FIGURE 8.7. Combining evidence from several procedures on the same hypotheses
and assembling evidence from disjoint datasets. In assembling, the main output
is one pooled e-BH list; family-level aggregate bounds also justify separate family
lists when reported. The max-weight conditions protect against unknown true-null
placement.

E-values as weights in p-value procedures. A hybrid setting arises when both evidence
scales are present for the same hypotheses: p-values p1,...,p, from confirmatory data, and
e-values E1,..., E,, from an earlier study, an external dataset, or prior structural knowledge. A
natural combination divides each p-value by its e-value,

’F:min{l pi}
pl 7EZ M

with pf =1 when E; = 0, and runs BH at level ¢ on p7, ..., p},. If the p-value vector satisfies the
PRDS condition of Chapter 6 and is independent of the e-value vector, this procedure controls
FDR at level (mg/m)q [84]. Two features distinguish it from the weighted BH rules of Chapter 5.
The weights need no normalization: classical weighted BH requires the weights to average to
one, while here the e-value validity E[E;] < 1 for true nulls substitutes for normalization, so the
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weight vector may be arbitrarily enthusiastic about the alternatives. And nothing is assumed
about the dependence within the e-value vector itself. One caution: the result is a theorem,
not a plug-in observation. Dividing PRDS p-values by independent random weights does not
obviously preserve PRDS, so the classical weighted-BH guarantee does not directly apply; the
proof conditions on the e-values and controls the null contributions with E[E;] < 1.

9. Assumptions in Plain Language

Assumption diagnostic

Checkable Recompute conditional expectation identities, replay stop-
ping rules, and audit whether every adaptive choice is
predictable.

Not identified from The null conditional law and the absence of unlogged peek-

these data ing cannot be verified from the terminal e-value alone.

Sensitivity analysis Cap bets, vary working alternatives, and compare split,

swapped, and averaged constructions.
Conservative fallback  Use a fixed-horizon valid test or an all-or-nothing e-value
from a valid p-value.

The e-value condition is a null expectation bound. For simple nulls, likelihood ratios give
canonical examples. For composite nulls, the bound must hold uniformly over the whole null
model. A Bayes factor averaged over a null prior is not enough unless it also satisfies the uniform
expectation bound; when the null mixture is the reverse information projection of the alternative,
the resulting likelihood ratio is not only valid but log-optimal. Conversions between the two
evidence scales are asymmetric: p-values become e-values only through a calibrator fixed in
advance, at a real cost in magnitude, while an e-value always yields the p-value min{1,1/E},
which additionally survives levels chosen after seeing the data.

Safe testing requires a process-level guarantee. A fixed-sample e-value can be used once at a
prespecified time. An e-process can be monitored, stopped, and continued because its value at
every stopping time remains an e-value. Products of conditional e-values, which are nonnegative
supermartingales under the null, are the canonical construction, but the general definition asks
only for the stopped-value property, and some important e-processes are not supermartingales.

E-BH controls FDR under arbitrary dependence because its proof reduces FDP to aggregate
null evidence before taking expectations. The aggregate condition defines compound e-values,
and it characterizes FDR control completely: every FDR procedure is e-BH applied to some
compound e-values. Dependence can still affect power and construction of good e-values, but
it does not enter the e-BH proof once the aggregate evidence bound is established, and the
same pathwise argument yields the budget-form post-hoc guarantee in Corollary 8.16. When
only asymptotically normal statistics are available, approximate e-values inherit an inflated but
explicit FDR guarantee; the per-coordinate (g, ) bound becomes (mg/m)(1 + €)q + mgod.

Threshold-to-eBH arguments are design tools. They do not make a procedure valid by algebra
alone. The hard step is always the same: prove that the induced evidence vector has acceptable
aggregate null expectation.

Online p-value procedures rely on predictable levels and conditional super-uniformity. Online
e-value procedures replace conditional super-uniformity by conditional e-value validity. Confidence
sequences are the interval analogue of e-processes: invert a family of anytime-valid tests, meaning
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tests whose level-a guarantee holds at every stopping time, and obtain simultaneous coverage
over time.

Before applying these results, specify the null model, the filtration, and whether the target
guarantee is fixed-time, anytime-valid, pooled, or groupwise. Verify the relevant expectation
bound over the entire null: an individual or aggregate bound for e-BH, and a conditional bound for
a sequential product. Calibrators, weights, and online testing levels must be fixed or predictable
as required by their theorems. For approximate e-values, state whether the convergence is
pointwise or uniform and report the resulting slack, including the factor md when only a bound
in terms of the total number of hypotheses is available.
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11. Exercises

Basic.

Exercise 8.22: Markov calibration

Let E be an e-value. With the convention 1/0 = +oco, prove that pg = min{l,1/E} is a valid
p-value. Then give an example showing why 1/p is not generally an e-value when p ~ Unif(0, 1).

Exercise 8.23: Gaussian likelihood-ratio e-value

Work through Example 8.6. Derive the likelihood ratio from the normal densities, verify that its
null expectation is one, and compute the expected log e-value under y = p;.

Exercise 8.24: Calibrator family

Using the integral criterion of Proposition 8.4, verify that f.(p) = kp*~! for k € (0,1), f(p) =
p~ /2 —1, and f(p) = —logp are calibrators. Compute the e-value that f;/, assigns to p = 0.01.
Then prove that every calibrator satisfies f(p) < 1/p for all p € (0, 1].

Intermediate.

Exercise 8.25: Conditional products

Let E; be nonnegative and Fi-measurable with E[E; | F;—1] < 1. Prove that M; = Hizl E,is a
nonnegative supermartingale. Identify exactly where measurability is used.

Exercise 8.26: Ville’s inequality

Prove Ville’s inequality for a finite deterministic horizon K. Then pass to the infinite horizon by
monotone convergence of the crossing events.

Exercise 8.27: E-BH proof

Reproduce the proof of Theorem 8.15. Explain why the proof does not require independence among
the e-values.

Exercise 8.28: BH as e-BH
Let g be the BH threshold and define

EPY =t501{p; < tpu}

when tgy > 0, with all induced e-values equal to zero otherwise. Show that e-BH applied to these
induced e-values gives the BH rejection set. Which part of the argument is algebraic, and which
part is a validity proof?

Exercise 8.29: Combining procedures
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Suppose two procedures for the same family of m hypotheses produce nonnegative evidence vectors
{Ez(l)} and {Ei(z)}, each satisfying

E <m, {=1,2.

> £

i€Zy

Choose fixed, nonnegative, nonconstant weights wy;, wo; satisfying

max wy; + max wy; < 1.
K 1

For E; = wliEi(l) + wgiEi(Q), verify the aggregate bound E[) ;.7 E;] < m. Construct an example
where replacing the max-weight condition by an average-weight condition would overweight the true

nulls.

Exercise 8.30: Universal inference

Prove Proposition 8.7, identifying exactly where the independence of Dy and D; is used. Then show
that the average of the two split e-values obtained by swapping the roles of Dy and D; is again an
e-value.

Exercise 8.31: Post-hoc validity

Prove that sup,¢(o,1) H{E > 1/a}/a < E pointwise, as in Proposition 8.13. Deduce that for every
data-dependent level @ € (0,1), Ep[1{E > 1/a}/a] < 1 under every null P.

Computational.

Exercise 8.32: Optional stopping simulation

Reproduce Figure A.1. Simulate null Gaussian data, repeatedly check a one-sided fixed-sample
p-value, and compare the probability of ever crossing 0.05 with the probability that a Gaussian
likelihood-ratio e-process crosses 20.

Exercise 8.33: Dependence simulation

Implement BH, BY, and e-BH for equicorrelated one-sided Gaussian tests. Vary the correlation,
signal strength, and number of nonnulls. Report FDR and power, and explain why e-BH’s validity
statement differs from BH’s PRDS validity statement.

Advanced.

Exercise 8.34: Confidence sequence by inversion

For each 6, let Mf ° be a nonnegative supermartingale under Py, with Mg % = 1. Prove Theorem A.19.
Then explain why simultaneous coverage implies coverage at any stopping time 7.

Exercise 8.35: Universality of e-BH

Prove Proposition A.11 and Theorem A.12. Why is it legitimate to assign zero evidence to
the hypotheses the original procedure did not reject, and where would the argument break if a
non-rejected hypothesis were assigned a positive induced e-value larger than the e-BH boundary?




CHAPTER 9

Conditional Randomization and Knockoff Filters

In a regression or supervised learning problem, a feature can look useful for two different
reasons. It may contain information about the response that is not already in the other features,
or it may be correlated with another feature that contains the information. A marginal test asks
whether X is associated with Y. The conditional question is more local: after all the other
features X_; have been observed, does X; still add information about Y?

This chapter studies three tools for that conditional question. A conditional randomization
test (CRT) tests one feature at a time by redrawing X from its conditional law given X_; and
seeing whether the observed statistic looks unusually large. Fixed-X knockoffs build artificial
comparison columns for a fixed linear design and target the coefficient null 3; = 0. Model-X
knockoffs build artificial comparison features from a model for the feature distribution and target
the conditional independence null Y 1l X; | X_;. In plain language, knockoffs are negative
controls: if a real feature beats its knockoff, that is evidence for the real feature; if knockoffs
often beat real features, those negative wins estimate how many selected real features may be
false discoveries.

The price of this robustness to the response model is clear. CRTs and model-X knockoffs do
not require a correct model for Y | X, but they do require knowledge, or accurate estimation, of
the feature distribution. Fixed-X knockoffs make a different tradeoff: they use exact geometry
for a linear fixed-design model and therefore do not need a model for the distribution of the rows
of X.

1. Conditional Feature Nulls

Let X = (Xi,...,X,) denote the feature vector and Y the response. For a sample of size
n, X; will also denote the n-vector of observed values of feature j, and X_; the matrix of all
remaining features. The model-X null for feature j is

Hi: Y1 X;|X_,

This says that once the other features are known, replacing X; by another draw from its
conditional distribution should not change the distribution of the response.

Definition 9.1: Conditional feature null

Feature j is conditionally null if
LY | X5, X_5) =LY | X_y)
almost surely. Equivalently, Y 1 X; | X_;.

In the linear model
Y = X8 +e¢, el X, Ele | X] =0,

147
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with a nondegenerate conditional distribution of X; | X_;, this conditional null corresponds to
Bj = 0. The definition is more general, however. It allows nonlinear response models, interactions,
and arbitrary prediction algorithms as long as the null is interpreted conditionally.

The conditional formulation is stricter than a marginal association statement. If two features
are correlated, a null feature may have a visible marginal relationship with the response because
it tracks another feature. That is the failure mode that CRTs and knockoffs are designed to
avoid.

2. Conditional Randomization Tests

The conditional randomization test of Candes et al. [36] tests one conditional null at a time.

Choose a statistic
Tj = T']'(Xj’X*j’Y)

that becomes large when feature j appears important. The statistic may be a regression coefficient,
a lasso entry time, a random-forest importance score, or the drop in predictive accuracy after
removing X;. The validity of the CRT does not come from the statistic. It comes from comparing
the observed statistic with statistics computed after resampling X; from the correct conditional
law.

Figure 9.1 separates the two ingredients of the test: the observed feature supplies one score,
while repeated draws from £(X; | X_;) supply its conditional null reference distribution. The
plus-one count in the last box is the finite-sample Monte Carlo p-value.

CRT workflow: feature model supplies the null distribution

I /)
Observed data Conditional draws Null statistics Rank comparison p-value
— . > > -
hold other features sample candidate from compute resampled rank observed score plus-one Monte Carlo
and response fixed conditional law importance scores among null scores p-value

FicUrk 9.1. Conditional randomization test. The conditional feature law, not a
model for Y | X, supplies the null distribution. The final p-value uses the plus-one
Monte Carlo correction.

Given B Monte Carlo draws, the CRT proceeds as follows.
1. Compute T9™ = T;(X;, X _;,Y).
2. Forb=1,...,B, draw X\” ~ L(X; | X_).
3. Compute Tj(b) = Tj(X](b),X_j,Y).
L+ 3l YT > 1ty
B+1

The p-value is written for large values of T);. For two-sided or directional statistics, one replaces
the comparison by the appropriate tail event.

4. Return p; =
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Theorem 9.2: Finite-sample validity of the CRT

Assume that the conditional law £(X; | X_;) used to resample is correct, and that Hj :
Y 1L X; | X_; holds. Conditional on (X_;,Y), the observed and resampled statistics
TJ‘?bS, Tj(l), . ,Tj(B) are exchangeable. Consequently the plus-one Monte Carlo p-value is
super-uniform:

P(p; < a) < «a, 0<a<l.

Proof of Theorem 9.2

Under Hj, the conditional distribution of X; given (X_;,Y") coincides with £(X; | X_;):
the response carries no information about X; once X_; is fixed. The resampled draws

X ](1), X j(»B) come from the same conditional law by construction. Therefore the collection

X;, XV, x®

is iid conditional on (X_;,Y"), and the induced statistics bes, Tj(l), ceey Tj(B) are exchangeable
conditional on (X_;,Y"). If there are no ties, order these B+ 1 values from largest to smallest
and let R; be the rank of the observed statistic in that ordering. Exchangeability means
that, conditional on (X_;,Y), the observed statistic is equally likely to occupy any of the
B + 1 positions. The plus-one p-value is exactly

B
b= pi1
because R; is the number of observed-or-resampled statistics at least as large as T]‘?bs.
Therefore (B + 1o
+ 1o
Plpj <a|X_;Y)= T Byl <

If ties occur, counting all tied statistics in the upper tail can only increase the p-value
relative to a random tie break, so the same inequality remains valid. Taking expectations
over (X_;,Y’) gives the unconditional bound. ]

The plus-one correction is not cosmetic. Without it, the smallest possible Monte Carlo
p-value would be zero, and exact finite-sample validity would be lost. The correction also makes
clear how many null samples are needed if CRT p-values will be fed into a multiple testing
procedure. For example, if there are p hypotheses and one hopes to use BH at level ¢, then B
must be large enough that the grid of possible p-values can reach the smallest BH critical values.

3. Why Marginal Resampling Fails

The CRT must resample from X; | X_;, not from the marginal law of X;. The following
example is the simplest way to see why.
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Example 9.3: A null feature with marginal association

Let
o) ~N (o2 0), Y=Xre e~NO0),
with ¢ independent of (X1, X2). Then
Y AL X3 | Xo,

so feature 1 is conditionally null. Marginally,
COV(Xl,Y) = COV(Xl, XQ) = p.

Thus X; can be strongly correlated with the response even though it adds no information
once X9 is known.

Figure 9.2 makes the failure visible. Compare the middle and right panels: marginal
resampling erases the X;—X> dependence that generated the apparent association, whereas
conditional resampling preserves that dependence while breaking only the information that is
null under Hj.

observed X marginal resample conditional resample

p=052 p=0.02 p=0.59

response Y
o
&

candidate feature value

F1GURE 9.2. A conditionally null feature can be marginally correlated with
the response. Each panel contains n = 450 observations, the data-generating
correlation is p = 0.65, and the labels show empirical p values in the plotted
samples. Marginal resampling breaks the dependence between X7 and X, whereas
conditional resampling preserves it.

In Example 9.3, a marginal randomization test would compare the observed association
between X; and Y with a null distribution obtained by drawing X7 ~ N(0,1) independently of
Xy. That null distribution is wrong: it describes a world in which X7 no longer tracks X5. The
correct conditional draw is

X7 | Xo =z ~ N(pwa, 1 - p?),
which preserves the correlation structure that makes X; look important marginally.

After valid CRT p-values have been obtained, they can be used with the multiple testing
procedures from earlier chapters. The important distinction is between individual p-value validity
and joint dependence. The CRT theorem above says that, for each true null j, the p-value p; is
super-uniform. It does not by itself say that the vector (p1,...,pp) is independent or PRDS. Thus
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ordinary BH may be used when the analyst has a separate reason to justify the BH dependence
condition, such as independence across the null p-values or a direct PRDS argument for the
joint CRT construction being used. In the absence of such a joint dependence argument, a
dependence-robust procedure such as BY or another reshaping correction gives the conservative,
generally valid route.

4. Fixed-X Knockoffs

We next move from testing one feature at a time to constructing negative controls for all
features simultaneously. The original knockoff construction of Barber and Candeés [8] is for the
fixed-design Gaussian linear model

y=XB+e, e~ N(0,0%I,),

where X € R™*P is treated as fixed. The lower-case y emphasizes that the design X is treated as
fixed; the response remains random under the Gaussian linear model. Equivalently, inference
conditions on X, not on the observed response vector. The null hypothesis is

Hj : ,Bj =0.
Full column rank alone means rank(X) = p, hence n > p. The explicit construction below also
needs room to add p orthogonal directions outside the span of X. When X has full column rank,
this extra geometric condition is n —p > p, or n > 2p. Variants are available when this condition
is not met, but the core symmetry is easiest to see in this full-column-rank, n > 2p case.

Let

Y=X"X

and let D = diag(s) for a vector s € Rf. A fixed-X knockoff matrix X e R™? is designed to

satisf
' X'xX=yx, XX =%-D.

XX XX\ (2 %-D
X'x X'x) \x-D % )¢

Each knockoff column has the same inner products with all other original features as the original
column does, except that its inner product with its own original feature is reduced by s;. When

Equivalently,

the columns of X are normalized so that ¥;; = 1, the correlation between X; and X jis 1 —sj.
Larger s; gives a more distinguishable negative control and usually improves power.

Proposition 9.4: Fixed-X knockoff construction

Suppose X has full column rank, n — rank(X) > p, and D = diag(s) = 0 satisfies
2> — D > 0.

Let U € R™ P have orthonormal columns satisfying U X = 0, and choose C' € RP*? such
that
C'C=2D—-DX7'D.
Then B
X=XI-x"'D)+UC
satisfies B o
X'X=%-D, XTX =13




5. KNOCKOFF STATISTICS AND THRESHOLDS 152

Proof of Proposition 9.4

Since U' X =0, N
X'X=X"XI-2'D)=x-D.
Next, o
X'X=(I-Dx Hx(I-2"'D)+CTC
=Y -2D+ DY 'D+2D—-Dx'D
=
It remains to check that such a C' exists, i.e. that 2D — DY71D = 0. Consider the block

Gram matrix
a— X >-D
- \X-D X '
On one hand, the congruence transformation P = % (f _II) brings G to PTGP = diag(2% —

D, D),so G = 0iff 22X — D > 0 and D = 0. On the other hand, the Schur complement of
the top-left block gives G = 0 iff & — (X — D)X"Y(X — D) = 2D — DX7!D = 0. The first
characterization says exactly that the assumed constraints 2> — D > 0 and D > 0 make the
target block Gram matrix positive semidefinite. The Schur-complement characterization

then converts that same positive semidefiniteness into 2D — DX~'D > 0, so a real matrix
C with CTC = 2D — DX 71D exists. O

Figure 9.3 displays the Gram structure in block form. An analogous block covariance
matrix will reappear in §7 for Gaussian model-X knockoffs, with ¥ reinterpreted as a population
covariance rather than the Gram matrix used here.

The vector s is a power parameter. Assume from here that the columns of X are normalized
so that X;; = 1; a simple equi-correlated choice is then

s; = min{1, 2Anmin(X)}, j=1,...,p.

A more adaptive choice solves

p
ogi]%l; |1 — s subject to 2% — diag(s) = 0.

Both choices express the same principle: make X; and X ; as different as the feature correlation
structure permits.

5. Knockoff Statistics and Thresholds

After constructing X, fit a variable-selection method to the augmented design
(X, X].
The output must be converted into a vector
W= Wy,...,Wp),

with one statistic for each original feature. Positive W; means that the original feature X; looks

stronger than its knockoff X ;5 negative W; means that the knockoff looks stronger. The vector
W must satisfy two structural properties.
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= diag(S)
. covariance
1.

m.
Xp

0.5

rows

0.0

= - diag(s)

XU
S

X Xp i‘ X
columns

FiGURE 9.3. The knockoff block structure. Original and knockoff variables have
matching within-block dependence; the diagonal gap diag(s) makes each knockoff
a less-than-perfect copy of its original feature. In the fixed-X setting (§4) this is
a Gram matrix; in the model-X setting (§7) it is a population covariance.

Definition 9.5: Sufficiency and antisymmetry

A fixed-X knockoff statistic vector W = (W7, ..., W,) is sufficient if it depends on the data
only through N N N

X, XTI X], XXy
It is antisymmetric if, for each coordinate j, swapping X; and X j sends W; to —W; and leaves

every Wy, k # j, unchanged. If several coordinates are swapped, exactly the corresponding
signs of W are flipped.

The standard example comes from the lasso path. Let Z; be the largest penalty value at
which X enters the lasso model fit on [X, X |, and let Z be the analogous entry time for X .
Concretely, the lasso solves

.1 >
min. o[y — [X, XJbl3 + Allblh

as A decreases from a very large value. At very large A, all coefficients are zero. A column with
stronger predictive information tends to become nonzero earlier, meaning at a larger value of .
Thus Z; and Z record which member of the pair (X ],X ) enters first, and how early it enters.
Define the 31gned—max statistic

W; = max{Z;, Z;} sign(Z; — Z;).

Large positive W; means the original feature beats its knockoff strongly. Large negative W; means
the knockoff beats the original feature. For null features, the two events should be symmetric.
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Let
W={|W;|: |W;|>0,j=1,...,p}
The knockoff+ threshold at target FDR level q is

L+#{j: W, < —t} <4
#{j:W;>tpv1 — 7|7
with T = oo if the set is empty. The selected variables are

S={j:W; >T,}.
A boundary observation: the numerator in the threshold inequality is at least 1, so for the ratio
to fall below ¢ we need #{j : W; >t} > 1/q at the chosen t. When the target level satisfies
q < 1/p, no value of t can satisfy the inequality, and knockoff+ returns S = & deterministically.

This is the finite-sample analogue of the no-discovery regime in BH at very stringent FDR targets.
The version without the plus one,

s _#{J ]—_t}
T_mm{tew'#{].W]Zt}\/lSq}’

is often more powerful but controls a slightly modified FDR, criterion. The plus-one numerator is
what gives ordinary FDR control.

Figure 9.4 shows the diagnostic behind that correction. The null bars should balance across
the positive and negative tails, so negative knockoff wins can proxy false positive original wins;
signal appears as excess mass in the positive tail.

T+:min{t€W

0.5 . .
1] 1]
: :
L] L]
0.4 negative comro\s: : selected tail
: :
L] L]
.03 : :
= ' '
C [l []
% [ [
0.2 T -
L] L]
L] 1
L] 1
L] L]
1] 1
) lII I I I
o ___--.I I I ..ll—.___i
-3 3 6
knockoff statistic W
. null variables nonnull variables

FIGURE 9.4. Knockoff signs. For true null variables, positive and negative W;’s
are symmetric; negative knockoff wins therefore estimate the number of false
positive original wins. Nonnull variables should shift mass toward the positive
tail. This synthetic display uses 6000 null and 900 nonnull statistics; the dashed
lines at +2.35 mark an illustrative threshold.
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Theorem 9.6: Fixed-X knockoff+ FDR control

In the fixed-design Gaussian linear model, suppose X satisfies the fixed-X knockoff Gram
equations and W is sufficient and antisymmetric. Then the knockoff+ selection rule satisfies

#{j:5=0j€8}] _

FDR =E = = q.
S| v 1

Proof of Theorem 9.6

Exchangeability. Let A = [X, X ], and let Agyap(sy be the augmented design obtained by
interchanging X; and X j for every j € S. The fixed-X knockoff Gram equations imply

T T
Aswap(s)Aswap(S) = A A

for every S. If S contains only true nulls, then AsTwap
with the same covariance by this identity. Their means also agree: when j € S is null,
Bj = 0, and the knockoff equations give X ]T X=X JT Xy for every k # j. Thus swapping
null original /knockoff pairs is distribution-preserving.

Sign symmetry. Sufficiency says that W is a function only of AT A and A'Ty. Antisymmetry
says that swapping pair j flips W; and leaves the other W}’s unchanged. Hence the law of
W is unchanged after multiplying W; by —1 for any chosen set of true-null coordinates. If

Hoz{],@j:()} and

C:J({|W]| 1<y Sp}a{Wj 0J ¢H0})7
then the signs sign(W;), j € Ho with |W;| > 0, are independent fair coins conditional on
C. This is the fixed-X sign-flip result of Barber and Candés [8, Lemma 1]; the preceding

paragraph gives the mechanism behind the lemma in this setting.
Stopped ratio. For a threshold t, write

Vi) =#{j:8;=0, W; 2 t}, V ()=#{j:8;=0, W; <t}
After conditioning on C, the knockoff+ rule checks candidate thresholds from the least
extreme magnitude to the most extreme. FEach failed check raises the threshold and removes
the least extreme active statistic; the nonnull statistics and all magnitudes are already fixed.
The reverse-filtration stopping-time calculation given below therefore gives
VH(TY)

1 + V- (T+)
and hence the same inequality holds after averaging over C.

FDR bound. The observable knockoff+ stopping rule and V= (T5) < #{j : W; < —T,} give
the pointwise bound

(s)Y and ATy are Gaussian vectors

C| <1,

+
Fpp — V(T4
SV 1
S+ # W <-Th ) V(T
- IS|v1 L+ V=(Ty)
V()

=TT yv(Tyy
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Taking expectations and applying the stopped sign-count calculation yields FDR <q. [

Stopped sign-count calculation. We now verify the martingale input used in the proof. This
calculation uses only conditional fair signs ordered by their magnitudes, so the model-X proof
below can reuse it once model-X exchangeability has supplied the same sign property. Conditional
on C, list the nonzero null statistics in decreasing order of magnitude,

‘WJ&’ 22 ‘ij’ >0,

and write &. = sign(W;,). By sign symmetry, the &’s are iid fair coins. Define the active positive
and negative counts and their ratio by

P, =#{r<k:&{& =+1}, Qr =#{r <k:& = -1}, M, =
The relevant reverse filtration is

]:k’:U(CaPk7Qk,fk+1,---7fm), k‘zm,m—l,...,().
As k decreases, information increases: Fj C Fr_1. Conditional on Fj, the sign removed when

the active null set shrinks from & to k — 1 is positive with probability Py/k and negative with
probability Qr/k. Hence, when Q > 0,

Py

. 0<k<m.
1+ Qk =E=m

PPl QP
k14 Qg k Q
When Qf = 0, all active signs are positive and My_1 =k — 1 < k = Mj. Thus (M, Fi), read in
the order m,m — 1,...,0, is a supermartingale.

It remains to verify that the knockoff threshold is a valid stopping rule for this reverse scan.
Order all candidate magnitudes from smallest to largest. At the first candidate, every nonzero
statistic is active; after a failed check, increase the threshold and remove the least extreme active
statistic or tied block. Conditional on C, the nonnull contributions to the two tail counts are
fixed, while the active null contributions are exactly P, and Q. Therefore the decision whether
the observable FDP estimate has crossed below ¢ is measurable with the current reverse filtration.
If magnitude ties occur, refine each tied block by an ordering independent of the signs and permit
stopping only at the end of the block. Nonnull removals are deterministic no-change steps for M.
Compress the candidate scan to its null-removal clock, retaining every intervening deterministic
nonnull removal and threshold check. Let p be the number of null removals completed when
the first passing candidate is encountered (or m if no candidate passes). Because the nonnull
contributions and the locations of all candidate magnitudes are fixed by C, whether the scan has
stopped by the rth null removal is measurable with G, = F,,—,. Thus p is a bounded stopping
time for (G,)/.

Let kK = m — p be the number of active nulls at the stopped threshold. Then

V(T
o V)
1 + V_(T+)
Finite optional stopping, now applied only after boundedness and the stopping property have
been checked, gives

E(Mg_1 | Fi) =

k-

E(M, | C) <E(M,,|C).
Finally,
B B
14+m-—DB’
This proves the stopped-ratio bound used above.

B | C ~ Binomial(m, 1/2), E(M,,|C)=1-2""<1.

m
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The proof says that null original wins and null knockoff wins are symmetric after conditioning
on the magnitudes. At a fixed threshold, negative null wins therefore estimate positive null wins.
Since T’y is chosen after looking across thresholds, the estimate needs the plus-one correction;
that correction is exactly what keeps the stopped estimate conservative.

6. Model-X Knockoffs

Fixed-X knockoffs are tied to the linear fixed-design model with target 8; = 0. Model-X
knockoffs change both ingredients. The rows X; are treated as iid draws from an unknown
population distribution, the response model is unrestricted, and the target is the conditional
independence null Y 1L X; | X_; from §2 [36].

The two targets are inferentially different even when their algebra looks similar. Under the
fixed-X Gaussian linear model, Efy | X] = X3, so 3; = 0 refers to the jth coefficient in that
specified linear mean model. If the linear mean model is misspecified, the corresponding target
may instead be the least-squares projection coefficient of the fixed mean vector onto the columns
of X; that projection target must be stated explicitly. Under model-X, Y L X; | X_; refers to a
distributional statement that does not depend on linearity. They coincide in the special case of a
correctly specified Gaussian linear model with random X, but in general one can hold without
the other.

Notation also resets here. In §4, ¥ = X " X was the Gram matrix of a deterministic design;
in the present section, ¥ = Cov(X) is the population covariance of the random feature vector.
The algebraic identities that follow are the same, but the statistical meaning is different.

Definition 9.7: Model-X knockoff

A random vector X = (Xi,..., X,) is a model-X knockoff copy of X if it satisfies:
~ d ~
[X, X]swap(s) = [X, X] for every S C {1,...,p},
where swap(S) exchanges X; and X j forall j € S, and
XULY|X

For a sample, the construction is applied row by row, or more generally to the joint feature
array, without using the responses.

The first condition is pairwise exchangeability. It is stronger than matching marginal
distributions. A row permutation or column shuffle generally does not work: it may give X ;j the
same marginal distribution as X, but it does not preserve the conditional relationship between
Xj and X_; for the same observational unit. Knockoffs are coordinatewise negative controls, not
arbitrary fake features.

Lemma 9.8: Null-swap property

Let X be a model-X knockoff copy of X. If
Y U Xg| X_g,

then N N
(1%, X1, Y) £ (X, Xswap(s), Y)-
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Proof of Lemma 9.8

Two ingredients are needed: pairwise exchangeability of [X, X | and the response-
independence condition X 1Y | X from the model-X knockoff definition.

Pairwise exchangeability gives the equality in distribution for [X X | before looking at Y. It
remains to see that the conditional response law is unchanged by a null swap. For a realized
pair (z,7), let 2% be the feature vector obtained after the swap, so 23V = z; for j € S and

J
z3" = x; otherwise; define 2°% analogously. Then

L(Y 1 [X, Xwap(s) = (@,8)) = £(Y | X = 2™, X = ™)

Y| X =2)

Y| X_s=x_g)

=LY |X=2)=L(Y|X=2,X=7).

= £(
= £(

The second and last equalities use X1y | X. The middle equalities use Y Il Xg | X_g,
together with the fact that swapping coordinates in S leaves X_g unchanged. Combining
this conditional response invariance with pairwise exchangeability of the features gives the
joint equality. O

The lemma assumes a joint null for the whole swapped set S. In many regular feature models
this joint null follows from the coordinatewise nulls, but there is a small point worth making
explicit. Suppose, for example, that S = {a,b} and write C' = X_y,;;. Define the conditional
response kernel

Ko (zg,xp) =LY €| C =, X, =24, Xp = xp).
The individual null Y 1l X, | X_, says that, for fixed (¢, z3), this kernel does not change as
x4 varies. The individual null Y 1l Xj | X_; says that, for fixed (¢, z,), it does not change
as xy, varies. If the feature law has positive density—or positive mass in the discrete case—on
a product support, so that the conditional law of (X, X;) | C = ¢ also has product support
for almost every ¢, then these comparisons can be made across the whole rectangle of possible
(24, p) values. Hence
Kc(l'aaxb) = Kc(l‘ipmb) = Kc(xizvxg;)

for any two pairs (z4,2) and (), z;) in the support. Thus the conditional law of Y depends
only on C'= X_y, 4y, which is exactly Y 1L (X4, Xp) | X_g44). This two-coordinate argument is
the intersection property for conditional independence; iterating it turns {Y 1L X; | X_; : j € S}
intoY 1l Xg | X_g. Degenerate feature laws, such as perfect collinearity, can break the rectangle
of comparisons; in such cases the subset swap statement should be read as requiring the displayed
joint null directly.

Once the null-swap property holds, the same sign-flip logic used for fixed-X knockoffs applies.
A model-X feature statistic may be produced by any algorithm, including random forests, neural
networks, penalized regressions, or screening scores, as long as it has the right swap behavior.
More explicitly, suppose the augmented data (Y, X X ) are mapped to original and knockoff
importance scores B B B

(Z,Z2)=(Z1,...,Zp, 21, ..., 2Zp).
The score map is swap-equivariant if, for every coordinate set S C {1,...,p}, swapping (X}, X )
for j € S swaps the corresponding score pairs (Z;, Z]) and leaves all other score pairs in the
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same order. Given any antisymmetric comparison function w;(a,b) = —w;(b,a), define
Wj = w;j(Zj, Zj)-
The simple choice W; = Z; — Zj is enough for the argument; the signed-max statistic from §5

is a common lasso-path choice. Positive IW; means the original feature beats its knockoff, and
negative W; means the knockoff wins.

Lemma 9.9: Model-X null sign symmetry

Let Zy be the set of true conditional nulls. Under the conditions of Lemma 9.8, if the score
map is swap-equivariant and W; = w;(Z;, Z;) is antisymmetric, then

. d .
(W; 5 € To) £ (ejW; : 5 € To)
for every deterministic sign vector €; € {—1,1}. Consequently, conditional on the magnitudes

Wil : 7 € Zp} and on the nonnull statistics {W; : j & Zy}, the signs of the nonzero null
Jjl+J j+J g
statistics are independent fair signs.

Proof of Lemma 9.9

For any subset S C 7y, Lemma 9.8 says that swapping the corresponding original and
knockoff variables leaves the joint law of the augmented data and response unchanged.
Swap-equivariance converts this data swap into the operation that interchanges (Z;, Z;)
for j € S. Antisymmetry then flips exactly the signs of W;, j € S, while preserving the
magnitudes and the nonnull statistics. Since every subset S may be swapped, every null
sign pattern has the same conditional probability given those quantities. O

For ¢ > 0, define the selected positive-tail set and its size by
R(t)={j:W; =1}, R(t)=|R(t)].

The null false discoveries at threshold t are

V) = #{j € Ty : W; > t},
while the negative null wins are

V=) =#{j €Ly : W; < —t}.
Because null signs are symmetric, negative wins estimate positive false wins. The observable
knockoff+ FDP estimate is therefore

FDP(1) = L+ #{j: W, < —t}
R(t)Vv1
Let
W= {IWyl: Wy >0, j=1,....p}
and define

7, =min{t € W:FDP(¢) < ¢},
with 7, = oo if the set is empty. The model-X knockoff+ selected set is

S={j:W;>1,}.
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Theorem 9.10: Model-X knockoff+ FDR control

Assume X is an exact model-X knockoff copy of X, generated without using Y. Let W be
constructed from a swap-equivariant score map and antisymmetric comparisons as above.
Assume also that the conditional law is regular enough that individual nulls combine into
joint subset nulls, i.e. for every subset S of true nulls, Y 1l Xg | X_g. Then the knockoff+
threshold controls FDR for the conditional nulls

Hj Y 1L Xj | X,j
at level q.

Proof of Theorem 9.10

At the selected threshold,
V(1)
R(rg) V1’
Since V7 (14) < #{j : W; < —74}, the definition of 7, gives the pointwise bound
V() 1+V (1)
1+V=(rq) R(rg) V1
VH(r) 1+#{7:W; < -7}
T 14+V(1y) R(ry) V1
<q V)
14+ V(1)
It remains to show that the expectation of the final ratio is at most one. Condition on
C=oc({IWjl:1<j<ph{W;:j¢Io}).
By Lemma 9.9, conditional on C, the signs of the nonzero null statistics are independent
fair signs. The threshold 7, is found by checking magnitudes from least to most extreme,
removing the least extreme active statistic after each failed check. With the nonnull statistics

and all magnitudes fixed, the scan is the bounded stopping time verified in the stopped
sign-count calculation following Theorem 9.6. That calculation applies verbatim and gives

FDP =

FDP =

+
V) el <1
14+ V(1)
Averaging over C and using the pointwise FDP bound yields FDR < q. O

Remark 9.11: The threshold is not the filter

The two-count ratio defining 7, is only one component of the knockoff filter. Exchangeability
of (X, X ), together with antisymmetry of the statistics, supplies the conditional coordinate-
wise sign flips used in the proof: after the magnitudes and nonnull statistics are fixed, the
nonzero null signs are independent fair signs. A generic collection of symmetric, Gaussian,
exchangeable, or pairwise-uncorrelated scores need not have this property, and applying the
same threshold to such scores can have FDR far above ¢q. Section 2 of Chapter 6 gives finite
PRDS and Gaussian examples; see also Zhang [181]. These are failures of a bare threshold,
not counterexamples to a valid knockoff construction.
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7. Gaussian Model-X Knockoffs

For the Gaussian model-X construction of Candes et al. [36], when
X ~ N(0, E)a
knockoffs are explicit. The two-coordinate case shows where the block covariance comes from.
Let X = (X1,X5) ~ N(0,%), with ¥ = (crjk)?’ w—1- Pairwise exchangeability under the full swap

forces ()N( 1, )~(2) to have the same covariance matrix . Exchangeability under the swap of only
coordinate 2 forces

COV(Xl,XQ) = COV(Xl,XQ) =012, COV(Xl,XQ) = 012.

Thus the only remaining free cross-covariances are the within-pair quantities Cov(X}, X 7). Writing
them as o;; — s; gives

011 012 011 — 81 012
v 3 012 022 012 022 — 52
Go := Cov(X1, Xo, X1, X9) =
2 (X1, Xo, X0, Xo) 011 — 81 012 o1 012
019 0922 — S92 J12 022
Equivalently,
PN X>—D .
Go = (2 “p 0y ) , D = diag(s, s2).

Ideally s; is large, because this makes X j a more distinguishable control for X;, but the displayed
matrix must remain positive semidefinite.
For general p, choose D = diag(s) such that

D=0, 2Y-Dx0.

Define the joint Gaussian distribution

() ~n (0 (%5 Z57).

The block covariance is invariant under swapping any coordinate pair (X}, X ;j), and therefore
the resulting X is a model-X knockoff copy.
Equivalently, one can sample conditionally:

X|X=z~N({I-Ds )z, 2D~ DY'D),
where x is treated as a column vector. The conditional covariance is positive semidefinite precisely
under the same feasibility condition 23X — D = 0. As in fixed-X knockoffs, larger s; makes X;
less correlated with X, and hence usually improves the ability to distinguish original features
from their knockoffs. When the features are standardized, the same semidefinite-programming
(SDP) choice used in the fixed-X section,

P
Ogggljz::l |1 — s subject to 2% — diag(s) = 0,

tries to make each original/knockoff pair as different as the covariance structure allows.
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8. Sequential Conditional Independent Pairs (SCIP) and Structured Feature Laws

‘ Route: Advanced ‘

Gaussian knockoffs are only one example. SCIP rests on a local characterization of pairwise
exchangeability: [X, X | is invariant under all coordinate swaps if and only if, for every j, the pair
(Xj,)N(j) is exchangeable conditional on (X,j,)N(,j). Response independence is then handled
by constructing X without using Y. This characterization explains why independent features
are easy. If X1,..., X, are mutually independent, an independent copy X<x already has the
required conditional exchangeability.

For a general known feature distribution, the sequential conditional independent pairs (SCIP)
construction of Candes et al. [36] builds knockoffs one coordinate at a time. At step 7, it samples

X] ~ E(Xj | ij,X:l’ .« e 7Xj71)7
where the conditional law is computed under the augmented joint distribution implied by the
previous SCIP steps, not merely under the original feature law. The construction is recursive,
but its invariant is simple: after step j, the partially augmented vector remains exchangeable
under swaps of the completed coordinate pairs (X, X k), k<j.
Here is the finite-state proof. Let P;_; denote the joint mass of (X1, ... ,Xp,)z'l, ... ,Xj_l),

and assume by induction that P;_; is symmetric under swaps of the completed pairs (Xj, Xj),
k < j. The SCIP sampling rule gives

~ B _ ~ Pi (i, T, T151
P(Xj =2; | X1p = 213p, X15jo1 = T1;51) = 5 ]p,( 1(:2’ .]’u :{1 . )1)'
u ) =] J—

Therefore the joint mass after step j is

Pi1(z—j,xj, T1j-1) Pj—1(v—j, Tj, T15-1)
2w Pj1(—j,u, Trj1) '
The displayed expression is symmetric in z; and z;, and the induction hypothesis preserves
symmetry in the earlier completed pairs. Thus induction gives pairwise exchangeability for all
completed pairs by the end of the procedure.
The usefulness of SCIP depends on whether these augmented conditional laws are tractable.
Without structure, exact SCIP can be expensive. For example, in a dense Ising-type model on

{_17 1}1)7

Pj(z1:.p, T1:5) =

P
P(X = z) xx exp Zwukag + Z hiry p,
k<t k=1

the recursive masses P;_; in the SCIP denominator may require high-dimensional normalization
after previous knockoffs have been introduced. The algorithm is exact in principle, but unstruc-
tured exact sampling can scale poorly unless additional graphical structure or Markov chain
Monte Carlo (MCMC) machinery is exploited.

Markov models are a useful structured case because conditional distributions are local.
Suppose X7i,..., X, form a first-order Markov chain on state space X, with initial mass 7y,
transition kernels );, and joint mass

mi(z) [T Qi [ 2j-1).
j=2
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For an interior coordinate 2 < j < p — 1, the ordinary full conditional is obtained by viewing
this joint mass as a function of x; while holding z_; fixed:

PXj=u| Xy =) < Qj(u|2j-1)Qj11(xj1 | w)-
At the boundaries the corresponding factors are mj(u)Q2(x2 | u) for j =1 and Qp(u | zp—1) for
J =0
In SCIP, the same locality appears, but each step also includes correction factors from
previously generated knockoffs. For p = 4, the first update is

P(X1 = u | Xouy = Z0.4) = wl(u?g?g; | u), Ni(v) =Y m(r)Qa(v | ).

reX

The second update, conditioning on (X_g, X 1), is

Q2(u | 21)Qs3(x3 | u)Qa(u | T1)/Ni(u)
Na(z3) ’

]P(XQ =Uu | X,Q = 17,2,)?1 = 51) =

where

B Qa(r | 71)
_T;(Qg(r|x1)Q3(v\T) N )1 .

The later updates have the same form:

Qs(u | 22)Qa(x4 | u)Q3(u | T2)/Na(u)

P(X3=u|X_3=12_3 X120 =7%12) =

N3(z4) ’
with
=) Qs(r | 22)Qu(v | r) (r!xg)’
rex Na(r)
and _
IP()NQ =ul| X 4= r_4, X1 = T1.3) = Qafu | mg)QiE,u | xg)/Ng(u)7
where !

Qa(r | T3)
Ny = r|ry)—————=.
4 7~€ZXQ4( | x3) No(r)
The important point is locality: each update uses neighboring original coordinates, previous
knockoffs, and recursive normalizing factors, not all coordinates in an unstructured way. This
locality is what makes exact knockoff sampling feasible for some non-Gaussian structured
features. Sesia et al. [141] carry this out for hidden Markov models in genome-wide association
studies, where linkage disequilibrium between single-nucleotide polymorphisms (SNPs) is well
approximated by a Markov chain on chromosomes.

9. Computation and Approximation

Route: Advanced

CRTs are conceptually direct but computationally expensive. Testing p features with B
Monte Carlo resamples requires roughly p(B + 1) evaluations of the feature-importance statistic.
If the statistic itself is a cross-validated predictive model, this can be prohibitive. Several variants
reduce this cost: Liu et al. [115] introduce a distillation CRT that screens out features and
amortizes intermediate computations, often matching the power of the naive CRT with one or
two orders of magnitude fewer statistic evaluations. Knockoffs pay a different cost: construct
one augmented design and compute one set of feature statistics, but accept the need to build a
valid knockoff generator.
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Figure 9.5 compares those computational profiles in one controlled simulation. Read the left
panel as a power check for that particular design and the right panel as an evaluation-count
comparison: it illustrates amortization, not a universal wall-clock ranking.
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FI1GURE 9.5. A Gaussian model-X simulation with n = 220, p = 40, 14 signals of
size 1, AR(1) correlation p = 0.5, and FDR target ¢ = 0.10. The plotted FDR and
power averages use 64 independent data sets; their vertical bars are pointwise 95
percent normal Monte Carlo intervals. CRT uses B = 450 conditional resamples
per feature, while knockoff+ uses one knockoff copy and a signed marginal-
correlation statistic. The right panel shows relative statistic evaluations, not
wall-clock time.

Figure 9.5 should not be read as a universal ranking of methods. Power depends heavily
on the signal structure, the feature correlations, the statistic, and the number of hypotheses.
The stable lesson is computational: CRT is the exact one-feature-at-a-time benchmark, while
knockoffs amortize conditional information across the whole family.

In practice, the feature distribution is rarely known exactly. Model-X knockoffs are then
approximate. One may fit a Gaussian graphical model, a hidden Markov model (141), a copula
model, a normalizing flow, or a deep generative model trained to match the swap-invariance
condition (137), and then sample knockoffs from the fitted distribution. Approximate knockoffs
should be treated as a modeling step, not as a theorem.

Generator-based methods make this approximation problem explicit. Given observations
Xi,...,X,, introduce external randomness V;, for example V; ~ N (0, I,,), and set

The parameter 6 is trained so that the augmented sample is difficult to distinguish from its

coordinate-swapped versions. If J is a discrepancy between distributions or empirical samples, a
schematic objective is

P
Z J ([X7 X]) [X7 X]swap({j})) .
j=1
Common discrepancies include maximum mean discrepancy (MMD), energy distance, Wasserstein
distance, and Jensen—Shannon divergence. Optimizing this criterion can produce useful knockoff
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generators, but the FDR theorem applies only to the extent that the learned generator gives
sufficiently accurate pairwise exchangeability.
Useful diagnostics include:

swap discrepancies: compare [X, X | with its coordinate-swapped versions,
two-sample distances: MMD, energy distance, or Wasserstein distance,

adversarial checks: train a classifier to distinguish swapped from unswapped pairs,
conditional checks: inspect whether X j preserves dependence on X_;.

These diagnostics do not by themselves prove FDR control, but they reveal the failure modes
that matter: if the learned construction does not approximately preserve the coordinatewise
conditional sign-flip law for null statistics after their magnitudes and the nonnull statistics
are fixed, negative knockoff wins need not estimate false discoveries reliably. Marginal or
unconditional sign symmetry alone is insufficient. Barber et al. [10] give a quantitative robustness
result: the FDR is bounded by ¢ plus a term that depends on a Kullback—Leibler (KL) divergence
between the true and approximating feature distributions, so small modeling errors translate
into small FDR, inflation.

10. Multilayer Knockoffs

Route: Research frontier ‘

The model-X knockoff filter also extends to structured families of variables. Katsevich
and Sabatti [95] construct the multilayer knockoff filter (MKF) as a single procedure that
simultaneously controls FDR at several resolutions through one joint threshold vector, not as
a separate filter run independently at each layer. In genomics, for instance, one may want to
report discoveries at the SNP, gene, and pathway levels. The output should be one set of selected
variables, but that same set should induce reliable discoveries at each resolution. The exposition
below is a simplified description meant to convey the mechanism; the formal algorithm and FDR
theorem belong to Katsevich and Sabatti [95].

Why another layer changes the target. Let R C {1,...,p} be a selected set of variables.

A layer £ is a fixed partition of the variables into groups gf‘), ceey Q’gz. Write 7y(j) for the layer-£
group containing variable j. The variable set R induces the layer-¢ group discoveries
Re(R) = {m(j) : j € R}.
Thus a variable-level discovery automatically reports discoveries at coarser levels, such as genes,
pathways, or brain regions.
This induced reporting is why variable-level FDR is not enough. In a two-layer example, let

Vind(R) be the number of selected null variables and let Vi, (R) be the number of selected null
groups. The corresponding realized false discovery proportions are

Vind(R) Varp (1)
FDPina(R) = , =
) = TRV Rerp(R)[ V1
For an exact two-group calculation, take
gl - {17273}a g2 = {47576}7

and suppose variable (3) is the only nonnull variable. If the selected set is R = {1, 3,4}, then
variables (1) and (4) are false discoveries, so

FDPg,(R)

2
FDPina(R) = 3.
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Both groups are reported, but only Go is a null group because G; contains the nonnull variable
(3). Therefore
1
RgrP(R) - {g17g2}7 FDPgYP(R) -5
The two FDPs differ because their denominators count different discovery units. False variable
discoveries often scatter across many null groups, while true variable discoveries may cluster inside
a few non-null groups. In that common case Vgrp(R) can be close to Ving(R), while |Rgp(R)| can
be much smaller than |R|. Ignoring the harmless V1 terms when there are discoveries, this gives

Vgrp(R) ~ Vind (R) _ R
Rerp(R)|  |Rerp(R)|  [Regrp(R)]
The last equality uses Vipg(R) = |R| FDPinq(R), ignoring the V1 term when R # @. Thus group
FDP can be much larger than variable FDP when several selected variables fall in each selected

group. The multilayer problem is therefore to return one variable set R whose induced discoveries
have controlled FDR at every reported layer.

FDP . (R) =

FDPja(R).

Group nulls and group statistics. A layer-¢ group g is a group null if all variables in
that group are null at the finest level:

geEN, < H;:Y 1 X;|X_;is true for every j € Qy)

Equivalently, under the same positivity/intersection regularity discussed after Lemma 9.8, this
says

Y 1L Xgée) | ngg‘”'

For example, a gene group is a null group if none of the SNPs assigned to that gene is conditionally
associated with the response. Discovering such a group is a false group discovery; discovering a
group with at least one non-null member is counted as a true group discovery at that layer.

The multilayer knockoff filter requires layer-£ group statistics Wl(é), ey Wéi ). These are
group-level analogues of the usual knockoff statistics. For each layer, one constructs original and
knockoff group importance scores (Zy), Zy)), then applies an antisymmetric comparison, for
example

WO = 20 _ 70,

Large positive values mean the original group beats its knockoff; large negative values mean the
knockoff group wins. The formal validity condition is a group sign-flip property: conditional on
the magnitudes and the non-null group statistics, the signs of null group statistics behave as
independent fair coins. This property is not automatic for an arbitrary aggregate of variable-level
statistics. Simply summing the W;’s inside a group, for example, need not produce a valid group
statistic, because the resulting sign may not flip cleanly when a null group is swapped. The
theorem below applies when the layer-specific group knockoff construction and group importance
statistic satisfy the flip-sign and compatibility conditions of Katsevich and Sabatti [95].

Joint FDP estimate and joint thresholds. Given a threshold vector 7 = (7,...,71),
MKEF first keeps the variables whose groups pass every layer’s threshold:

R(r)={j: W(Z ) = 7 for every £ =1,. ., L}
The induced layer-£ discoveries are
RO(r) = Ry(R(7)).
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Let aq,...,ar be the target FDR levels for the layers. For MKF(c)+, the constant ¢ > 1 scales
the knockoff+ numerator: ¢ = 1 is the uncorrected version, while ¢ = ¢y, with ¢, = 1.93 in the
theorem below, gives the formal worst-case guarantee. The layer-¢ FDP estimate has the form

FDP(E)(T) _ Al + #ig Wy’ < Tg}}.
IRO(T)[V 1

The numerator is layer-specific: negative group wins at layer ¢ are used as proxies for false
positive group wins at that same layer. The denominator is joint: it counts only groups hit by
variables that pass all layers. Thus negative wins are counted within each layer, but discoveries
are counted only after all layer thresholds have been applied. This is the basic bookkeeping
difference between MKF and running ordinary knockoff filters independently at each layer.
The procedure searches for the threshold vector 7* that is smallest in every coordinate among

those satisfying Eﬁm (7*) < ay for every layer. Smaller thresholds are more liberal, so this
is the most permissive threshold vector that satisfies all layer-wise FDP estimates. Katsevich
and Sabatti [95] show that this threshold vector is well defined and can be found by an iterative
search over the threshold grid. The final output is R = ﬁ(T*), and the layer-¢ FDR is the

~

expectation of the FDP of Ry(R).

Theorem 9.12: Multilayer knockoff FDR control, cited result [95]

Assume the model-X exchangeability conditions of this chapter and suppose each layer-£
group statistic Wg(g) satisfies the formal flip-sign and compatibility conditions of Katsevich

and Sabatti [95]. For the MKF(c)+ procedure of that paper,
FDRY(R) < G ay, Ckn = 1.93, for every layer /.
c

In particular, running the corrected version with ¢ = ¢y, or running the uncorrected ¢ = 1
version at levels ay/cky, gives the formal guarantee FDR® < Qy.

Proof idea. Fix a layer £, and let
Vi) =#{geNe: W >t} V() = #{g e Ne: WD <t}
At the selected threshold 7%, the number of false layer-¢ discoveries is at most V,*(7}), while the

(0
negative-tail count in FDP( is at least V, (7). Since the selected vector is acceptable,

+ (%
FDPW(R) < X M
¢ 14V, (1)
The difficulty is that 7, was chosen jointly using all layers, so it is not a one-layer stopping time.
Katsevich and Sabatti’s key decoupling step is to take the supremum over the layer-¢ threshold:
El Vi () ] - l V() ] '

E|su
) e = RER AT

This supremum bound decouples the layers: after we upper-bound by the worst case over t,
the thresholds chosen by the other layers no longer appear. Now only the layer-¢ null signs
matter. Conditional on magnitudes and nonnull group statistics, order the null group statistics
by decreasing magnitude; their signs are independent fair coins. The last display becomes the
expected maximum, over a simple symmetric random walk, of the ratio “positive steps” divided by
1+ “negative steps.” The random-walk bound in Katsevich and Sabatti [95] is at most ¢, = 1.93,
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giving the theorem. Using ¢ = ¢y, converts this constant-factor bound into target-level FDR
control.

Simulations in Katsevich and Sabatti [95] suggest that the uncorrected version ¢ = 1 often
controls FDR in practice. The constant cy, is the worst-case correction required by the theorem,
not a claim about typical behavior.

Remark 9.13: Joint thresholds are essential

The multilayer guarantee crucially does not come from running separate layer-wise filters
and intersecting the resulting lifted rejection sets. A marginally valid layer-wise procedure
need not remain calibrated for the post-intersection target: shrinking a rejection set can
drop true discoveries while retaining false ones, inflating the FDP of the intersected output.
The simultaneous threshold-choice step in the multilayer filter is what links the layers
correctly; intersection on its own is a common fallacy. Exercise 9.25 gives an explicit
counterexample.

When variables within a group are tightly correlated (linkage-disequilibrium blocks in
genomics, for example), group-level discoveries are typically the scientifically meaningful target,
and the multilayer filter’s joint thresholding delivers them at a controlled per-layer FDR while
still reporting variable-level findings inside each rejected group.

11. Assumptions in Plain Language

Assumption diagnostic

Checkable Use held-out feature-model checks, swap diagnostics, Gram-
matrix verification, and negative-control outcomes.
Not identified from Exact conditional feature laws and conditional indepen-

these data dence nulls are not generally testable from the same finite
sample.
Sensitivity analysis Repeat across plausible feature models and report

robust/approximate-knockoff sensitivity.
Conservative fallback  Use fixed-X inference when its linear model is credible, or
report prediction rather than conditional discovery.

The procedures in this chapter target several related statistical nulls. The CRT and model-X
knockoffs both target the conditional independence null Y 1l X; | X_; without assuming a
parametric model for Y | X; their validity rests on knowing or accurately approximating the
feature distribution. Fixed-X knockoffs target the linear-model coefficient null 8; = 0 inside a
Gaussian fixed-design model; their validity rests on geometric properties of the design and on
Gaussian errors, not on a feature distribution.

The CRT is exact when the conditional law £(X; | X_;) is correct and the resampling is
performed conditionally on the observed X_;. The statistic can be arbitrarily complicated, but
the conditional resampling law cannot be wrong without changing the null distribution.

Fixed-X knockoffs are exact for the Gaussian linear fixed-design model when the knockoff
matrix satisfies the Gram equations and the feature statistic is sufficient and antisymmetric. The
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construction is geometric and depends on the design X; it does not claim validity for arbitrary
random-design conditional nulls.

Model-X knockoffs require a knockoff copy that is pairwise exchangeable with X and generated
without using Y. Row shuffling, marginal resampling, or poorly fitted generative models can
break this exchangeability. Approximate knockoffs, fit by graphical models, normalizing flows, or
deep generators, are a modeling choice, not a theorem; robustness to approximation is studied
by Barber et al. [10] and related generator-based constructions by Romano et al. [137].

Multilayer knockoffs inherit the assumptions of model-X knockoffs: a correct or accurately
estimated feature law, and valid pairwise exchangeability. No separate within-layer or across-layer
independence assumption is added, but the layer-specific group statistics must satisfy the formal
flip-sign and compatibility conditions of Katsevich and Sabatti [95]. The formal worst-case
statement includes the ¢y, = 1.93 correction constant in Theorem 9.12.

12. Bibliographic Notes

Fixed-X knockoffs and the original knockoff filter were introduced by Barber and Candes
[8]. Model-X knockoffs, the CRT viewpoint, Gaussian model-X construction, and SCIP were
developed by Candes et al. [36]. Robustness to approximate knockoffs is studied by Barber
et al. [10]. The distinction between a bare mirror/knockoff+ threshold and a filter supported by
conditional sign flips is examined under several dependent score laws by Zhang [181]. Metropolized
knockoff sampling provides one route to exact or controlled sampling for complex distributions
[16]. Hidden Markov model knockoffs for genome-wide association studies are due to Sesia et al.
[141], and deep generative knockoffs are developed by Romano et al. [137]. Computationally
efficient CRT variants, including the distillation CRT used to amortize statistic evaluations
across features, are studied by Liu et al. [115]. A frontier extension to privacy-constrained
inference is the differentially private model-X knockoff filter of Pournaderi and Xiang [128],
which uses a Johnson-Lindenstrauss projection to privatize the knockoff matrix while preserving
approximate exchangeability up to bounds determined by the projection dimension. Multilayer
and group-aware knockoffs that exploit structured families are developed in Katsevich and Sabatti
[95].

13. Exercises

Basic.

Exercise 9.14: The CRT p-value

Write the CRT algorithm for testing H; : Y 1 X; | X_;. Prove that the plus-one Monte Carlo
p-value is super-uniform when the conditional law X; | X_; is known exactly.

Exercise 9.15: Conditional resampling

In Example 9.3, compute Cov(X;,Y) and verify that ¥ 1L X; | X5. Derive the conditional law
X1 | Xo = x4, and explain why marginal resampling of X is invalid.
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Exercise 9.16: Pairwise exchangeability

State pairwise exchangeability for a model-X knockoff copy X. For p = 2, write out explicitly the
four swap identities corresponding to S = @, {1}, {2}, {1, 2}.

Intermediate.

Exercise 9.17: Fixed-X Gram verification
In the notation of Proposition 9.4, let ¥ = X ' X, D = diag(s), and
X=X(I-¥'D)+UC, C'C=2D-D%"'D,
where X has full column rank, UTX =0, and UTU = I,,. Verify directly that
X'X=2-D, X'X=1X.

Exercise 9.18: Feasibility of s

Show that the condition 2% — D = 0 is equivalent to the positive semidefiniteness of 2D — DX 1D
when D is positive definite. How should the argument be modified when some s; = 07

Exercise 9.19: Signed-max statistic

Let Z; and Z; be lasso entry times for the original and knockoff variables. Show that
W; = max{Z;, Z;} sign(Z; — Z;)

is antisymmetric under swapping X; and X o

Exercise 9.20: Knockoff4 threshold
For

W = (4.0, 2.2, —1.7, 0.8, —0.6, 0.4)
and target ¢ = 0.2, compute the knockoff and knockoff+ thresholds by hand, using the candidate
thresholds in {|W;| : |W;| > 0}. Identify the rejected coordinates under each rule, using the
convention that the threshold is co if no candidate value satisfies the threshold inequality. Explain
why the plus-one version can make no discoveries when the number of strong positive statistics is
too small relative to 1/gq.

Exercise 9.21: Gaussian model-X conditionals

Assume ¥ > 0. Starting from the block covariance

> »—D
X—-D DY ’
derive the conditional distribution
X|X=z~N({I~-D= Yz, 2D~ DE71D).

Use the Gaussian conditioning formula and identify the conditional mean and conditional covariance
separately.
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Computational.

Exercise 9.22: CRT simulation

Simulate the Gaussian example in Figure 9.2: n = 450, p = 0.65, Y = X5 + ¢, and € ~ N(0,0.7%).
Use the absolute sample correlation |p1y | as the statistic and test at level 0.05. With, say, B = 999
resamples inside each test and at least 500 outer repetitions, compare a marginal randomization
test X7 ~ N(0,1) with the CRT draw X7 | Xo = 29 ~ N(pxa,1 — p?). Estimate the rejection
probability of both tests under the conditional null.

Exercise 9.23: Gaussian knockoff implementation

Write a function that generates Gaussian model-X knockoffs for X ~ N(0,3). For a concrete check,
take an AR(1) covariance X = 0.5 choose D = diag(s) with s; = min{1,2\yuin(X)}, and
verify empirically that the sample covariance of (X, X ) is close to the target block covariance. Then
simulate a sparse linear model, apply the knockoff+ threshold at ¢ = 0.1, and report empirical FDR
and power.

Exercise 9.24: Fixed-X versus model-X targets under misspecification

Generate data with a strongly nonlinear response, say Y = sin(2Xy) + ¢, and a null feature X;
strongly correlated with the nonnull Xj. Apply (a) fixed-X knockoffs in a linear model and (b)
Gaussian model-X knockoffs. Treat the fixed-X analysis here as a working linear-model analysis
under misspecification, not as an invocation of the fixed-X FDR theorem for the nonlinear data-
generating mechanism. Compare the rejection sets and explain why the fixed-X null (8; = 0 in
the working linear projection) and the model-X null Y L X; | X_; can disagree when the response
model is wrong. Verify that under a correctly specified Gaussian linear model with random design,
the two nulls coincide for every coordinate.

Advanced.

Exercise 9.25: Multilayer knockoff intersection — a fallacy

This is a stylized rejection-set counterexample; constructing actual knockoff statistics with this
exact behavior is not required. Specify a probability model in which two separately valid layer-wise
FDR procedures control their marginal FDRs at level «, but the intersection of the variable-level
rejection set with the lifted group-level rejection set has expected variable-level FDP exceeding a.
A workable design: take four variables grouped into two layer-2 groups ({1, 2} and {3,4}), where
variables 1 and 3 are true signals and variables 2 and 4 are nulls; both layer-2 groups are then
non-null, so a layer-2 rejection of either group is a true group discovery.

Fix a = 0.05 and pick an event probability 7 with a < 7 < 2a, e.g. # = 0.08. Arrange the joint
distribution of the variable-level and group-level procedures so that exactly one of the following two
events occurs in every realization:

e Event A (with probability 7): at layer 1 the procedure rejects {1,4} (one signal, one null),
and at layer 2 the procedure rejects only group {3,4} (a non-null group). The lifted layer-2
rejection set is {3,4}, and the intersection is R = {1,4} N {3,4} = {4} — a null variable.

e Event B (with probability 1 — 7): no rejections at either layer.

Compute the marginal layer-1 FDR, the marginal layer-2 FDR, and the variable-level FDR of
the intersection. Verify that the two separate procedures are each calibrated at level o, while the
intersected output is not. Use the example to explain why the multilayer knockoff filter chooses one
joint threshold vector rather than running separate filters and intersecting their lifted outputs.
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Exercise 9.26: Row shuffling is not a knockoff

Generate correlated Gaussian features, for example with X, = 0.67=*l and create a fake knockoff
by applying an independent random row permutation to each feature column. Check pairwise
exchangeability empirically by comparing [X, )NC] with [X X]Swap({j}) for a fixed coordinate 7,
using a covariance comparison or a two-sample discrepancy. Describe which same-row dependence
relationships are broken.



CHAPTER 10

Conformal Prediction and Conformal P-Values

Prediction intervals are often reported as though the fitted model were correct. In modern
applications the fitted model may be a random forest, a neural network, a lasso, a quantile
regression engine, or an ensemble selected by cross-validation. Even when the predictor is useful,
it is rarely credible to treat the entire fitted model as known and correctly specified.

Conformal prediction separates two tasks. The first task is prediction: build an algorithm
that produces small errors. The second task is calibration: convert the algorithm’s errors on
exchangeable calibration data into a prediction set with finite-sample coverage. The coverage
statement is distribution-free and marginal over the next observation. Model quality still matters,
but it matters through the size and shape of the prediction set, not through the validity of the
rank argument.

Roadmap. The chapter has three reading routes.

e Core route. The rank argument, full and split conformal prediction, conformal p-values,
and conformalized quantile regression (CQR) give the main finite-sample prediction and
testing tools.

e Advanced route. Jackknife+, aggregation, and conformal e-prediction develop more
data-efficient or sequential variants after the core construction is in place.

e Appendix B route. Appendix B treats conditional and selection-conditional cover-
age (Section 3), online conformal ranks and betting (Section 5), weighting and drift
(Section 6), and conformal risk control (CRC) together with Learn-Then-Test (LTT)
(Section 7).

1. The Target

Let
ZZ:(XZ,Y;), 1=1,....,n+1,
where X; € X' is a covariate and Y; € ) is a response. The goal is to construct a set
Cn(Xn-i—l) = C(Dny «, Xn+1)

such that

P{Yn+1 c Cn(Xn—H)} > 1-a.
The probability is over the training data and the test point. This is marginal coverage, not
conditional coverage at each fixed covariate value.

A trivial procedure can satisfy the display by returning ) with probability 1 — « and the
empty set otherwise. Conformal prediction is interesting because it can wrap a useful prediction
algorithm and produce sets that adapt to the actual difficulty of the prediction problem.

Throughout this chapter, the core assumption is exchangeability:

d
(Z17 vy Zn+1> = (Zﬂ'(l)7 SRR ZTr(nJrl))

173
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for every permutation 7. Independent identically distributed data imply exchangeability, but
exchangeability is the property used by the proofs.
It is helpful to keep the main guarantees separate:

Split conformal and CQR, give marginal coverage from exchangeable calibration and
test scores; CQR uses a better score to adapt interval width.

Under exchangeability and a symmetric fitting rule, jackknife+ gives a 1 — 2o guarantee
without a stability assumption. Majority voting gives the same guarantee from valid
base sets without assuming that those sets are independent.

Weighted conformal changes the calibration weights when the test law is known to differ
from the calibration law.

Conformal p-values, combined with BH, control FDR for many outlier tests when the
test points are mutually independent and independent of the shared reference sample,
and the true-null score distribution is continuous; under these conditions the conformal
p-values are PRDS.

Online full conformal prediction with a symmetric score and almost surely distinct scores
produces exactly independent p-values, and those p-values power an anytime-valid test
of exchangeability itself.

CRC and LTT replace miscoverage by broader risk guarantees, using either monotone
losses or valid calibration tests.

The rest of the chapter explains what each line means and, just as important, what it does not

mean.

2. The Rank Argument

The essential idea appears before covariates enter. Suppose

Yla"'7Yn+1

are exchangeable real-valued observations. Let

kE=[(1-a)(n+1)]

and let Y(l) <... < Y(n) be the order statistics of the first n observations. Set

cn = Y(k)

when k < n, with ¢, = o0 if kK =n + 1. Then

P(Yps1 <cp)>1—au

Figure 10.1 makes the finite-sample arithmetic explicit. With n = 24 and a = 0.2, (1 —
a)(n+1) =0.8 x 25 =20, so k = [20] = 20 and the no-ties coverage is k/(n + 1) = 20/25 = 0.8.
The cutoff ¢, therefore uses rank 20 among the 24 calibration observations, with the future
observation supplying the twenty-fifth possible rank.

The proof below rests on a general principle that is worth isolating, because it is the engine
behind several later results in this chapter. We assume the sample spaces in this chapter are
standard Borel spaces, as are all finite-dimensional Euclidean and finite spaces used in the
examples; this ensures that the conditional distributions below exist. Let (Z1,..., Z,,) be an
exchangeable random vector taking values in a space Z, and define its empirical distribution

N 1
Pm:*Z(SZW
mi—l
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FIGURE 10.1. The conformal rank argument. Under exchangeability, the test
score rank among the n 4 1 scores is uniform. The finite-sample correction uses
k=[(1—a)(n+1)], not simply the empirical 1 — o quantile of the first n scores.
The cutoff is denoted ¢,,. The displayed example takes n = 24 and a = 0.2, giving
k = 20 and coverage exactly 20/25.

where §, denotes the point mass at z. Call a function f of the data permutation-symmetric if
f(z1,- s 2m) = f(25(1), - - - » Zo(m)) for every permutation o of {1,...,m}; the empirical distribu-
tion, the order statistics of real-valued data, and any sample average are examples.

Lemma 10.1: Conditioning on a symmetric statistic

Let (Z1,...,Zn) be exchangeable and let f be a permutation-symmetric function of the
data. Then the conditional law of (Z1,...,Z,,) given f(Zi,...,Zy) is, almost surely, an
exchangeable distribution. In particular, conditional on the empirical distribution f’m, each
coordinate is a draw from ]3m:

Zi| Py ~ Bn,  i=1,...,m,

so that each Z; is uniformly distributed over the observed values when those values are
distinct [4].
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Proof of Lemma 10.1

Write Z = (Z1, ..., Zy) and, for a permutation o, write Z, = (Z5(1), - -, Zo(m))- For the

first claim, it suffices to show that, for every o and all measurable sets A and B,
P{ZEAa f(Z) € B}:]P){ZU €A7 f(Z) € B}7

since this display says that Z and Z, have the same joint law with f(Z), and hence, by

uniqueness of conditional distributions, the same conditional law given f(Z) almost surely.

Exchangeability gives Z 4 Zg, SO
P{Z e A, f(Z)e B} =P{Z, € A, f(Z,) € B},

and permutation symmetry gives f(Z,) = f(Z), so the right-hand side equals P{Z, €
A, f(Z) € B}, as required.

For the second claim, note that ]3m is permutation-symmetric, so the first claim implies
that P(Z; € A | ﬁm) does not depend on ¢, almost surely. Averaging over the coordinates,

Z;ie Al Pp) P(Z; € A| Py) 1{Z; € A = P, (A),
P(Zic A mz | Z {Z; € 4} | Bu| = Po(4)
which is the statement Z; | P, ~ Pp,. O

This lemma is invoked repeatedly in the chapter: it underlies the rank argument in the
proposition below, the exact-coverage treatment of ties, the PRDS proof for conformal p-values,
the coverage-after-selection guarantee, and the analysis of online conformal p-values.

Proposition 10.2: Finite-sample quantile correction

If Y1,...,Y, 1 are exchangeable, then the quantile rule above satisfies
P(Ypt1 <cp)>1-—au

If there are no ties almost surely and k£ < n, then

k

Proof of Proposition 10.2

If K =n+1, then ¢, = oo and the claim is immediate. Suppose k < n. Attach independent
continuous tie breakers to the n + 1 observations and let R,, 1 be the resulting rank of Y, ;.
Exchangeability and symmetric tie breaking make R, ;1 uniform on {1,...,n + 1}, even
when the Y;’s tie.

With ties, the two events need not be equal; the correct containment is

{Rn—H < k} - {Yn-‘rl < Cn}-
Indeed, if the test observation occupies one of the first k& tie-broken positions, then the kth

calibration value cannot be strictly smaller than the test value. Consequently,

P(Yo1 S ca) 2 B(Rust SK) = — = 21-a.
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When there are no ties, the containment is an equality, so the coverage is exactly k/(n + 1),
which also gives the stated upper bound. O

The same proof applies to any exchangeable scores. Conformal prediction is mostly a careful
way of producing scores for the calibration points and the test point so that this rank proof
remains valid.

3. Full Conformal Prediction

A score function assigns a numerical measure of disagreement or nonconformity [172]. For
regression, a common choice is

S(x,y; f) = ly — f@)].
Smaller scores mean better conformity. In full conformal prediction, for each candidate value y
at the test covariate X1, one augments the data with (X,,41,y), fits or refits the prediction
rule in a symmetric way, and computes scores

Ri(y),- - Bn(y), Rns1(y).
The conformal p-value for the candidate response is

by = LT X H{Ri(y) = Rni1(y)}
Y n+1
for nonconformity scores where larger is worse. The full conformal prediction set is

Cn(z) ={y:py > a}.

Full conformal is conceptually clean because all n + 1 scores are produced symmetrically.
It can also be expensive: in regression, the algorithm may need to be refit for many candidate
values y. Split conformal gives up some statistical efficiency in exchange for a much simpler
computation.

Why a one-fit shortcut fails. A tempting shortcut is to fit fonce on all n training observations,
calibrate with the in-sample residuals, and use the same fit at the test point. The resulting
training and test residuals are generally not exchangeable because the training responses were
used to construct f, whereas Y, 11 was not. The failure can be complete. Suppose the X;’s
are i.i.d. from a continuous distribution, the Y;’s are i.i.d. from a continuous distribution and
independent of all the covariates, and f is one-nearest-neighbor regression fitted on Z1,..., Z,.
At a covariate value x, this rule returns the response Y attached to the closest training covariate
X ; any ties are broken by a fixed rule that depends only on the covariates. The training
covariates are distinct almost surely, and at x = X; the closest training covariate is X; itself.
Hence every in-sample residual is zero:

R =[Yi— f(X))]=0, i=1....n

If « > 1/(n+ 1), then the required rank satisfies [(1 — a)(n 4+ 1)] < n. The selected order
statistic is therefore one of the n zero residuals, so the residual quantile is zero and the naive

~

interval at X, 11 is the singleton {f(X,+1)}. At the test covariate, let J be the index selected by

~

i

the nearest-neighbor rule. Then f(X,11) = Y;. The index J depends only on the covariates,
while Y and Y,, 41 are independent draws from a continuous distribution. Consequently,

~

P{Ynt1 = f(Xn41)} =PV =Yy) =0.
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Thus the shortcut has zero coverage in this example. Split conformal avoids the problem by using
one set of observations only to fit the predictor and a separate set for calibration. Conditional
on the fitting set, the calibration scores and the test score are then exchangeable.

4. Split Conformal Prediction

Split conformal prediction, as treated for regression by Lei et al. [106], divides the observed
data into a proper training set D; and a calibration set Do, with

|Di| =nq, |Dsa| = na, ny + ng = n.

Fit a predictor J?m using only D;. For ¢ € Dy, compute calibration residuals
Ry = |Yi = fu, (Xi)I.
Let
E=[(1-a)(ng+1)]
and let
be the kth smallest calibration residual, with ¢ = oo if £ = no 4+ 1. The split conformal interval is
Cn(z) = [fn(¥) = ¢, fo,(2) + 7.
Figure 10.2 separates model fitting from calibration: the upper branch determines the center,

while the lower branch determines the cutoff ¢. For example, with no = 49 and o = 0.1, the
calibration rank is [(1 —0.1)(49 + 1)] = [45] = 45, giving no-ties coverage 45/50 = 0.9.

model quality affects length

proper
training set

fit predictor

>

predict
at test x

data

N\

prediction
set

— .

calibration
set

calibration
scores

quantile
correction

/

exchangeable calibration and test scores give validity

F1GURE 10.2. Split conformal prediction. The fitted predictor is trained on the
proper training set; validity comes from the exchangeability of the calibration
scores and the future test score conditional on that fitted predictor. Their corrected
empirical cutoff is ¢.
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Theorem 10.3: Split conformal coverage

Assume 71, ..., 72,11 are exchangeable and the split is fixed in advance or chosen indepen-
dently of the data. Then the split conformal interval satisfies

P{Yn+1 & On(Xn+1)} 2 1—oa.

If the calibration and test residuals have no ties almost surely, then the coverage is less than

l—a+

ng—i-l.

Proof of Theorem 10.3

Condition on the proper training set D;. The fitted function fnl is then fixed. The
calibration observations {Z; : i € Dy} and the test observation Z,4; remain exchangeable,
so the scores R

{Ri i€ Dy}, Rnt1 = |Yo41 — fry (Xnt1)|
are exchangeable. The event Y11 € C,(X,41) is exactly R,+1 < ¢ Proposition 10.2
applied to these ny + 1 scores gives the conditional coverage statement. Averaging over D;
gives marginal coverage. The no-ties upper bound follows from the same proposition. [

The proof also covers general nonconformity scores. Let

S(x,y) = S y: fo)
be any score for which smaller values are more conforming. Compute
RiIS(Xi,YZ‘), 1 € Do,
and define
Cn(z) ={y: S(z,y) < Ry}
The rank proof is unchanged. The art is to choose S so that the resulting set is useful.

5. What conditional coverage means

Split conformal guarantees marginal coverage over a future exchangeable test point and,
conditionally, over the proper training split. It does not generally give distribution-free pointwise
coverage at every covariate value. Prespecified group coverage, approximate conditional coverage
over sets of minimum mass, and model-assisted local calibration are possible relaxations. The Beta-
law training-conditional analysis, impossibility theorem, and relaxation bounds are developed in
Appendix B.

6. Randomization and Ties

The ordinary conformal set is conservative because the coverage can only move on the grid
{1/(n2 +1),...,1}, and ties make it more conservative. Auxiliary randomization can produce
exact coverage.
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Let W have distribution function F, and let U ~ Unif(0, 1) independent of W. Define the
randomized distribution transform

F*(W)=FW-)4+U{F(W) - F(W-)}.
Then
F*(W) ~ Unif (0, 1).
When F is continuous, F*(W) = F(W). At atoms, the uniform randomization spreads the mass
across the jump.

For split conformal prediction, let R,+1 = S(Xy41, Ynt1), and let Fy,, 11 be the empirical
distribution of the ng + 1 scores formed by the calibration scores and R,;. Draw a single
U ~ Unif(0,1) independent of D1, Dy, (Xp41, Yn+1), and use it once to randomize the test rank.
The randomized conformal set can be written as

i) = {y: —— 3 US(X..Yi) < S(a.p)}
€Dy

'ng—l—li

U
o (1+i§21{5(xl,y;) = S(x,y)}) <1-a}.
The membership statistic inside the display is a smoothed rank: the strict count places the test
score below its tied block, and the single uniform draw U spreads the tied block, which includes
the test score itself, evenly across its width. The following lemma shows that this one draw makes
the statistic exactly uniform, with no continuity assumption on the score distribution [4, 172].

Lemma 10.4: Exact uniformity of the smoothed rank

Let Si,...,Smn be exchangeable real-valued random variables and let U ~ Unif(0,1) be
independent of (Si,...,Sy,). Define

V:%[#{z‘gm—l:Si<Sm}+U(1+#{z’§m—1:SZ-:Sm})].

Then
P(V<71)=7  forevery 7 €[0,1],
so V ~ Unif(0, 1) exactly. Ties among the scores are allowed.

In words: a single uniform tie-break turns the normalized rank of the test score into an exact
continuous uniform variable, not merely a variable supported on a discrete grid.

Route: Optional proof‘

Proof of Lemma 10.4

First dispose of 7 = 0. The bracketed term is at least U, and U > 0 almost surely, so
P(V < 0) = 0. Fix 7 € (0,1].
Let Sy < -+ < S(n) be the order statistics of S1,. .., Sy, and set

CT:S([mT]), K:#{i§m15i<c7-}, L:#{igm:Si:cT}.
Since ¢, is one of the scores, L > 1. By the definition of the [m7|th order statistic, at least
[m7] scores are < ¢, and at most [m7] — 1 scores are strictly below ¢;; hence

K<mr<K-+1L.
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Next, locate Sy, relative to ¢;. There are three cases.
If S, < ¢-, then every score < S, is strictly below c;, so

#LE<m—1:5<Sp}+Q+#i<m—-1:5=8,}) =#{i<m:85, < Sy} <K.

Because U < 1, the bracketed term in V' is at most this sum, so V < K/m < 7. Thus V <7
holds with conditional probability one on this case.
If S,, > ¢, then all K 4+ L scores that are < ¢, have index at most m — 1 and are strictly
below S;,, so the strict count alone is at least K + L > m7, and the randomized term adds
at least U/m > 0 almost surely. Thus V' > 7 almost surely on this case.
IfS,=c,then #{i <m—-1:S; < Sp}=Kand 1+ #{i<m—-1:85,=85,} =1L, so
V=(K+UL)/m and
mr — K

T
The quantile inequalities give 0 < m7 — K < L, so the ratio on the right lies in (0, 1],
and the event has conditional probability exactly (mr — K)/L because U is uniform and
independent of the scores.
Now condition on the multiset of score values using Lemma 10.1. Given the multiset, the
quantities ¢, K, and L are fixed, the score 5, is equally likely to occupy each of the m
positions in the ordered list, and U remains uniform and independent. Hence

V<Sr <« UKL

L
, P(Sy, = ¢; | multiset) = —,
m
—K—-L
- :

P(Sy, < ¢; | multiset) =

33X

P(S,, > ¢, | multiset) =

Combining the three cases,

K L mr-K m-K-L K L
P(V <7 | multiset) = — -1+ = - 2 + = o= s
m m L m m =
The right side does not depend on the multiset, so averaging over the multiset gives
PV <7)=r. >

Apply the lemma with m = ng + 1, taking the calibration scores {S(X;,Y;) : i € Do} as
S1,...,Sm—1 and the test score S,, = S(X,+1,Yn+1). Conditional on Dy, these m scores are
exchangeable, U is independent of them, and the coverage event {Y,, 41 € C}(X,,+1)} is exactly
{V <1 - a}. Therefore

P{Yny1 € Cp(Xnga) [ D1} =1 -«
exactly, with ties allowed. This exactness is useful with discrete scores, classification labels, and
other settings where ties are common.

7. Conformal P-Values

Conformal scores can also be used for testing.

A brief comment on sign conventions before we start. In the prediction-set sections above,
the score S(x,y) = |y — f(x)| is a nonconformity score: smaller values indicate better agreement
with the fitted model. In the conformal p-value literature, it is also common to work with a
conformity score, where larger values indicate better conformity. The two conventions differ
only by a sign, and either is fine as long as the comparison in the p-value formula is reversed
accordingly. We use the conformity convention in this section because the “small p-value means
unusual” interpretation is then immediate.
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Let
ZiyeeisZin~ P
be a reference sample, and let S be a conformity score where larger values mean better conformity.
For a new point z, define

1+#{1<i<n:5Z) <S(2)}
p(z) = :

n+1
Small p-values indicate that z conforms poorly relative to the reference sample. If Z,,,1 ~ P
and S(Z) is continuous under P, then

P(Zny1) € { ! ..,1}

n+1""
is exactly uniform on this grid.

The conformal p-value is not merely analogous to a classical randomization p-value; it is
one. Recall the permutation test. Given a test statistic T'(z1,. .., 2,+1), chosen so that large
values are evidence against the null hypothesis that the n + 1 observations are exchangeable, the
permutation-test p-value compares the observed statistic with its values under all relabelings of
the data:

1
Pperm = 77— Z 1{T(Z L)s- -+ Z ( +1)) > T(Zl, ey Zn+1)},
where the sum runs over all (n + 1)! permutations o of {1,...,n + 1}. The identity permutation

is one of the terms, S0 pperm > 1/(n + 1)!, and under exchangeability pperm is super-uniform:
P(pperm < t) < t for every ¢ € [0, 1] [4].

Proposition 10.5: Conformal p-values are permutation-test p-values

Set Z,+1 = z and take the test statistic

T(zh 0G0 ZTL+1) = _S(Zn-‘rl)?
which is large when the observation placed in position n + 1 conforms poorly. Then
Pperm = p(Z).
Thus the conformal p-value is exactly the permutation-test p-value, based on the rank of

the test score, for the null hypothesis that z is exchangeable with the reference sample; in
particular, it is super-uniform under that null, with or without ties.

Proof of Proposition 10.5

For this statistic, the indicator inside the sum is 1{-S(Z;(n41)) = —S(Znt+1)} =

HS(Zy(nt1)) < S(Zny1)}, which depends on o only through the index i = o(n + 1)

sent to position n+1. Each i € {1,...,n+ 1} arises from exactly n! permutations. Grouping

the (n + 1)! permutations by 1,
n+1

1 n+1
Pperm = m Z:ZI n! 1{S(ZZ> < S(Zn+1)} =

Z 1{5(Z;) < S(Zn41)}-

The term ¢ = n + 1 contributes 1, and the remaining n terms count the reference scores that
are at most S(z). Hence pperm = {1+ #{1 <i <n:8(Z;) < S(2)}}/(n+1)=p(z). O

1
n+1
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This identification places conformal p-values in a family the book meets in several places:
p-values obtained by comparing a statistic against its orbit under a group of transformations that
leaves the null distribution of the data invariant. The conditional randomization test of Chapter 9
has the same structure, with independently resampled copies of a covariate playing the role of
the permuted data. In both cases, validity does not come from a model for the data-generating
process; it comes from the super-uniformity of the rank of the observed statistic within an
exchangeable collection. Conformal validity is one more instance of the super-uniformity of rank
statistics under a group invariance [4, 172]. When the group is too large to enumerate, the
permutation sum is approximated by Monte Carlo sampling of random permutations; counting
the identity permutation in both numerator and denominator, the same plus-one correction that
appears in the conformal p-value, keeps the Monte Carlo p-value exactly super-uniform [127].

For the absolute-residual score

where /i is trained on data independent of the reference sample, the inequality S(Z;) < S(z) is
—Y; — u(X3)| < —|y — ii(z)], which flips under the negation to |y — fi(x)| < |Y; — a(X;)|. The
p-value therefore becomes
L+ #1 < i <n Jy— )] < 1Y — 51}

n+1 ’
The split conformal exclusion event is essentially a small conformal p-value: if the candidate
response lies outside the conformal interval, then its residual is larger than the calibrated residual
quantile, and the corresponding conformal p-value is at most «, up to the finite grid.

Now suppose we have m new test points

p(z,y) =

Zn+17 SRR Zn+m7

which are mutually independent and independent of the reference sample. Define

pj = p(Zn+j), Jj=1....,m.
The p-values are dependent because they share the same reference sample. Under continuous

scores, however, they have a positive dependence structure that is compatible with BH; this
PRDS property for conformal p-values is due to Bates et al. [17].

Simultaneous coverage for many predictions. Before using conformal p-values for
FDR, consider a simpler question. Suppose the same split-conformal threshold ¢ is used to form
prediction sets for m independent future test points. Does sharing the calibration set make
simultaneous coverage much easier? In general, no.

Condition on the proper training set Dq. Let S1,..., S/, be the future test scores, independent
of the calibration scores, and let F' = Fp, be their common score CDF. Conditional on ¢ and D,

P(S;<¢,...,S, <¢l|e D)= F(@)™.
Therefore, conditional on D1,
B(S} <@....,S,, <¢| D1) = E[F@™ | Di] > {E[F(@) | DJ}" > (1 — o)™,

where the middle step is Jensen’s inequality. The lower bound is asymptotically sharp. If F
is continuous and strictly increasing at its (1 — «) quantile, then the joint coverage of the m
prediction sets converges to (1 —a)™ as ng — oo [4]. The reason is that ¢ converges almost surely
to the population (1 — a) quantile of F, so F(¢)™ — (1 — a)™ almost surely, and dominated
convergence (the integrand is bounded by one) gives E[F(¢)"™ | D1] — (1 — «)™. Thus familywise
control

P{all m prediction sets cover} > 1 — apwgr
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requires a Bonferroni-scale choice

QFWER

—

The lesson is the same as in multiple testing: if the goal is to avoid even one error, the price
grows with m. If the goal is to control the fraction of false discoveries among many outlier calls,
FDR and the PRDS theorem below are often the more natural tools [65, 167].

a < 1-— (1 - O[FWER)l/m ~

Theorem 10.6: PRDS property of conformal p-values

Let Zi,...,Z, be independent draws from P. Assume S(Z) is continuous for Z ~ P, and
assume that Z,11, ..., Zyp4+m are mutually independent and independent of the reference
sample. For test points whose null hypotheses Hy; : Z,,; ~ P are true, the conformal
p-values are PRDS on the true-null subset.

The monotone-rank proof of this theorem is given in Appendix B.

This theorem is the bridge back to Chapter 6. Conformal p-values are not independent, but
they are super-uniform—their uniform grid law satisfies P(p; <t) = [(n+ 1)t]/(n+ 1) < t—and
the theorem above establishes PRDS. Theorem 6.5 therefore applies directly: BH at FDR target
q obeys FDR < mgq/m < q. We reserve « in this chapter for prediction miscoverage and use ¢
for an FDR target. The grid distribution can also be smoothed. For one p-value, augmenting
its rank with an independent draw U ~ Unif(0, 1), exactly as in the randomized prediction
set of Lemma 10.4, produces a smoothed conformal p-value whose null distribution is exactly
Unif (0, 1) rather than uniform on the grid {1/(n +1),...,1}, and it removes the discreteness
slack [(n+1)t]/(n+ 1) <t quantified above. The price is an external source of randomness: two
analysts holding the same data and the same score function need not report the same smoothed
p-value, because the draw of U is not part of the data. For several p-values, use fresh independent
draws unless a joint randomization scheme has been analyzed; the marginal smoothing statement
alone does not establish a new joint PRDS result. The discrete PRDS theorem above already
suffices for BH.

8. Conformalized Quantile Regression

Split conformal intervals based on absolute residuals have constant half-width ¢. They are
valid, but they do not adapt to heteroscedasticity. If the noise variance is small for some covariates
and large for others, a constant-width interval is too wide in easy regions and too narrow in hard
regions.

Quantile regression estimates conditional quantiles. For a conditional distribution

Fy| X =2)=P(Y <y | X =a),
the 7th conditional quantile is

&r(z) =inf{y: F(y | X =2) 27}
Because these are unknown population quantities rather than fitted estimates, the interval they
define is called the oracle interval:

C*(z) = [§ay2(®), E1-a/2(2)].
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To verify its conditional coverage, write F({— | X = x) = limy¢ F'(t | X = ) for the left limit of
the conditional distribution function. The quantile definition gives

o o
F(€ap2(z)— | X =2) < 2 F(€i—ap(r) | X =2) > 1~ 3
The two probabilities of falling outside the interval are therefore
o
IP{Y < ga/Q(x) ’ X = $} - F(ﬁa/Q(x)_ ‘ X = (IJ) < 57
@
IP{Y > glfa/Q(x) ’ X = JI} =1- F(é-lfa/Q(x) ‘ X = ) < 5

A union bound now gives
P{Y ¢ C%(z) | X =2} SP{Y <&opp(a) [ X =2} +P{Y > & qpo(z) | X = 2}
< & + > _ .
-2 2
The oracle interval is unknown in practice, and estimated quantiles need not inherit this guarantee.
CQR uses conformal calibration to recover finite-sample marginal validity for the estimated
interval.
The pinball loss for estimating this quantile is

_ T(y_b)v y>b,
pf(y’b)‘{a—ﬂ(b—y» y<b

Classical quantile regression estimates &, (x) by minimizing an average pinball loss, possibly with
regularization.

Conformalized quantile regression (CQR) of Romano et al. [136] wraps estimated lower and
upper quantiles with conformal calibration. Split the data into D7 and Ds. On Dy, fit

é\a/2(l‘)v é\l—a/2(x)'

We assume throughout that the fits are noncrossing, in the sense that Ea/g(:n) < é\l—a/2(x) for
every z; a quantile-regression fitter that does not guarantee this should be post-processed (for
example, by sorting or by isotonic adjustment) before calibration. For each i € Ds, define the
calibration score R R
Ai = max{ga/2(Xi) -Y, Y - fl—a/2(Xi)}'

The score is positive when Y; falls outside the fitted interval and negative when it lies inside with
slack. Let

ccqr = the [(1 — «)(n2 + 1)|th smallest value of {A; : i € Ds}.
As in ordinary split conformal prediction, set coqr = +0o when [(1 — «)(n2 +1)] = na + 1. The
CQR prediction set is

Cn(x) ={y : A(z,y) <Ccqr} = [€a/2(z) — Coqr, €1-a/2(z) + Coqrls
with the convention that the interval is empty if the lower endpoint exceeds the upper endpoint.
When the interval is nonempty, its calibrated width is the uncalibrated quantile width plus
QECQR: R R
{&1-a/2(x) = Eaya(2) } + 2¢CqR,

so calibration expands or contracts the fitted quantile envelope by 2¢cqr. Under the noncrossing
condition above, the interval is nonempty automatically when ccqr > 0. Since CQR scores can
be negative (a fitted interval already covers Y; with slack), ccqr can be negative. A negative
correction indicates that the fitted intervals are wider than needed on the calibration sample;
very negative corrections should be interpreted cautiously because they may produce empty
intervals for some zx.
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Figure 10.3 contrasts what is calibrated. Split conformal adds one constant cutoff to a fitted
center, whereas CQR adds the single correction ccqr to fitted lower and upper conditional-
quantile curves. The plotted simulation uses no = 180 and o« = 0.1, so the correction is the
[0.9(180 4 1)] = [162.9] = 163rd ordered calibration score.

response and prediction band

split conformal CQR adaptive band

0.25 0.50 0.75 0.25 0.50 0.75
covariate x

Ficure 10.3. Split conformal and CQR adaptive bands in a heteroscedastic
regression simulation with 240 training observations, 180 calibration observations,
350 independently plotted observations, and a = 0.1. Split conformal uses a
constant residual quantile; CQR calibrates a covariate-dependent lower and upper

band with correction ccqr.-

If Z1,...

Theorem 10.7: CQR coverage

, Zn+1 are exchangeable and the quantile models are fitted using only D1, then

P{Yp11 € Cn(Xpns1)} >1— 0

If the calibration and test scores A; have no ties almost surely, then the coverage is less
than 1 — o+ 1/(ng + 1).

Proof of Theorem 10.7

Conditional on Dy, the fitted quantile functions are fixed. The calibration scores {A; : i €
D5} and the test score

Ap1 = max{€/o(Xn+1) — Yns1, Yos1 — E1ajo(Xns1)}

are exchangeable. The event Y11 € én(Xn+1) is equivalent to A,11 < ¢cqr. The rank
argument gives the result.

O

The conformal calibration is what gives finite-sample marginal validity. The quality of the
quantile regression determines how short and locally adaptive the interval is.



9. JACKKNIFE AND JACKKNIFE+ 187

9. Jackknife and Jackknife+}+

‘ Route: Advanced ‘

Sample splitting is computationally simple, but it may waste data. If D; is small, the
predictor may be poor. If Dy is small, the calibration quantile may be unstable. Leave-one-out
methods try to use the data more efficiently.

Let f_i be the predictor trained on all observations except (X;,Y;). Define the leave-one-out
residual ~

RYOC =|Y; = f-i(X3)].
The ordinary jackknife interval uses the full-data predictor f and the empirical quantile of the
leave-one-out residuals: R R
[f(Xn+1) — CLoo, f(Xnt1) +€Loo]-

This interval can work well for stable algorithms, but it does not have a universal finite-sample
coverage guarantee. The problem is asymmetry: the residuals are computed using leave-one-out
fits, while the interval is centered at the full-data fit. For unstable algorithms, the mismatch can
be severe.

Jackknife+ [11] changes the endpoints. For the test covariate X, 11, form

Li = [-i(Xnt1) = RO, Ui = [oi(Xpg) + RPOC.
Let

Ljk+ = the [a(n + 1)]th smallest value of Lq,..., Ly,
and

Ujk+ = the [(1 — «)(n + 1)]th smallest value of Uy, ..., Up,

with two boundary conventions when the rank falls outside {1,...,n}: set Lyx; = —oo when
la(n +1)] = 0, and Ujky = +o0o when [(1 —a)(n+ 1)] = n + 1 (the latter occurs when
a < 1/(n+1)). The jackknife+ interval is

[Lix+, Usk+)s

which is the half-line [Ljk, 00) when only the upper boundary triggers, the half-line (—oo, Uk ]
when only the lower triggers, and the whole line R when both trigger.

Figure 10.4 shows the two endpoint collections before their final order statistics are taken.
With n = 28 and a = 0.2, the lower endpoint uses rank [0.2(28+41)| = |5.8| = 5, while the upper
endpoint uses rank [0.8(28 + 1)] = [23.2] = 24. These become Ljk and Ujk, respectively.

Theorem 10.8: Jackknife+ coverage

Under exchangeability and algorithmic symmetry of the fitting rule, the jackknife+ interval
satisfies
P{Yn—H & [LJK+, UJK+]} >1-2a.

Why the factor two appears. The jackknife+ coverage theorem above is proved by a deter-
ministic tournament count on the augmented sample and exchangeability of the new vertex. The
complete counting lemma, cyclic example, and sharpness discussion are deferred to Appendix B.
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leave-one-out fit i

F1GURE 10.4. Jackknife+ endpoints. Each leave-one-out fit gives a lower and
upper candidate endpoint at the test covariate. The final interval is formed from
quantiles of these endpoint collections and is denoted [Ljyk, Uyk+]|. The display
uses n = 28 and a = 0.2 so the endpoint quantiles are visibly interior.

Aggregating prediction sets. Ensembles are common for point prediction, and the same
question arises for prediction sets. Suppose C(z),...,Ck(x) are prediction sets, each with
marginal coverage at least 1 — . No independence is assumed between the sets. Define the
majority-vote set

Con () = {y : %Z 1y € Cp(2)} > ;} .
k=1

Then

P{Ynt+1 € Cowv(Xpg1)} > 1 — 20
Indeed, if the majority-vote set misses Y, 11, then at least half of the base sets miss it. Markov’s
inequality applied to the average miscoverage indicator gives the bound. The factor 2« is the
same kind of robust but conservative price that appears in jackknife+.

If an independent calibration sample is available after aggregation, one can calibrate the
voting threshold or confidence level using the CRC theorem in Section 7 of Appendix B; this
restores a direct 1 — a marginal coverage statement for the aggregated rule. The majority-vote
guarantee and post-aggregation calibration are useful when several prediction sets are available
but their dependence is hard to model [40, 63].

10. Conformal e-prediction

Route: Research frontier ‘

A different generalization inverts e-value tests rather than p-value tests [64]. For every
candidate response y € ), let E,,(y) > 0 be a statistic computed from the calibration data, the
test covariate, and the candidate y. The required validity condition is

E[En(Yni1)] < 1.
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In words, the statistic evaluated at the true response must be an e-value. How to construct an
informative statistic with this property is a separate problem; nonnegativity alone is not enough.

Proposition 10.9: Fixed-level and post-hoc e-prediction

Assume the displayed e-value condition and, for a € (0,1), define
Co(Xnt1) ={y € Y : En(y) < 1/a}.
Then every fixed a gives marginal coverage
P{Y,+1 € Co(Xpnt+1)} > 1—a.
Moreover, for every possibly data-dependent a € (0,1),
E 1{Yn+1 ¢ AOE(Xn+1)}

a

<1

Proof of Proposition 10.9

For fixed a, the miscoverage event is {E,(Y,+1) > 1/a}, so Markov’s inequality gives
probability at most a. For the second statement, the pointwise inequality
HEp(Yny1) = 1/a}
a
holds: whenever the indicator is one, its defining inequality gives 1/a < E,,(Y,+1), and
otherwise its left side is zero. Taking expectations proves the claim; this is exactly the
post-hoc validity argument of Proposition 8.13. ]

S En<Yn+1)

The second display is a budget-form guarantee, not ordinary marginal coverage at the random
level 1 — a. Thus a practitioner may choose a to target a desired set size only if the resulting
guarantee is reported in this budget form. Likewise, anytime validity requires a genuine e-process
and Ville’s inequality; a sequence obtained by simply recalculating e-values as calibration data
arrive need not be an e-process. Gauthier et al. [64] give specific constructions for batch anytime-
valid prediction and fixed-size sets with data-dependent coverage under additional assumptions.
We do not reproduce those constructions here.

11. Assumptions in Plain Language

Assumption diagnostic

Checkable Plot calibration scores over time and groups, inspect ties,
and audit that tuning precedes calibration.

Not identified from Future exchangeability and pointwise conditional coverage

these data cannot be certified by marginal calibration data alone.

Sensitivity analysis Report rolling-window and subgroup coverage, weighting
sensitivity, and drift stress tests.

Conservative fallback  Use wider weighted/robust sets, recalibrate frequently, or
restrict the claim to the observed deployment regime.
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Exchangeability is the engine of conformal validity. Once the calibration scores and the test
score are exchangeable, the proof is a rank proof. The prediction algorithm may be complicated
or misspecified; this affects interval length and adaptivity, not the marginal coverage guarantee.

The guarantee is marginal over the next draw. It does not say that

P{Ypt1 € Cp(2) | Xpy1 =2} > 1 —«

for every x. Distribution-free conditional coverage at every covariate value is impossible without
weakening the requirement or adding structure. Conditioning on the proper training split,
conditioning on a realized calibration set, conditioning on a selected subset, and conditioning on
X = x are different statements.

Randomization can remove finite-grid conservatism and handle ties exactly, but it does not
repair nonexchangeability. Jackknife+ needs exchangeability and a symmetric fitting rule but no
stability assumption; majority-vote aggregation needs valid base sets but no assumption on their
mutual dependence. Their robust finite-sample guarantees pay a 2« price, and the tournament
argument shows that the generic tournament bound itself is tight up to one player. CRC controls
average loss, not necessarily every individual loss. LTT can certify non-monotone choices, but
Bonferroni-type certification and BH-type certification answer different error-rate questions.

How conformal p-values may be combined depends on how they were built. Online full
conformal retraining with a symmetric score and distinct scores gives exactly independent p-values.
A single shared calibration set gives PRDS under the independent-test and continuous-score
assumptions of Theorem 10.6; under arbitrary dependence one should fall back on dependence-
robust corrections or on e-values. The independence in the online setting requires almost
surely distinct scores; with ties, fresh independent smoothing is needed for exact independence.
The conformal supermartingale tests exchangeability anytime, but a rejection says only that
exchangeability fails somewhere in the stream, not where or how.
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the scores, the resulting sequence of p-values is mutually independent, which is the foundation
of the online theory [165, 172]. The same independence supports testing exchangeability by
betting: a test martingale built from the online conformal p-values accumulates evidence against
exchangeability while remaining valid under optional stopping [134, 172]. Adaptive conformal
inference updates the working miscoverage level online so that the realized coverage tracks the
target even under distribution shift [66]. For outlier detection, conformal e-values combined with
the e-BH procedure of Chapter 8 control FDR under arbitrary dependence among the test points,
avoiding the PRDS analysis that BH requires [14, 104]; the positive-dependence analysis itself
extends from independent to exchangeable test points in Marandon et al. [118]. The universality
of conformal prediction, which says that any symmetric procedure with distribution-free marginal
coverage under exchangeability coincides with full conformal prediction for some score function,
so that searching over score functions loses no generality among symmetric methods, appears in
Vovk et al. [172]; a textbook treatment is given by Angelopoulos et al. [4]. Two adjacent topics
are deliberately left out of this chapter. The first is score optimality: which score functions give
the shortest or best-shaped prediction sets when a working model is adopted, with conformal
validity retained even when the model is wrong [4, 61, 78]. The second is probability calibration,
whose target is calibrated predictive probabilities rather than covering sets; distribution-free
calibration and the isotonic-regression-based Venn—Abers predictors are treated by Gupta et al.
[72] and Vovk and Petej [168].

13. Exercises

Basic.

Exercise 10.10: Rank proof
Let Y3,...,Y,+1 be exchangeable and let
E=[(1-a)(n+1)].
Let Y(y) be the kth order statistic, counting ties with multiplicity. Prove that P{Y;, 11 < Y{3)} > 1—a.

Then show that, with no ties, the probability is exactly k/(n + 1). Alternatively, show that
independent uniform tie-breaking makes the rank exactly uniform even when ties occur.

Exercise 10.11: Split conformal interval

Write the split conformal algorithm for absolute residual scores. Identify which data are used to
train the predictor and which data are used to compute the residual quantile.
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Exercise 10.12: Conformal p-value

(a) Suppose S is a conformity score, where larger means better conformity. Write the conformal
p-value for a new point z. Then give the corresponding formula when S is a nonconformity
score, where larger means worse.

(b) Now suppose Zi, ..., Zp4+1 are i.i.d. from P and S(Z) has a continuous distribution under P.
Using the conformity-score formula from part (a), prove that p(Z,1) is exactly uniform on
{1/(n+1),...,1}.

(¢) Deduce from part (b) that the p-value is super-uniform: P{p(Z,,+1) <t} <t for every ¢ € [0, 1].

Intermediate.

Exercise 10.13: General scores

Let S(x,y; f) be any nonconformity score computed after training fon D;. Prove split conformal
coverage for

Here Ry is the kth order statistic of the calibration scores with k = [(1 — a)(ng + 1)]; if & > na,
use Ry = oo.

Exercise 10.14: Randomized ranks
Let W have cdf F, and define

F*(W)=FW-)+U{F(W) - F(W-)}, U ~ Unif(0, 1),

where U is independent of W. Prove that F*(W) ~ Unif(0,1). Then translate this result into exact
randomized conformal coverage for discrete scores.

Exercise 10.15: CQR score

Derive the CQR score
Ay = max{&,/2(X;) — Vi, Yi — &1_q/2(Xi)}

Show that Y11 € 6’n(Xn+1) is equivalent to A, 41 < ¢cqr, where A, is the same score evaluated
at the test point.

Exercise 10.16: Many test points

Suppose one split-conformal threshold is used for m test points that are iid from the calibration
distribution and independent of the training and calibration data. Condition on the complete
training and calibration data, including the fitted score function and threshold, and let @ denote
the resulting conditional coverage probability for one fresh test point. Show that the conditional
probability that all m prediction sets cover is Q™. Use the marginal guarantee EQ > 1 — o and
Jensen’s inequality to prove the lower bound (1 — «)™, and solve for the value of o needed to achieve
a target familywise error rate apwgr.

Computational.

Exercise 10.17: Heteroscedastic simulation

Reproduce Figure 10.3. Simulate heteroscedastic data and compare the average length and empirical
coverage of absolute-residual split conformal and CQR-style conformal intervals.
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Exercise 10.18: Jackknife+ endpoints
For the dataset

(X;,Y;) €{(0,1.0),(1,1.8),(2,3.2),(3,3.9),(4,5.1)},  Xp41 =25,
use leave-one-out least-squares simple linear regression with an intercept. Compute
1V — foi(X)|, foi(Xnt1), Li = f—i(Xnt1) — R¥OC, and U; = f_;(Xpi1) + RYOC by hand or with
a short script. For aw = 0.2, compute the jackknife+ interval from the order statistics of {L;} and
{U;}, reporting its final endpoints as Lk and Ujk-.

LOO _

Exercise 10.19: Covariate shift

Reproduce Figure B.3. Vary the amount of test covariate shift and report empirical coverage. Then
try a weighted conformal correction when the density ratio is known.

Advanced.

Exercise 10.20: Beyond marginal coverage

Give an example where split conformal has valid marginal coverage but poor conditional coverage
for a subset of the covariate space. Explain why this does not contradict Theorem 10.3.

Exercise 10.21: Model selection breaks calibration

Let fl and fg be two predictors pretrained on Dp, and for j = 1,2 let Rl(j) =1Y; - E(Xz)|,
i € Do, be the corresponding calibration scores. An analyst lets J be the index j € {1,2} with the
smaller average calibration score ng ! D ee Dy jo ), and then runs split conformal prediction with

the predictor ]?J, calibrating the threshold on the same set Dy. Explain why the 1 — o guarantee
of Theorem 10.3 no longer follows and can in fact fail; support the conclusion either by a general
argument or by an explicit example or small simulation. Identify the exact step of the coverage
proof that breaks: conditional on the selection J = j, are the calibration scores {RZ(] )iie Dy} and

the test score Rsfll = Y41 — E(Xn+1)| still exchangeable? Note that the selection event depends
on the calibration scores but not on the test score, so it favors the model whose calibration scores
happen to be small. Finally, propose two fixes: a further split, in which the model is selected on
one fold and the threshold is calibrated on a fresh fold; and a full-conformal construction that, for
each candidate response y, treats the calibration points and (X,,4+1,y) symmetrically in both model
selection and calibration, and then inverts over y, as required for the response-dependent selection
rules discussed in Section 3 of Appendix B.

Exercise 10.22: Conformal p-values and BH

State precisely the dependence structure between the test points that Theorem 10.6 actually requires.
Then prove that applying BH to the conformal p-values for m such test points controls FDR at
level ¢, and explain why this property does not extend to arbitrary joint dependence among the test
points: identify what goes wrong in the PRDS proof if the test points are allowed to be adversarially
dependent.

Exercise 10.23: Weighted split conformal under known density ratio

Let the calibration data be iid from P, let the test point be independent with law Pies, and
assume Piost < Py with known Radon—Nikodym derivative w(z,y) = dPiest/dPeal(z,y). Using
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one fixed score function for calibration and test observations, derive the weighted prediction set
Cr(z) ={y: S(z,y) <y ()}
where ¢}/, () is the weighted (1 — ) empirical quantile of the discrete distribution that places mass
ZjeD2 w(X;,Y;) +w(z,y)

on each calibration score S(X;,Y;), and mass

w(z,y)
2 jep, WX, Y5) +w(z,y)
at +o00. Prove the resulting marginal coverage guarantee under these absolute-continuity, indepen-
dence, and known-ratio assumptions.




CHAPTER 11

Debiased Lasso and High-Dimensional Confidence Intervals

The Lasso is one of the standard tools for prediction and variable screening when the number
of features p is comparable to or much larger than the sample size n. Its success is also the reason
it is easy to misuse inferentially. The ¢ penalty shrinks estimates toward zero; that shrinkage is
useful for prediction, but it creates bias that is not negligible on the n='/2 scale used by ordinary
confidence intervals.

This chapter studies a different inferential target. We do not ask whether a variable survived
model selection, and we do not pretend that the selected model is fixed. Instead, for a pre-
specified coordinate j, or for a low-dimensional collection of coordinates, we ask for confidence
intervals and tests for the coefficient 3; in a high-dimensional linear model. The main device is
to correct the Lasso by adding a nearly orthogonal score term. The correction is called debiasing,
desparsifying, or one-step estimation in the literature.

1. Model and Target

Table 11.1 is a reading guide for the target, not a menu of interchangeable estimands. Read each
row from left to right: first identify what is random, then identify the coefficient being covered,
and only then choose the variance formula and inferential interpretation.
TABLE 11.1. Targets that can be hidden behind the same linear algebra. The sampling unit and
interpretation must be stated before fitting.

Regime Target Interpretation

Fixed X, correct fin Efy|X]=Xp Coefficients of the specified mean vector on

mean the fixed design.

Random X, correct Population 8 in E[Y | X] = A structural or conditional-mean coefficient

model XTp under the sampling law for rows.

Misspecified mean 3% = argmin,, ||u—Xb||3 for A least-squares projection target; robust vari-
fixed X, or argmin, E(Y — ance is generally required.

X Tb)? for random X
We work with the linear model

y=XpB+e, XeR"P yeecR", BeR

The ith row of X is iL'ZT , and the jth column is X;. The empirical Gram matrix is

& X'X
Y= .
n
When rows of X are random with covariance matrix X, the precision matrix is denoted by
r=x-"

Many papers use © for the precision matrix; in this book I' is the global notation, and M will
denote a generic empirical approximate inverse of X.

195
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Let
Sg=17:8; 70} s=1Ss[ = Bllo-
The sparse high-dimensional regime allows p to exceed n, but assumes that s is small enough
relative to n and logp. The target in this chapter is the original coefficient /3;, not a coefficient
in a data-selected least-squares model. Post-selection targets are treated in Chapter 12.

2. Regularization and the Lasso

When p > n, least squares is not uniquely defined without further structure. Regularization
imposes such structure by trading empirical fit against a complexity measure. The three most
common constraints are

P P P
2 2
Ibllo = > 1{b; # 0}, (bl =Dl [blI3 =07
j=1 Jj=1 Jj=1
Best subset selection uses the £y constraint and searches directly over sparse supports. It is
statistically natural but computationally difficult. Ridge regression uses an fs penalty and is
stable under collinearity, but it does not usually produce exact zeros. The Lasso [158] uses an ¢,
penalty:

~ . 1 9
) 5 e arguin { o=y — X0l + N |-

The ¢;1 ball is convex and has corners, so the optimization problem is tractable and the solution
is often sparse.

Figure 11.1 isolates the source of the inferential problem: once a coordinate crosses the
threshold, the Lasso still shifts it toward zero by A, so sparsity and shrinkage arrive together.

reported estimate

3 2 -1 0 1 2 3
unregularized coordinate estimate

= = |eastsquares === Lasso

Ficure 11.1. Lasso shrinkage in the orthonormal one-coordinate problem. The
soft-thresholding rule removes small coordinates and shifts large coordinates
toward zero. This bias remains visible on the scale used for ordinary confidence
intervals.
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The same shrinkage that helps prediction makes direct inference difficult. In the orthonormal
one-coordinate problem, the Lasso estimate is
B, = sign(=)) (1] — N1
where z; = X JT y/n is the least-squares coordinate. This soft-thresholding map is not centered at
the truth. Therefore Bj is not approximately normal around 3; unless the penalty is asymptotically

~1/2

negligible on the n scale, which would destroy the regularization needed in high dimensions.

3. What Lasso Consistency Gives

The Lasso can still estimate a sparse vector well in prediction and ¢; norm. These rates are
the starting point for debiasing.

Definition 11.1: Compatibility condition

For the true support S with |S| = s, the empirical Gram matrix S=XTX /n satisfies the
compatibility condition with constant ¢¢ > 0 if, for every v € RP such that ||uge||1 < 3|lug]|1,

S ~
HuSH% < E u' S,
0

The condition says that sparse directions cannot be nearly invisible to the design. It is weaker
than requiring all p x p eigenvalues of ¥ to be bounded away from zero, which is impossible
when p > n. The constant 3 in the cone restriction ||uge||1 < 3|lugl||1 is not arbitrary: it is the
cone that the Lasso error h = B — [ lives in whenever the tuning parameter satisfies the score
event A\ > 2||X "e/n||«, as the proof of Theorem 11.2 below makes precise. Other constants
(e.g., ¢ > 1 replacing 3) give an analogous restricted eigenvalue condition with different proof
constants downstream.

Theorem 11.2: A basic Lasso error bound

Assume the compatibility condition in Definition 11.1. If the tuning parameter satisfies

XTe
n

A>2

(o)

then the Lasso estimator in (5) obeys
1 ~ ~ sA?
~|X(B =B+ MB -8Bl <C =5
n ford

for a universal constant C. In particular, if A < o+/(logp)/n, then

. log p 1 ~ slogp
18-l =0p [sy22) . LIX(B- B = 0, (ZEL).
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Proof of Theorem 11.2

The optimality of B implies the basic inequality obtained by comparing the objective at B
and at . With h = 8 — [,

1 e"Xh
—||XR|3 < A - h1)-
1XRIE < S 4 A8l — 16+ blh)
The score event bounds the stochastic term by
T T
e' Xh X'e A
=2 < Il < 51kl

Since Bgc = 0, decomposability of the ¢1 norm gives

1Bl = 118 + hllx < [lhslly = llhsells-
Combining these two displays yields
1 A 3A
—|IXR|3 + S|hse|l1 < =|lhs]l1-
XIS + Skl < sl
Dropping the nonnegative prediction term shows ||hge|1 < 3||hg||1, so h lies in the compati-
bility cone. The compatibility condition then gives
[ X7l
vn oo
Let P = || Xh||3/n. The previous two displays imply
P 3\s
< 2AVS /P
27 2 ¢ VP,

Ihsll < ¥
®o

and hence P < 9s\?/¢2. Finally,
12sA
¢
Multiplying the last display by A and adding the prediction bound gives the stated inequality
with a universal constant, for instance C' = 21. The probabilistic rates follow by substituting

A< oy/(logp)/n. O

4./s
IMMS4Mﬁ1§;§VP§

Theorem 11.2 is an estimation theorem, not an inferential theorem. Its prediction-error
bound is consistent under the usual condition slogp/n — 0. Its ¢1-error bound is consistent
under the stronger condition

logp s?logp

— 0, equivalently — 0.
n

Debiased inference needs more than either consistency statement: after multiplication by /n,
the bias remainder must still vanish.

4. Why the Lasso Limit Is Not Enough
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The nonstandard behavior of the Lasso is already visible when p is fixed. Suppose p is fixed,
XTX/n L %, and
XT
LW, W~ N(0,02%).
Vn
If \/n A, — Ao, then the limit of \/ﬁ(B — f3) is the minimizer of a random convex function of the
form

P
Vi) = guT Sou—uTW o+ X0 D [ug sign(55)1(5; # 0} + g 118 = 0)],
j=1

up to constants determined by the normalization of the Lasso objective [97]. This limit is not
generally centered normal. If §; = 0, the absolute value term creates a kink at the origin; if
Bj # 0, the linear penalty term shifts the center. High-dimensional debiased methods should
therefore be viewed as new estimators for inference, not as ordinary normal approximations to
the raw Lasso.

5. Debiasing by an Approximate Inverse

Let M € RP*P be a matrix, computed from X, whose rows nearly invert the empirical Gram
matrix. Write m}r for the jth row of M. The debiased Lasso estimator is

~ & XT(y-X§

(6) b=F+ M(ynﬁ).
Substituting y = X3 + ¢ gives the exact decomposition

~ XTg ~ o~
(7) b— =M=+ (- MS)(3 - ).
For coordinate j,

> mj X'e T TSV A

(8) V(b — Bj) = ——=—+Vn{e; —m; X}(B - B),

vn

where e; is the jth standard basis vector.
The first term in (8) is a score term. If & | X ~ N(0,0%1,,), then conditionally on X,
ijX Te
Vn
For non-Gaussian errors, the same normal approximation follows from a Lindeberg-type central
limit theorem under standard moment conditions. The second term is the price of using an
approximate inverse rather than the exact inverse of 3, which typically does not exist when
p>n.
Figure 11.2 turns the algebra into a geometric requirement: the debiasing direction must

retain sensitivity to X; while suppressing its nuisance-column correlations.
The remainder is controlled by Holder’s inequality:

(9) Va{e] —m]£3(B - B)| < v Im] S — ] |l - .

If
N lo
Im] % = €] oo = O (\/ ip)

~ N (O,UQm;rimj) .
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score direction v;

small nuisance projection

span(X_;)

FiGURE 11.2. The debiasing direction should keep unit sensitivity to the target
column X; while being nearly orthogonal to nuisance columns X_ ;. This geometry
is the coordinate version of Neyman orthogonalization.

and Theorem 11.2 gives |3 — 8|, = Op(sy/(logp)/n), then the scaled remainder is

o (22).

Thus a common sufficient condition for coordinatewise normality is

slogp

NLD
This condition is stronger than the condition needed for prediction consistency, because inference
must remove bias on the n~1/2 scale.

— 0.

(10)

Theorem 11.3: Coordinatewise debiased normality

Fix a coordinate j. Suppose the Lasso satisfies |3 — 81 = Op(sy/(logp)/n), the row m; is
X-measurable and satisfies Hijfl — ejTHOO = Op(+/(logp)/n), and slogp/+/n — 0. Suppose
also that N
0<c§ijij§C<oo

with probability tending to one. Suppose also that, conditional on X, the noise satisfies one
of the following conditions:

(i) e ~ N(0,0%1,);

(ii) the errors are independent with E(e; | X) = 0, E(¢? | X) = 02, and, for every

n>0,
Sy (o] B my)eil > no| Xmyla} 1 X] b
o2 Xm|l3 '

Condition (ii) is the needed conditional Lindeberg condition. A uniform conditional (2 + §)-
moment bound together with

maxi <i<n | (X))

— 0
[ X2
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is a convenient sufficient condition. Then
V(b —Bj) d

—— — N(0,1).
U\/ijEmj

Proof of Theorem 11.3

Use the decomposition (8). The leading score term is conditionally Gaussian under Gaussian
€ITOors:

ijXTz-:/\/ﬁ

04/ m;'—f]m]
Under condition (ii), the same standardized score is asymptotically normal by the conditional
Lindeberg—Feller theorem. The influence-and-moment condition displayed above is sufficient

because it prevents any single weighted error from dominating the sum. The remainder
satisfies

~ o~ lo lo slo
[Vate] ~m£}F-5)| < V0, | \[E2 ) 0, | 5/EL | = 0,(ZEE) = oy(1)

Dividing by m/m}—imj, which is bounded away from zero and infinity with probability
tending to one, keeps the remainder op(1). Slutsky’s theorem completes the argument. [

| X ~ N(0,1).

Corollary 11.4: Heteroskedastic robust debiased interval

Retain the rate and approximate-inverse assumptions of Theorem 11.3. Conditional on X,
suppose the errors are independent, mean zero, and have variances 01-2 =F (512 | X), with
the corresponding conditional Lindeberg condition. Define
1 n
2 T, 2.2
vy = EZ(xl mj)<o;.
i=1
If v; is bounded away from zero and infinity and
1 & P
-2 T, 222 2
vy = ﬁZ(xl m;)°g; — vy,
i=1
where the residuals come from a consistent or cross-fitted nuisance fit, then

Vilbi =B5) 4, g gy,
5
and a robust (1 — «) interval is
= Vi
bj SE Zlfa/Q\/i]ﬁ'




5. DEBIASING BY AN APPROXIMATE INVERSE 202
Proof of Corollary 11.4

Conditional on X, the variance of the leading score is 1)]2-. The conditional Lindeberg—Feller
theorem gives its normal limit, the same remainder bound is o,(1), and sandwich consistency
plus Slutsky’s theorem gives the studentized statement. (Il

e 2 o, Slutsky’s theorem replaces ¢ in the studentized statistic by &, and a 1 — «
confidence interval for ; is

~ N m]Tf]mj
(].].) bj + Zl—a/2 g T

The scaled Lasso [154] is one common route to estimating o. Residual-based estimates can also
work, but only under assumptions that make the residual degrees of freedom and model bias
sufficiently small.

Read Figure 11.3 from the top row to the bottom as the sparsity burden increases, and from
the left column to the right as feature correlation increases. The main check is whether empirical
coverage stays near the nominal 95 percent line. Here an autoregressive design of order one,
abbreviated AR(1), means 3, = pl=#l so p directly controls how quickly feature correlations
decay with coordinate distance.

p=0.1 p=0.55
1.0 s
,,,,,,,,,,,,,,,,, g--------- - ,ﬁﬁﬁ,,,,,ﬁﬁ,,,,,ﬁﬁfffffﬁﬁﬁffxﬁﬁﬁffﬁ
)
0.8
0.6 E
»
I
o
0.4
o ()
g o2
=
[
>
Q
Sog
e EELELCEETEPERE £ EEEEEEEEEEETEEEEEEE Lt &
=
S
€08 )
[0}
0.6
I ]
0.4 N

0.2
0.0

=5~ naive Lasso —@— debiased score =# oracle support

FIGURE 11.3. A simulation for n = 120, p = 70, Gaussian AR(1) designs with
correlations p = 0.1 or 0.55, target 51 = 0.55, ¢ = 1, and 500 Monte Carlo
repetitions per setting. Naive intervals centered at the Lasso estimate undercover
because of shrinkage. Debiased score intervals are much closer to the nominal 95
percent level, with oracle support intervals included only as a benchmark. Vertical
bars are pointwise 95 percent Wald Monte Carlo intervals for estimated coverage;
marker shape as well as color identifies the method.
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Figure 11.4 separates the error-law issue from the debiasing remainder. Under homoskedas-
ticity the two variance estimators are similar. Under variance changing with leverage, the
homoskedastic formula is no longer licensed, whereas the residual sandwich targets the variance
in Corollary 11.4.

o
©

empirical 95% coverage
o
®

heteroskedastic homoskedastic
error law

homoskedastic SE =@= robust sandwich

FI1GURE 11.4. Homoskedastic and robust debiased-Lasso intervals under constant
and covariate-dependent noise variance. The simulation uses n = 120, p = 70, an
AR(1) design with p = 0.4, five nonzero coefficients (0.55,0.45,0.40, 0.35,0.30),
and 250 repetitions per error law. Constant noise has standard deviation 1;
covariate-dependent noise has conditional standard deviation 0.45 + 0.8]X;1].
Vertical bars are pointwise 95 percent Wald Monte Carlo intervals. Color is
redundant with line type and marker shape; the dashed horizontal line marks
nominal 95 percent coverage.

6. Nodewise Lasso and Precision Approximation

Route: Advanced

It remains to construct rows m; that nearly invert $. A useful population identity comes
from Gaussian graphical models. Let

X°=(X7,..., X)) ~N(0,%), TI'=x""

where X° is an abstract population row used only to derive the precision identity below. The
superscript distinguishes it from the observed design matrix. The population regression of X7 on

X° i has coefficient vector
*x -1 o
V=X g
and residual variance

2 _ vy oy oyl .
Tj = 2jj 237—32—3',—]'2—]7]‘
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The block inverse formula gives

(vj)T'

2
75

Thus each row of the precision matrix can be recovered from a regression of one feature on the
remaining features. When p > n, those regressions are again high-dimensional, so they are
regularized by Lasso.

For each j, define the nodewise Lasso estimator

~ . 1 2
(13) 3 carg_min, {1, - X718 + 24111

1
(12) Lji == j—j=-
75

(The factor in front of the squared-loss term is a normalization choice; the common implementation
in the glmnet package uses 1/(2n) instead of 1/n. Multiplying the displayed objective by 1/2
leaves the minimizer unchanged and gives the usual solver form with penalty coefficient A;.
Calibrating A; therefore requires matching the entire objective convention of the solver, not just
comparing the raw penalty coefficient in isolation.) Let ¢; € RP be the vector with

@)i=1 ="k (k#j),
where 7, is the coefficient assigned to column £ in the regression excluding column j. Set
1
7j = X5 = X35l + Al
This combination is the one given by the Karush-Kuhn-Tucker (KKT) identity for the nodewise

72, so the diagonal condition (I'S) jj = 1 holds exactly. To see

program: XJT(XJ- - X _j35)/n =77,
the identity, write 7; = X; — X_;7;. The KKT conditions for (13) give

= AR, Ry €0l
SO ’AyJTRJ = HFA}I]HI Since Xj = ?j + X_j’ij,
XI5 IR X IR
Jg a3 g2 | ~T=5'3 _ N'Jll2 Na . 22
. +7; . + Nl[All =75
The nodewise precision-row estimator is
~ C;
(14) I =-2.
TS

J

Stacking these rows gives f, which can be used as M in (6). Under sparsity of the precision rows
and regularity of the design, nodewise Lasso satisfies

~n ~an logp
IS Il := max (T8 — D)l = Oy | /=2 |

which is the approximation needed in (9); see Meinshausen and Bithlmann [121], van de Geer
et al. [162], and Dezeure et al. [43].

Figure 11.5 shows how the population precision identity becomes an algorithm: residualizing
one column against all others creates the direction that is rescaled into an approximate precision
TOW.
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target column

Xj

residual

nodewise

Lasso

other columns

X

precision row

estimate

regress X;on X_;

then scale residual coefficients

FicUurE 11.5. Nodewise Lasso estimates the direction used to orthogonalize the
target coordinate. Regressing X; on X_; produces a residual direction and, after

scaling, an estimated row of the precision matrix I'.

7. The Optimal-Projection View

Route: Advanced

205

The same construction can be understood without starting from a precision matrix. Fix a

target coordinate j and rewrite the model as
y—X_;B-; =X;B; +e.

The left side is not observed because 5_; is unknown. Replacing it by the Lasso gives

Let v; € R" be a projection direction satisfying UJ-TX j = n. Define

Then

_ vaa N vaX_j(B_j — B—j)

The first term has conditional variance o2||v;]|3/n. The second term is bounded by

T .
v X

Vvn

18- — B—;l1.

Thus v; should have moderate Euclidean norm and small correlations with the nuisance columns
X_j, while keeping unit sensitivity to X;. The nodewise residual direction is one way to produce

such a v;.

Javanmard and Montanari [90] formulated this tradeoff row by row. Their program lives in
parameter space rather than sample space: parametrize the sample-space direction as v; = X'm;

for a vector m; € RP. Then
U;—X/n = m;»rXTX/n = m;rE,
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SO requiring ’U]-TX j/n ~ 1 and small U]-TX x/n for k # j is exactly the requirement mjf] ~el

. In
J
these coordinates the Javanmard-Montanari row program reads

(16) ; € arg min m' Sm  subject to [|m % — ejTHoo <,
meRP

with n < v/(logp)/n. The program is trivially feasible when 7 > 1, because m = 0 then satisfies
the constraint |le;||oc < 1. That feasibility is not statistically useful: the standard rates come from
the much smaller regime 1 < /(log p)/n, which is feasible under sparse-precision designs. Setting
7 too small (e.g. n = 0 with p > n and singular i) leaves an empty feasible set. The constraint
controls the bias remainder, and the objective controls the asymptotic variance JQm;rimj, which
equals o2|v;]|3/n under v; = Xm;. This makes the statistical tradeoff explicit: more exact
orthogonalization reduces bias but may require a high-variance direction.

8. Many Coordinates and Multiple Testing

‘ Route: Advanced ‘

For a set of pre-specified coordinates J, the debiased estimator produces z-statistics
z = b
O\ /m;—ij
for testing Hy; : 3; = 0. Two-sided p-values can be formed as
pj = 2{1 - ®(|Z"])}.

If only a few coordinates are tested, coordinatewise normality may be enough. If many coordinates
are tested, the approximation must be uniform over the tested set, and the dependence among
the debiased scores matters for FWER or FDR guarantees.

For an index set J whose size grows with n, a precise uniform Gaussian approximation
requires tail conditions, anti-concentration, covariance estimation control, and logarithmic
factors that depend on the theorem being used. As a useful scaling heuristic, one needs two
strengthenings of Theorem 11.3. First, the remainder bound (9) must be controlled uniformly:
max;e, ||m;r§] - e;r||OO = Op(y/(logp)/n), and the sparsity-product condition is pushed toward

s(logp)y/log|J|/v/n — 0, up to theorem-specific log factors. Second, the leading score vector
(m;-rX Te/\/n) jes must satisfy a high-dimensional Gaussian approximation, valid simultaneously
over J; standard results in this direction extend the high-dimensional CLT of Chernozhukov
et al. [39] to debiased Lasso statistics.

Once uniform approximation holds, Bonferroni adjustments require only the marginal validity
of the p-values, paid for by a \/log |.J| factor in the critical value. BH-type FDR analyses require
stronger control of the joint behavior or PRDS-style dependence assumptions, as in Chapter 6.

Bootstrap-assisted simultaneous inference. Bonferroni is conservative because it ignores
the dependence among the debiased z-statistics, which can be substantial when the design
has correlated columns. Zhang and Cheng [183] develop a bootstrap-assisted procedure that
automatically incorporates this dependence. The construction has three steps. First, form the
leading score vector S; = ijX Te/\/n for j € J, so that the debiased statistic decomposes as

J e

vn (5] — Bj) = Sj + o0p(1) uniformly in j. Second, generate bootstrap weights & (multiplier
bootstrap) and form
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where &; are Lasso residuals. Third, use the bootstrap distribution of max;e;[S}| to calibrate
simultaneous critical values for the debiased statistics. The procedure is valid when the dimension
of J is allowed to grow exponentially with n, provided the sparsity and design conditions of
debiasing hold. The simultaneous (1 — «) confidence intervals it produces are typically much
narrower than the Bonferroni intervals when the design has substantial column correlation,
because the bootstrap captures the correlation structure directly rather than bounding it through
a worst-case dependence argument. The resulting intervals also support max-statistic tests of
composite hypotheses such as Hy : 3; = 0 for all j € J and step-down procedures for FWER
control on the full coordinate set.

It is important not to reinterpret these p-values as post-selection p-values for the variables
chosen by the Lasso. If the question is “among the variables selected by an algorithm, which
selected coefficients are significant in the selected model?”; the target and conditioning event are
different; Chapter 12 treats that problem.

9. Assumptions in Plain Language

Assumption diagnostic

Checkable Plot approximate-inverse errors, leverage weights, robust
versus homoskedastic standard errors, and tuning-path
stability.

Not identified from Sparsity of the true coefficient and precision rows, and

these data correctness of a structural linear target, are not directly
observable.

Sensitivity analysis Vary Lasso/nodewise penalties, compare sandwich and

homoskedastic intervals, and perturb high-leverage rows.
Conservative fallback  Use sample splitting, low-dimensional prespecified con-
trasts, or prediction-focused reporting.

The assumptions behind debiased Lasso are structural. Sparsity of § keeps the Lasso
estimation error small enough that a bias correction can remove it. Compatibility or restricted-
eigenvalue conditions ensure that sparse signals are visible through the design. Sparsity of the
relevant precision rows, or a successful projection program, makes approximate orthogonalization
feasible. Noise assumptions justify the normal approximation and variance formula.

The strongest-looking condition,

slogp/v/n — 0,

has a clear interpretation: after multiplying by y/n, the product of the Lasso ¢; error and the
approximate-inverse error must vanish. The condition is not a technical nuisance; it is exactly
what keeps the regularization bias from contaminating the confidence interval.

10. Failure Modes and Diagnostics

Debiased Lasso can fail for several reasons.

e If 3 is too dense, the Lasso ¢; error is too large and the bias remainder in (9) is not
negligible.
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e If the design is highly collinear, the approximate inverse can have large variance or fail
to satisfy the required £, approximation.

e If the precision rows are dense, nodewise Lasso may not estimate I" accurately even
when g itself is sparse.

e If the noise variance is poorly estimated, the interval width in (11) is wrong even when
the center is asymptotically normal.

e If the linear model is misspecified, the target may become a projection coefficient rather
than a structural coefficient; the variance formula may also need heteroscedasticity-robust
modification.

In practice, one should examine the stability of intervals over reasonable tuning choices, the
size of estimated standard errors, the empirical correlations mJTi — ejT, and the plausibility of
sparsity for both 5 and the relevant precision rows.

Tuning and diagnostic workflow. Use prediction-tuned Lasso penalties as a starting
point, not as an automatic inferential certificate. Record a small prespecified multiplier grid
around the prediction penalty for both the outcome Lasso and the nodewise regressions. For
each target coordinate, report

TS T | m| ~
Hmj Z:_ej H007 m?x HijuQ? Vs,
along with the estimate over the tuning grid. A small approximate-inverse error with a huge
standard error is not success; nor is a stable standard error when the debiased center moves
materially across reasonable penalties.

Figure 11.6 should be read as a four-part diagnostic dashboard: inverse error, observation
influence, variance sensitivity, and tuning-path drift must all be examined before the reported
interval is trusted. The panels do not impose universal pass—fail cutoffs.

Example 11.5: End-to-end p > n analysis

The reproducibility script generates n = 120 observations and p = 180 AR(1)-correlated
features, with eight nonzero coefficients and covariate-dependent noise variance. It fits
the outcome Lasso, constructs a nodewise approximate inverse, and debiases the first 30
predeclared coordinates. Each coordinate receives a residual-sandwich interval and a two-
sided p-value; BH is then applied once at ¢ = 0.10. The complete table of estimates, interval
endpoints, adjusted p-values, approximate-inverse errors, and maximum influences is written
to generated/chapterll_p_gt_n_case.csv. In the seeded realization, six coordinates are
discovered, all six belong to the simulated nonzero support; the largest approximate-inverse
error across the 30 targets is 0.320, and the largest normalized influence is 0.309. These
diagnostics are large enough to warrant caution even though the synthetic truth lets us
verify the selected list.

The workflow is deliberately target-first: the 30 coordinates are fixed before simulation, so
BH concerns that family rather than the Lasso-selected support. Figure 11.6 is part of the
reported analysis, not an ornamental afterthought. Large inverse error, leverage, or tuning
drift would trigger a narrower target set, sample splitting, or a prediction-only conclusion
even if an adjusted p-value happened to be small.




11. LIMITS OF ADAPTIVITY 209

Approximate inverse Leverage
0.40 o L
S 0.20 °
(o}
= o o [e}
® o35 Q o o °© °
8 % ®
@ 0.15 o
(2] 2 o o ° o o
2 030 £ ® o8 @
£ ° o o 5 o
o Lot o ® % o
@ T 0% oo o 00 &
£ 025 IS o o °
2 = o © o oo O
o S) o 00 °
o € 0.05 o ®
g 6, ® 00 g ° o
S 020 % &0 o &, ®3 0o0 9, 0%
So) [¢]
000 © CA R ® o ©
0.2 0.3 0.4 0 25 50 75 100 125
nodewise penalty observation
SE stability Tuning sensitivity
\ true target
0.20
0.56
2
— @ = " - s sssssssssssssssssssssssssss===
2 o8 E
o @ 0.54
° (O]
3 3
S 0.16 a
% _OQ) 0.52
©
0.14
0.50
0.2 0.3 0.4 0.2 0.3 0.4
nodewise penalty nodewise penalty

homoskedastic ==®= robust sandwich

FIGURE 11.6. Four diagnostics from one synthetic fit with n = 120, p = 180,
AR(1) correlation p = 0.45, eight nonzero coefficients, and covariate-dependent
noise: approximate-inverse error, normalized observation influence, homoskedastic
versus robust standard errors, and target-estimate sensitivity along the nodewise
tuning path. The panels provide diagnostics, not universal pass—fail thresholds.
Series are distinguished by line type and markers as well as color.

11. Limits of Adaptivity

Route: Research frontier

The previous sections describe a positive result: under enough sparsity and design regularity,
one can obtain honest coordinatewise inference for pre-specified low-dimensional targets. There
are also fundamental limits. High-dimensional confidence intervals cannot, in general, be
simultaneously short, honest over a large sparse model, and fully adaptive to a much smaller
unknown sparsity class. Cai and Guo [32] give minimax lower bounds and adaptivity results for
confidence intervals in high-dimensional linear regression. Their results clarify why apparently
automatic confidence intervals should be interpreted carefully: extra assumptions such as stronger
sparsity, beta-min separation, known support structure, or sample splitting may be needed to
obtain the desired length and coverage together.
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Figure 11.7 contrasts the short interval available with known nuisance structure against the
extra length needed for honesty over a larger unknown sparse class; the vertical gap is the price
of adaptation, not an estimator-specific defect.

honest intervals pay for
0.75 unknown nuisance structure

0.50

schematic interval length

0.00

sparsity allowed by the model class

= = known low dimension
= Sparse nuisance estimated

honest over larger model

F1GURE 11.7. A schematic view of adaptivity limits. If the nuisance structure
were known, interval length would behave like a low-dimensional standard error.
Honest inference over larger sparse classes generally pays extra length for the
unknown nuisance structure. The figure is illustrative, not a numerical theorem.

12. Bibliographic Notes

The Lasso was introduced by Tibshirani [158]. Fixed-dimensional asymptotics for Lasso-
type estimators were developed by Knight and Fu [97]. The standard textbook reference for
Lasso theory, compatibility /restricted-eigenvalue conditions, and high-dimensional regression
foundations is Bithlmann and van de Geer [31]. Debiased and desparsified Lasso methods for high-
dimensional confidence intervals and tests were developed in Zhang and Zhang [179], Javanmard
and Montanari [90], and van de Geer et al. [162]. The nodewise Lasso construction is closely
tied to Gaussian graphical model estimation by Meinshausen and Biithlmann [121]. Dezeure
et al. [43] provide a broad account of high-dimensional inference methods and software, while
Cai and Guo [32] give minimax and adaptivity limits for high-dimensional confidence intervals.
Uniform Gaussian approximations of debiased Lasso statistics over many coordinates extend
the maximum-of-sums theory of Chernozhukov et al. [39]. The bootstrap-assisted simultaneous-
inference procedure introduced in Section 8 is from Zhang and Cheng [183], who prove its validity
for an index set whose size may grow exponentially with n and demonstrate substantial efficiency
gains over Bonferroni when the design has correlated columns.

A practically important direction not pursued in detail here is the streaming version of
debiased Lasso. In modern high-dimensional GLMs with online or batch-arriving observations,
the storage and computational demands of forming the full p X p precision-matrix surrogate
become prohibitive. Han et al. [74] show that combining stochastic gradient descent updates
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with one-pass debiasing achieves asymptotically optimal confidence-interval coverage with strictly
O(p) memory. An alternative anytime-valid approach uses confidence sequences (Chapter 8)
directly on the debiased Lasso target, replacing fixed-sample intervals with intervals that remain
valid under optional stopping.

13. Exercises

Basic.

Exercise 11.6: Soft-thresholding bias
Consider the orthonormal model with X T X/n = I,,. Show that the Lasso solution is

~ ] -
B; =sign(z;)(|z;] — N+, 25 = X y/n.

For a nonzero coordinate, compute the shrinkage bias in the regime |3;| > A. For a zero coordinate,

show that the estimator has mean zero by symmetry but has a point mass at zero and a non-Gaussian

sampling distribution. Explain why both features make ordinary Wald intervals centered at the
Lasso estimate unreliable.

Exercise 11.7: Debiasing decomposition
Starting from
b=F+MX"(y~XB)/n,
derive (7). Identify the leading stochastic term and the remainder term.

Exercise 11.8: Coordinate interval

Assume € | X ~ N(0,021,) and M is fixed given X. Derive the conditional variance of \/ﬁ@j - B;)
after ignoring the bias remainder, and obtain the confidence interval (11).

Intermediate.

Exercise 11.9: Remainder control
Prove the bound

vafe] —m]S}B - B)| < Vallm] £ — ] lloollB — Bl

Using the Lasso ¢ rate and the approximate-inverse rate, show why slogp/+/n — 0 is sufficient for
this term to be o,(1).

Exercise 11.10: Compatibility condition

Work through the proof sketch of Theorem 11.2. Make the constants explicit under the event
A > 2||X Te/nl|oo, using the normalization in (5).

Exercise 11.11: Precision rows from regressions

Let X° ~ N(0,%) and I' = X~ 1. Use the block inverse formula to prove (12). Interpret the zeros of
I';,_; in terms of conditional linear regression.
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Exercise 11.12: Projection direction

For a fixed coordinate j, derive (15). Show how the two requirements ||v;||3/n = O,(1) and
o] X_j/nlles = 0,{1/(s\/logp)} lead to an asymptotically normal projection estimator.

Computational.

Exercise 11.13: Small debiasing simulation

Simulate n = 150, p = 80 Gaussian linear models with AR(1) feature correlation. Compare empirical
coverage for three intervals for §;: an interval centered at the Lasso estimate, a debiased interval
using a nodewise residual direction, and an oracle interval using the true support. Report coverage
and average interval length as the sparsity and correlation change. As a basic sanity check, the
naive Lasso-centered intervals should undercover once shrinkage bias is non-negligible, while the
debiased intervals should move substantially closer to nominal coverage; compare the setup in
fig09_coverage_sim() in scripts/make_figures.R.

Exercise 11.14: Nodewise Lasso diagnostics

In a simulated design, compute nodewise Lasso rows for several target coordinates. For each
coordinate, report

“ra T ~ran

||Fj Y —e; loo and r; X1y

Explain how these quantities correspond to estimated bias and variance.

Exercise 11.15: JM row program

For a small high-dimensional design with p > n (so that S is singular), solve the Javanmard—
Montanari program (16) for several values of n. Compare the resulting variance mTSm and
approximation error ||mT§A3 — e;'— oo What happens as 7 is made smaller? Why does the analogous
program with p < n and 7 = 0 miss the point of the exercise?

Advanced.

Exercise 11.16: Uniform inference

Theorem 11.3 is stated for a fixed coordinate. Formulate additional conditions that would be needed
to justify simultaneous inference over a set J whose size grows with n. Which parts of the proof
need to become uniform over j € J?

Exercise 11.17: Post-selection versus coordinate targets

Construct a simple example in which the Lasso selects variable j only when its noisy estimate is
unusually large. Explain why a debiased interval for the pre-specified coefficient 5; is not the same
as a selective interval conditional on the event that j was selected.

Exercise 11.18: Adaptivity limits

For ©(s) = {8 € RP: ||B|lo < s}, with s¢9 < s1, compare a coordinate interval honest uniformly over
©(s1) with an oracle interval designed for ©(sp). Using the debiasing remainder slogp/+/n, explain
why the former generally cannot attain the latter’s length; relate this to the lower-bound message of
Cai and Guo [32].




CHAPTER 12

Selective Inference and False Coverage Rate

Classical confidence intervals are usually derived for questions fixed before the data are
inspected. Modern analyses often reverse the order. The data are collected, interesting variables
or clusters are found, and then intervals or p-values are reported for the same discoveries. This
changes both the reference distribution and sometimes the target parameter itself.

The issue is not that exploration is illegitimate. Exploration is often how scientific questions
are found. The issue is that an interval with marginal coverage for every fixed parameter need
not cover at the advertised rate after we restrict attention to the intervals that looked interesting.
Sori¢ summarized this point in the language of “interesting” confidence intervals: coverage over
all intervals does not transfer automatically to coverage over the subset selected for attention
[148].

This chapter covers two broad responses. The first controls an average error rate over selected
intervals, the false coverage rate. The second conditions on the selection event and changes
the reference law accordingly. Post-selection inference (POSI) gives a third, deliberately broad,
option: it protects against arbitrary model selection by using simultaneous intervals over all
possible selected-model targets; the full construction appears in Section 6.

1. A Selected-Interval Problem

Let 04,...,0,, be parameters and let C; be a marginal 1 — « confidence interval for 6;:
Py, € C;) > 1 —« for each fixed i.
Let S C {1,...,m} be a data-dependent selected set. The selected intervals are
{C;:ie 8}
The marginal statement above does not imply
Pg(&iEC”’L'Gg)Zl—OJ.

Selection typically favors large noisy estimates, and large noisy estimates are exactly the estimates
whose naive intervals are most likely to have missed their targets.

Figure 12.1 shows the phenomenon in the Gaussian sequence model. Draw

0, X" N(0,0.2%),  Zi|6; ~N(6;,1), i=1,...,20,

and form 90 percent marginal intervals Z; & zg.95. If we report only intervals excluding zero, the
selected intervals are biased toward extreme observations.

The same phenomenon appears in regression. If a model is chosen by Akaike information
criterion (AIC), Bayesian information criterion (BIC), stepwise search, looking at residual plots,
or using the same data to screen variables, the usual ¢-statistic from the final model is no longer

distributed as though the model had been fixed in advance. The distortion can be severe when
many candidate variables were available.

213
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FIGURE 12.1. Marginal intervals after selection. Each horizontal segment is a 90
percent marginal interval; black dots mark the true 6;’s. Selecting intervals that
exclude zero concentrates attention on noisy extremes, so selected intervals can
miss far more often than their marginal confidence level suggests. Line type and
endpoint shape reinforce the color coding for unselected intervals, selected covers,
and selected misses.

2. Targets After Selection

The first question in selective inference is: what parameter is the interval supposed to cover?

For a fixed family of parameters 64, ..., 0,,, the selected set S changes only which intervals
are reported. This is the setting of false coverage rate control. The targets remain 6;, but the
error criterion is evaluated over selected indices.

In regression, selection can change the estimand. Suppose X € R™*P is fixed and

y ~ N(p,o*1,).
For a selected model M C {1,...,p}, the selected-model target is
(17) By = (X0 X)) Xygps
assuming XAT4X u is invertible. The coordinate (e is the least-squares projection coefficient of
the fixed mean vector p onto the columns selected in M. This target differs from the full-model

coefficient in general. Chapter 11 focused on pre-specified coordinates of a high-dimensional
coefficient vector; this chapter focuses on targets created or chosen after selection.

3. Conditional Coverage and Its Limits

One natural goal is conditional coverage:

-~

(18) P9(9i60i|i63)21—04.
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This is attractive but often impossible without changing the interval or the conditioning rule.

Consider B
Yi,.o Yo R N (1)

and the usual 95 percent intervals Y; £ 1.96. Select intervals that exclude zero:
S=1{i:0¢][Y;—1.96,Y; + 1.96]}.
If 4 =0, every selected interval excludes the true value. Thus
Po(peCilieS) =0

whenever the conditioning event has positive probability. Bonferroni widening can control the
probability of at least one error, but it does not solve this conditional problem when the selection
rule is itself defined by excluding the null value.

This example is the interval analogue of conditioning on making a rejection under the global
null. Conditional error rates can become degenerate because the conditioning event may select
precisely the cases in which the nominal procedure failed.

4. False Coverage Rate

Following Benjamini and Yekutieli [21], let
Rer =S|
be the number of selected intervals, and let
Ver = [{i € S:0; ¢ Ci}
be the number of selected intervals that fail to cover. The false coverage rate is
Ver ]
RVl
This is the confidence-interval analogue of the false discovery rate. It does not promise that every
selected interval has conditional coverage (18); it controls the expected fraction of noncovering
intervals among the selected intervals.

Two simple procedures control FCR but can be conservative. If all m intervals are reported,
marginal 1 — « intervals give

(19) FCR = E [

1 m
FCR = — ;PQ(@ ¢C) <a.

If only selected intervals are reported, simultaneous coverage also suffices:
Py, € Ciforalli=1,...,m)>1—a = FCR<a.

Bonferroni intervals are an example. They protect against any selected interval failing, so they
also protect the average selected fraction. The price is width.

Figure 12.2 separates three notions visually: naive selected intervals can fail near the selection
boundary, Bonferroni protects every interval simultaneously, and the BY adjustment targets the
average noncoverage fraction among those actually reported.
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FIGURE 12.2. FCR in the Gaussian common-mean example with m = 80, a =
0.05, and 2500 Monte Carlo repetitions at each u. Intervals selected for excluding
zero can have very large FCR when the true mean is near zero. The Benjamini—
Yekutieli selected-interval adjustment controls FCR while being less conservative
than always using Bonferroni intervals.

5. The Benjamini—Yekutieli FCR Adjustment

The same paper proposes an FCR-controlling adjustment that adapts the interval width to
the number of selected parameters. Let

T=(T1...,Tn)
be statistics used by an arbitrary selection rule $=8 (T'). For each i, define
T = (Ty, . Ti1,t, Tig, - .., Tn),
and
(20) RY = min({|S(T)| : i € S(TY), t € R} U {o0}).

Thus R™ is the smallest number of selections that could occur while holding all other statistics
fixed and varying T; in a way that still selects i. The set on the right of (20) is nonempty on
the event i € S (T'), since the realized ¢ = T; is feasible there; off this event the value is co. This
makes R a function of T'_; alone for all T'_;, while the reported interval below uses it only when
1 is selected. For many monotone selection rules, R® equals the realized number Rcr, but the
definition above is the one used in the finite-sample proof.

Suppose C;(y) denotes a marginal interval with noncoverage probability at most ~:

Po{0; ¢ Ci(7)} <.
For each i € S , report

(21) C (O‘i(i)) .
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If many parameters are selected, the adjustment is mild. If only one parameter is selected, the
interval becomes Bonferroni-like.

Theorem 12.1: Benjamini—Yekutieli FCR control

Assume T1, ..., T, are independent, and assume that for each i, C;(y) is constructed from T;
and prespecified quantities only (in particular, not from 7";) and has marginal noncoverage
at most . Then the selected intervals in (21) satisfy

FCR < a.

Proof of Theorem 12.1

Let &
1{i € S, 6; ¢ C;(aRM /m)}
R Vvl '
Then FCR = S, E[A;]. On the event {i € S, R® = k}, the definition of R®) implies
Rcy > k. Therefore

A=

1{6; ¢ C;(ak/m), R® =k}

A<Z 5

Condition on the vector of all statistics except T;. The value RY is a function of T_; alone,
so it is fixed by this conditioning. The interval C;(7y) is a function of T; and prespecified
ingredients, and under the marginal coverage assumption, Pp{6; ¢ C;()} < when the law
of T; is the assumed marginal. Because the T;’s are independent, the conditional law of T;
given T_; equals its marginal law, so

Po{6; ¢ Cilak/m) | T_i} < %"’ on {RD = kY.

Hence . -
1{RY =k}ak «
E[A; | T-;] < _ = —
(A | Tmi] < kz::l k m m
Taking expectations and summing over ¢ gives FCR < a. U

As with the Benjamini-Hochberg procedure, the independence assumption can be weakened.
Benjamini and Yekutieli [21] establish the same FCR bound when the joint law of (71, ..., T},) and
the coverage events are positive regression dependent in the PRDS sense reviewed in Chapter 6;
under arbitrary dependence, replacing a by a/L,, with L,, = > 7, 1/k restores the control.

The FCR criterion is useful, but it is not a cure for every post-selection effect. It controls the
frequency of noncoverage for the stated targets. It does not necessarily correct the direction of
selection bias, the slope of empirical-Bayes shrinkage, or the fact that a regression target may
have changed after model selection. In large screening problems, intervals that control FCR can
still look visually odd because they widen symmetrically around selected estimates rather than
directly modeling regression to the mean. This is one motivation for empirical-Bayes refinements
and for target-specific selective methods.

6. POSI: Protection Against Arbitrary Selection

Route: Advanced
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False coverage rate concerns a fixed family of targets. POSI, short for post-selection inference,
addresses a different problem: after looking at the data, an analyst may choose a regression model
by an unknown or unreported procedure. Berk et al. [23] protect against this by constructing
simultaneous intervals over all selected-model targets.

Let M ={M C{1,...,p}: M # 0, X, Xy invertible} be the family of full-rank submodels.
For every M € M and j € M, let

Men = €5 (X3 Xar) 7 Xy,

where e; € RMI is the local basis vector picking out j within M, so that

Bjot = Njars¥s  Bjert = Njapsht-
Define the standardized error -
Njens (Y — 1)
ZjeM = —————.
ol[njent|l2

The POSI constant K1_4(X) is the 1 — o quantile of
ZieM|-
1 e e

Then the intervals

~

(22) B = Kica(X) olln,, il

cover all selected-model coefficients simultaneously, no matter how M was chosen. In practice
o is unknown and is replaced by an estimate ¢ independent of y (or based on a t-type pivot),
which leads to a slightly different constant Kj_,(X,n — p); the simultaneous-coverage logic is
the same.

Theorem 12.2: POSI simultaneous protection

Under the fixed-design Gaussian linear model, if K;_,(X) is chosen as above with known o,
then for every data-dependent model selection rule M = M (y),

P{B8.;7 €C,5foraljeM}>1-a,

where Cj.]\?[ is the interval in (22).

Proof of Theorem 12.2

I'he event
maxmax |Zieps| < Ki—o(X
A%je%\af|jM|_ 10‘()

implies simultaneous coverage for every model and every coordinate in that model. It
therefore implies coverage for the random subset chosen by any selection rule M (y). The
probability of the event is at least 1 — « by the definition of K;_,(X). O

Computing Kj_,(X) requires considering many model-coordinate pairs, but it can be
approximated by Monte Carlo simulation: draw y® — u® ~ N(0,02I,) for b = 1,...,B,
compute the Zjq)s for every M and j € M, record the maximum absolute value, and take its
empirical 1 — o quantile. The constant can range from roughly

V2logp to /p
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depending on the design and the selection geometry. Orthogonal designs are near the lower end;
designs and selection strategies that hunt aggressively over model spaces can approach the upper
end. POSI is attractive when the selection process is hard to formalize, but the intervals can be
much wider than intervals tailored to a specific selection event.

Figure 12.3 compares the price of different protections through their interval multipliers:
fixed-model intervals pay for no selection search, POSI pays for every allowed search, and FCR
or conditional methods occupy the middle by protecting a specified selection target.

POSI

ordinary 95% cutoff

FCR selected

lasso selective : O
split sample : g
fixed model 0
0 1 2 3 4

schematic half-width multiplier

=@= pre-specified =@= datasplit =@= fixed lambda target selected family arbitrary selection

FIGURE 12.3. A schematic comparison of interval width multipliers. Ordinary
fixed-model intervals are narrow because the target is pre-specified. POSI protects
against arbitrary selection and can be much wider. FCR and selective intervals
protect more specific selection problems and targets.

Sample splitting is a simpler alternative: use one part of the data to select questions and an
independent part to perform inference. Its validity relies on an exchangeability or independence
structure that justifies the split. Designed experiments, time series, spatial data, and clustered
observations may not allow arbitrary splitting without changing the estimand or the reference
law.

7. Polyhedral Selective Inference for the Lasso

Chapter 11 treated inference for pre-specified coordinates in a high-dimensional linear model.
Here the target is a selected-model coefficient after the Lasso has selected variables. The
procedure in Lee et al. [103] assumes that the Lasso tuning parameter X is fixed before looking
at y. Cross-validation is itself a selection procedure; treating a cross-validated A as fixed changes
the conditioning event and is not covered by the basic theorem.

Consider

y~ N(p, UQIn)v
with fixed design X. For fixed A > 0, the Lasso estimator is

~ . 1
5 € angmin {5 ly ~ X[+ Aol }.
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Let . R R

M={j:3} #0},  5=sign(B}).
The Karush-Kuhn—Tucker (KKT) conditions are

X[ (y—XB") = Asign(B)) (j € M),
and N —

X[y = XY <X (G ¢M).

For a fixed active set M and sign vector s € {£1}M! three ingredients pin down the selection
event: the active-set KKT equations expressed in ¥, the inactive-set inequalities expressed in
y, and the strict sign constraint diag(s),@]@ > 0 that ensures the active coeflicients carry the
prescribed signs. After eliminating 3A using the KKT identity, the equality and inequality parts

together can be packaged, up to Gaussian-null boundary events that have probability zero under
y ~ N(p,0%1,), as the polyhedral event

(23) (M = M,5 = s} = {Ay < b},
where A and b depend on X, A\, M, and s, but not on the unknown mean pu.

Figure 12.4 shows the two reductions used by the selective pivot: KKT inequalities restrict y
to one selected polyhedron, and conditioning on the nuisance projection reduces that region to a
line segment for the target contrast.

3

KKT regions

selected

sign pattern
1
conditioned
segment
. L4
L
L.
S 9 no active
> _ + variables
. L4
. L
L
. L
. L4
o L
1 e
. L4
L
.
. L
. another
polyhedron
-2
-3
-3 2 1 0 1 2 3

Y1

FIGURE 12.4. A schematic lasso selection partition in the response space. For
a fixed active set and sign vector, the KKT conditions define a polyhedron
{Ay < b}. Conditioning further on the nuisance projection restricts inference
to the highlighted solid line segment inside the selected polyhedron; the dashed
continuation lies outside that selection event.

Fix a selected model M, a selected coordinate j € M, and the contrast

n' = e; (X0 Xu) "' X,
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where, throughout this section, e; € RM| denotes the local basis vector picking out the position
of j within M, not the global basis vector in RP. The selected-model target is
T
n p= Bjem-
Without selection, 1"y is normal with mean 7'y and variance o?||n||3. After selection, we
condition on {Ay < b}. To obtain a one-dimensional pivot, also condition on the nuisance

projection
T
m
P.y=\1I,—-——=5 |y
7 (" Hnl!%)

Because y is Gaussian, n'y is independent of this orthogonal projection.

Let z = P, 1y be the observed nuisance component. Along the line
y=z+—ot,  t=n'y,
Inll2

the polyhedral constraint Ay < b becomes an interval constraint
te [V (2),VT(2)]
Explicitly, for each row az of A,
T agn
af z + 721; S b[,
12

which gives an upper bound on ¢ when a}n > 0, a lower bound when aZn < 0, and a feasibility
check a;—z < by when aZn = 0. Intersecting,

Inl13(be — a] 2) 1n]13(be — a] 2)

V7 (2) = max VT(z) = min
() t:al n<0 a;n ’ (2) t:al n>0 ajn ’
with V7 (2) = —oco and V' (z) = 400 when the corresponding index sets are empty.

Theorem 12.3: Truncated-normal selective pivot

Under the fixed-A Gaussian lasso setting, condition on {M = M,5 = s} and on Py==z
Then

0"y~ TN (07, a2|lnll3, [V=(2), V¥ (2)]),
where TN denotes a normal distribution truncated to the displayed interval. Therefore, if
2

Fv~ v+

is the CDF of N (v, 72) truncated to [V —, V], then

T o212 _
F[7\7/—M(7z)7‘1|/ni|?z)](77—|—y) ~ Unif(0, 1)

under the conditional law.

Proof of Theorem 12.3

Decompose y into the scalar component ¢t = n' y and the nuisance component z = By
My

y=z+ 5
In1l3
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For a Gaussian vector with covariance o1, the scalar "y is independent of P, 1y, with
marginal distribution
'y ~ N, o?||n]3)-

After conditioning on P,1y = z, the only remaining randomness is therefore the one-
dimensional variable t. The selection event { Ay < b}, restricted to the line above, is exactly
the interval constraint ¢ € [V~ (z), V*(z)], because each row of A contributes one linear
upper bound, lower bound, or feasibility check. Conditioning a normal random variable on
belonging to that interval gives the stated truncated normal law. Applying its conditional
CDF to the observed value is uniform by the probability integral transform for the truncated
distribution. O

Inverting the pivot gives a selective confidence interval for ' u:
_J. .« v,o[Inll3 T o
Cj= {V ) < F[V*(z),\%“r(z)](n y) <1- 2}'

This interval targets the selected-model coefficient [3j477, conditional on the model and sign
pattern selected by the fixed-A Lasso. It is often shorter than POSI because the selection rule
is much more specific. The cost is that the analyst must commit to the selection rule, and the
computation can become unstable when the conditioning polyhedron is narrow.

8. Selective Inference for Clustering

Route: Advanced

Selection can also create groups. Suppose observations
WZ'NN(,UZ',UQId), i=1,...,n,

are clustered by an algorithm C. After seeing the data, we may choose two clusters CA'l, C, € C(W)
and test
HO,@,@ : ,U,é\l = 'uag
A naive Wald test treats the clusters as fixed. But under a global null, clustering will still tend
to separate observations into groups with different sample means. The selected clusters are not
fixed labels; they were produced by the same noise used for testing.
For fixed disjoint sets C, Co, define

H{ieCi} 1{ie Cy}

v;(C1,C2) =

|C1| |Cs
Then - -
We, — We, = W To(Ch, Cy).
Let T
pt—p, -2 _
v 3

Under the null, the norm of the mean difference, its direction, and the orthogonal nuisance
projection can be separated using Gaussian independence. The selective clustering p-value
conditions on enough information to make the remaining one-dimensional law tractable:

DPsel = ]P)HO{D(W) > D<w) ‘ Esel(Waw)}a
where D(W) = ||[We, — Wey, |2, and Egq (W, w) is the event that Cy,Co € C(W), PrW = Pjlw,

and B B
dil‘(WCl — WCQ) = dil“(?f)cl — @02).



8. SELECTIVE INFERENCE FOR CLUSTERING 223

After conditioning on the nuisance projection and the observed direction, the data vary along a
scalar separation parameter dsep. The event that C7,Cy appear in the clustering becomes

dsep € S(w, C1, Ca),
a data-dependent truncation set. Thus the selective p-value can be written as
P{dsep > Osep,obss Osep € S(w, C1,C2)}
P{5scp S S(W,Cl,CQ)} ’

where, under the global null p; = --- = u, (the pairwise null i, = jic, alone leaves residual
mean structure in the nuisance projection),

Ssep ~ o/ IC1] =1 + |Cal L xa,

and xg denotes the chi distribution with d degrees of freedom, that is, the law of the Euclidean
norm of a standard N (0, I;) vector. This is the clustering analogue of the lasso truncated-normal
pivot: condition on the selection event and nuisance information until the remaining statistic has
a truncated, computable reference distribution.

Figure 12.5 highlights why an ordinary between-cluster test is invalid: the same separation
that defines the test statistic helped create the clusters, so the reference law must be truncated
to separations that reproduce the selected partition.

(24)

2 0.6
[ ]
.. o
° L °
0.5
1 e ° o
X o°
o0 [ ] ° observed separation
(] ° [ ] [ ] (selected component)
4
s o ©® & o ® 0
® o 2
2
83 Sos
‘ X 2
0.2 condition on clustering:
retain selected dep values
-2
0.1
-3
0.0
-1 0 1 2 0 1 2 3 4 5 6
X4 dsep = Cluster mean separation

FI1GURE 12.5. Selective inference for clustering. Even under a null model, cluster-
ing creates separated groups. Conditional inference varies the cluster separation
dsep along a line determined by the observed nuisance information and evaluates
the null law truncated to values that reproduce the selected clustering event. In
the schematic right panel, that selected support has two disconnected components,
and the observed separation lies in the right component.

The practical computation may require Monte Carlo sampling over dsp, and rerunning the
clustering algorithm to determine whether dgep, € S(w,C,C2). The same principle applies to
hierarchical clustering [62] and k-means [38], although the selection events differ by algorithm.
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9. Data Thinning and Data Fission

Route: Advanced

Sample splitting is the simplest reusable device for selective inference: split the data into a
discovery half and an inference half, choose a target on the discovery half, and conduct standard
inference on the inference half. The construction is elegant, finite-sample valid, and immune
to the polyhedral-conditioning bookkeeping of Section 7. It also has a fundamental limitation.
When the inferential target is the latent structure of the data — clusters, principal components,
change-points, or any structure jointly identified across observations — splitting observations into
two halves changes the target. The clusters estimated on the training half may not map cleanly
to the inference half, and the parameter we wished to test (“the mean of cluster 1 estimated by
k-means on the full data”) is not the same as the parameter we can test (“the mean of cluster 1
estimated by k-means on the training half”).

Data thinning and data fission address this limitation by splitting within each observation
rather than across observations.

Data thinning for convolution-closed distributions. Neufeld et al. [124] introduce data
thinning for distributions closed under convolution. Suppose X has a distribution in a parametric
family {Pp : 0 € ©} such that the convolution of two members of the family is again in the family.
FExamples include Gaussian, Poisson, negative binomial, and gamma families. Thinning chooses
a parameter € € (0,1) and constructs two independent variables (X1, X)) by

XD~ Py, XD~ Py ge X=X 4 X,

Because the family is convolution-closed and the parameter is additive, the sum X W4+ x®
reproduces the distribution of X. More importantly, XV and X? are independent.

Theorem 12.4: Independence of thinned components

Let X ~ Py belong to a convolution-closed family with additive parameter 6: that is, if
Y1 ~ Py, and Yy ~ Py, are independent then Y] + Y2 ~ Py, +4,. Fix € € (0,1). Then there is
a distributional split with (X, X®) with X L x@ x® 4 x@ £ x X1 ~ Py, and
X@ ~ Pi_¢)p- An implementable thinning mechanism from an observed X is obtained by
sampling from the conditional law of (Y7,Y3) given Y7 4+ Yo = X when that conditional law
is known and does not involve unknown nuisance parameters, or when those parameters are
known.

Proof of Theorem 12.4

For the abstract split, draw Y; ~ Py and Y2 ~ F;_.)y independently. Convolution closure
gives Y7 + Yo ~ Py, so the sum has the same distribution as X. If the conditional law
of (Y1,Y2) given Y; + Y2 = z is available and parameter-free (or has known parameters),
then sampling from that conditional law after observing X = x reconstructs the same joint
distribution as (Y7,Y2) conditional on its sum. Averaging over X ~ Py therefore gives
unconditional marginals Py and P(1_.)g, and the components are independent because the
reconstructed joint law is the original product law.

The cleanest concrete case is Poisson, where the conditional law is the classical binomial
split. Let X ~ Poisson(\) and, conditional on X = k, draw X! ~ Binomial(k, €) and set
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X@ = X — XM The joint mass function factorizes:
MR (54 kY (eX)? (1= e)N)F
M x@) — )= oA J ok —ex o —(1—e)A
P(XYW =4, XY =k)=e (j+k)!( j d(l—¢ef=c¢e i e —
—_———
XW~Pois(er) X ~Pois((1-€)X)

Independence and the two marginal distributions fall out of this single algebraic identity.
Convolution closure of the Poisson family gives X(1) + X(2) ~ Poisson()), so the sum has
the same distribution as X.

The same recipe works whenever the conditional split law given the sum is available in a form
that can be sampled without estimating the target from the same data. For Gaussian data,
the analogous independent views are usually treated as data fission via external Gaussian
noise when the variance is known; negative binomial thinning uses a beta-binomial split; the
abstract split is the conditional law of the sum Y; + Yo = X for hypothetical independent
draws Y1 ~ Py, Y2 ~ P1_¢)p. The detailed verification and the parameter conditions for
common families are in Neufeld et al. [124]. O

The operational consequence is that we can perform any data-driven step (clustering, PCA,
change-point detection, feature selection) on X (1) and then conduct ezact inference on X (),
because X @ is independent of the choices made from X (). The two matrices have the same
dimension as the original data, so latent structures identified on XV map directly to X@.

Example 12.5: Single-cell clustering

Let X;; be the read count of gene j in cell 7, modeled as Poisson with mean p;;. Compute the

thinned counts Xi(jl) ~ Poisson(efi;) by sampling Xi(jl) | Xij ~ Binomial(Xj;, €) and setting

Xi(]?) = X;j — Xi(jl). By Theorem 12.4 the matrices X() and X are independent. Cluster
the cells using X(*) — for instance, by Louvain on the cosine-similarity graph of normalized
XM — to obtain a partition ¢ = (C4, ..., ég). Now test, on X, the hypothesis that
two estimated clusters C, and 5’5 share the same per-gene Poisson mean. Because Cisa
function of X alone and X @ is independent of XV the conditional distribution of any
test statistic computed from X2 given C is the unconditional distribution under the null,
and the resulting two-sample Poisson test has nominal type I error.

Remark 12.6: Why sample splitting fails here

A natural alternative is to split cells into two halves, cluster on one half, and test on the
other. But the clusters identified on the training half are defined by the cells in that half;
they may not exist as identifiable structures on the test half, and any rule for projecting
them onto the test half (e.g., assign each test cell to the nearest training centroid) introduces
a selection event in the projection that data thinning sidesteps by keeping all observations
in both X and X,

Dharamshi et al. [44] extend the construction to a broader class of distributions by replacing
the additive parameter requirement with a sufficient-statistic decomposition. This generalization
covers uniform, beta, and Wishart distributions and recovers the original thinning construction
for natural exponential families.
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Data fission. Leiner et al. [109] propose a closely related but more permissive framework
called data fission. Rather than requiring an exact convolution decomposition, data fission
decomposes a single observation into two parts (f(X), g(X)) such that either (i) f(X) and g(X)
are independent with known distributions, or (ii) the conditional distribution of g(X) given f(X)
is known in closed form. The second condition weakens the independence requirement of data
thinning, in exchange for a mandatory “debiasing” step that uses the conditional distribution to
compute the test statistic on the inference part.

Example 12.7: Gaussian fission

Let X ~ N(u,72) with 72 known. Generate an external Z ~ N(0,02) independent of X

and define )

fX)=X+2, gX)=X-5Z
We claim f(X) L g(X) and compute their marginals.

Proof of the claim in Example 12.7

The pair (f(X), g(X)) is a linear transformation of the jointly Gaussian pair (X, Z), hence
jointly Gaussian. Independence then reduces to zero covariance:

Cov(F(X). (X)) = Cov(X + Z, X — 72Z/o%) = Var(X) = T3 Vax(2) = 72 = 2 =0

For the marginals, f(X) = X + Z has mean p and variance 72 + o2; similarly,
4 4
Elg(X)] =u,  Var(g(X)) = Var(X) + % Var(Z) = 72 + %

Selecting hypotheses based on f(X) and conducting inference on g(X) is valid because any
function of f(X) is independent of g(X). O

The Gaussian construction illustrates the central trade-off: as o? — oo, f(X) becomes very
noisy (less informative for selection) while g(X') approaches X (more informative for inference);
as 02 — 0, the reverse. Choosing 02 = 72 makes f and ¢ symmetric: both views have variance
272, so they are equally informative after the noise injection. The general data fission framework
generalizes the Gaussian construction by replacing the 72/0? coefficient with the appropriate
analogue from the known conditional distribution of g(X) given f(X); for example, when X is
Poisson, the role of o2 is played by the expected-information ratio between the two components.

Remark 12.8

Data thinning and data fission both retain the full sample size for inference, unlike sample
splitting. The cost is a noise inflation: each component carries only a fraction of the original
signal. In practice the inflation is modest for moderate €, and the gain in target stability
(latent clusters and structures identified on X 1) apply unchanged to X (2)) is decisive in
unsupervised settings.

The relationship to the polyhedral and clustering selective inference of the earlier sections
is illuminating. Polyhedral selective inference computes the conditional distribution of a pivot
given the selection event, which can be combinatorially intricate. Data thinning bypasses
the combinatorics by constructing an independent “fresh” dataset for inference, at the cost
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of distributional assumptions on the data-generating process. Each approach has its place:
polyhedral SI is distribution-free in the design matrix and gives exact pivots for fixed-A Lasso
under Gaussian noise; data thinning is parametric in the data distribution but applies to arbitrary
selection rules.

10. Selective Inference Beyond Fixed-\A Models

Route: Research frontier

Polyhedral selective inference for the Lasso, as developed in Section 7, conditions on a
particular fixed A and a particular selected active set and sign pattern. In practice, A is rarely
fixed: it is chosen by cross-validation, selected by an information criterion, or chosen adaptively
from the data. The selection rule, once it includes the tuning step, is no longer a single polyhedral
event, and the truncated-normal pivot of Section 7 does not apply.

Cross-validated Lasso. The selective-CV construction of Loftus and Taylor [117] represents
squared-error foldwise validation criteria as quadratic forms in the data. Comparing candidate
tuning parameters therefore introduces quadratic inequalities. These are combined with the linear
or quadratic constraints that describe the training procedure’s fitted-model path. Conditioning on
the CV-selected A, active set, and signs consequently gives a quadratically constrained selection
region, not the single polyhedron that arises for a fixed-A Lasso fit. This difference explains both
the additional bookkeeping and the harder computation: the reference law must be evaluated over
the resulting quadratic region, often by specialized sampling or randomized selective-inference
methods.

Randomized selective inference and data carving. A different approach is to add
small randomization to the selection rule itself. Fithian et al. [58] show that adding independent
noise to the selection step produces a smoother conditional distribution and tighter selective
intervals. When the randomization is small relative to the information content, the selective pivot
approaches the unconditional pivot in width, and “data carving” — using both the discovery
half and a small fraction of the inference half — recovers most of the lost power.

Selective inference for non-linear models. Taylor and Tibshirani [157] extend selective
inference to #1-penalized likelihood models such as logistic and Poisson regression. The polyhedral
characterization no longer applies exactly, but a local quadratic approximation around the selected
solution yields an asymptotically valid selective pivot.

Selective inference for change-points and graph saliency. Recent extensions apply
selective inference principles to selection events that are not polyhedral at all. Shiraishi et al.
[144] develop selective inference for change-point detection by recurrent neural networks: the
selection event is the non-linear, temporally constrained sequence of states visited by the RNN,
and the conditional distribution under the null is characterized by a sampling scheme. Nishino
et al. [125] apply selective inference to saliency maps of graph neural networks: the selected nodes
and edges are those flagged by a GNN explainability method, and the conditional distribution
under the null accounts for the spatial dependence in the underlying graph. In both cases, the
selective pivot is computed by simulating the algorithmic selection process under the null and
using the empirical distribution as the reference law.

These extensions all share a common structure: identify the selection event, characterize
the conditional distribution of the test statistic given that event, and invert. The polyhedral
case of Section 7 is the cleanest instance; the algorithmic cases of change-point and graph
saliency analysis are the most complex. Data thinning, by contrast, sidesteps conditioning
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entirely: it constructs an independent dataset on which any selection rule can be applied without
post-selection adjustment.

11. Assumptions in Plain Language

Assumption diagnostic

Checkable Replay the complete selection map, verify linear/quadratic
constraints, and inspect truncation widths and Monte Carlo
error.

Not identified from Unrecorded analyst choices and the scientific relevance of a

these data selected-model target cannot be recovered after selection.

Sensitivity analysis Compare conditional, POSI, FCR, randomized, and split-

sample intervals.
Conservative fallback  Use sample splitting or simultaneous POSI-style protection.

Selective inference is target-specific. A valid interval must name the target and the selection
rule. FCR controls an average over selected intervals, not conditional coverage for every selected
interval. POSI protects against arbitrary model selection by paying a simultaneous-inference
price. Lasso polyhedral inference is sharper because it conditions on a particular, fixed- selection
rule. Clustering selective inference is valid for the clusters generated by the specified clustering
algorithm and conditioning scheme.

The most common mistake is to combine a data-adaptive workflow with a reference law
derived for a fixed workflow. If the selection rule is changed, the selective distribution changes as
well.

12. Failure Modes and Diagnostics

e FCR intervals may cover the stated fixed targets on average while failing to represent
regression-to-the-mean effects in a scientifically useful way.

e POSI intervals may be too wide to answer the practical question if the selection process
was actually much more restricted than arbitrary search.

e Lasso selective intervals require the selection event to be explicit. Cross-validation,
screening before the Lasso, or tuning by visual inspection adds selection layers that
must be included or justified separately.

e Conditioning on very rare selection events can produce unstable truncated-law calcula-
tions and very wide intervals.

e Clustering selective inference depends on the exact clustering algorithm, distance,
number of clusters, and any preprocessing used before clustering.

Useful diagnostics include reporting the selection rule in enough detail to be replicated,
identifying whether the target is fixed or selected-model, checking the number of selected intervals
Rcr1, and reporting when conditioning events are rare enough to make selective intervals unstable.
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14. Exercises

Basic.

Exercise 12.9: Selected marginal intervals
Let Z; ~ N(6;,1) independently and let
Ci=2Zi*+21_q)-

Select & = {i : 0 ¢ C;}. Show that if 6; = 0, then a selected interval for i never covers 6;.

Exercise 12.10: FCR definition

For selected intervals Cj;, 1 € §, define Rci, Vor, and FCR. Letting FWERcr = P(Ver > 1) be the
probability that at least one selected interval fails to cover, show that FCR < FWER(.

Exercise 12.11: No-selection case

Suppose all m intervals are reported and each has marginal noncoverage at most a. Show directly
from (19) that FCR < «, without assuming independence.

Intermediate.

Exercise 12.12: The R construction

Let S = {i : |T;| > c}. For a selected i, compute R® in (20). Then repeat the calculation when &
consists of the indices of the k largest |T;|’s.
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Exercise 12.13: FCR proof

Fill in the conditioning step in Theorem 12.1. Where is independence of the T;’s used? Construct a
short explanation of why the same proof does not automatically apply under arbitrary dependence.

Exercise 12.14: POSI target

For a fixed design with three predictors, write the selected-model target 3;eas for each two-variable
model M. Give an example in which 3,4 differs from the coefficient of j in the full three-variable
model.

Exercise 12.15: KKT polyhedron

Consider the Lasso with fixed A, two predictors, and selected active set M = {1} with positive sign.
Write the KKT conditions and express them as linear inequalities in y, treating X as fixed.

Computational.

Exercise 12.16: Selected-interval simulation

Reproduce the common-mean simulation in Figure 12.2. Compare the FCR of unadjusted selected
intervals, Bonferroni intervals, and the Benjamini—Yekutieli selected-interval adjustment as m
changes. A successful reproduction should show the unadjusted selected intervals exceeding the
target FCR, with Bonferroni conservative and the Benjamini—Yekutieli adjustment closer to the
target; see figlO_fcr_intervals() in scripts/make_figures.R.

Exercise 12.17: POSI constants by simulation
For a small fixed design with p = 5, enumerate all nonempty models M and simulate the POSI
statistic
max max | Z;en|.
M jeM
Estimate its 95 percent quantile and compare it with the Bonferroni cutoff and the ordinary 1.96
cutoff.

Exercise 12.18: Truncated-normal pivot

Simulate y ~ N(u, I,,) and a simple polyhedral event Ay < b. For a chosen contrast 1, compute
V~(z) and V' (2) after conditioning on P,1y = z. Check by simulation that the truncated-normal
CDF pivot is approximately uniform conditional on the event.

Advanced.

Exercise 12.19: Clustering truncation set

Let W = (W7, Wa, W3) ~ N(u,0%13) and let the clustering rule be the fixed threshold split
Cy(W) ={i: W; <0}, Co(W) ={i: W,; > 0}.

For the observed vector w = (—1.0,—0.4,0.8), the selected clusters are C; = {1,2} and Cy = {3}.

Let
Vi = 1{2 & Cl}/|Cl| — 1{2 & 02}/|02|

Condition on P;-W = P;tw, and parametrize the remaining line by W (8sep) = Pirw + Ssepv /|03
Derive the interval of dgep, values for which the threshold split still returns C; = {1,2} and Cy = {3}.
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Compare the naive Gaussian p-value for v W with the selective p-value obtained from the normal
law truncated to this interval.

Exercise 12.20: Choosing the criterion

Give a data-analysis scenario where FCR control is the appropriate goal, one where POSI is more
defensible, and one where a fully conditional selective interval is necessary. For each case, state the
target parameter precisely.

Exercise 12.21: Poisson thinning
Let X ~ Poisson()\) and, conditional on X, draw X ~ Binomial(X,¢); set X = X — X1,
Show that X and X are independent and marginally Poisson with rates e\ and (1—e)
For a type-I-error simulation, generate n independent cells and p independent genes under the global
null

Xi; ~ Poisson(A;), i=1,....,n, j=1,...,p,
with fixed positive A;’s. Thin every entry independently, cluster the cells into two nonempty groups
using only X (M), and select one gene jo before running the simulation. On X ()| test equality of the
two cluster means for gene jy by conditioning the two group totals on their sum; under the null
the first total is binomial with success probability equal to the first cluster’s share of the n cells.
Repeat the complete workflow and verify that the resulting exact conditional two-sided p-value
has rejection probability at most the nominal level. Explain why independence of X(*) and X ()
and prespecification of jg are relevant, and why a non-randomized exact test may be conservative
because of discreteness. Optionally randomize at the boundary to target exact size.

Exercise 12.22: CV-selected lambda as a compound selection event

For Lasso regression with cross-validation choosing A from a finite grid A = {\1,..., Ak}, explain
why the event “CV selects A\;” is not a single fixed-A Lasso polyhedron. After conditioning on the
active sets and signs along the foldwise Lasso paths, describe how the event is represented as a
union of many selection regions. How does the number of pieces grow with K and the possible
foldwise active sets? Discuss why importance sampling or randomization is typically needed to
compute the corresponding selective pivot.



CHAPTER 13

Applications and Research Frontiers

Route: Research frontier

Rapidly evolving and preprint-based material in this chapter is current as of August 2026.

The methods in this book were developed for statistical inference, not for a single scientific
area. They become most useful when an application has three features at the same time:
many questions, strong dependence, and a sharp distinction between a calibrated claim and an
attractive story. Genomics is the classical example. A single experiment may measure expression
levels for thousands of genes or test millions of variants. Large language models (LLMs) give
a new example. A model may be evaluated on many benchmarks, audited for watermarks or
contamination, and asked to make factual claims whose reliability must be calibrated.

The two domains look different on the surface. The statistical grammar is the same. We need
to define the null hypothesis carefully, choose the family of claims before inspecting the most
interesting cases, account for dependence, and report a statement whose error rate is the one we
actually want. This chapter is therefore a capstone rather than a collection of unrelated case
studies. Genomics shows how FDR, local FDR, knockoffs, and high-dimensional regression work
in a mature scientific workflow. LLM applications show how exchangeability, p-values, multiple
testing, and conformal prediction reappear in modern model evaluation and safety auditing.

1. A Shared Workflow

Figure 13.1 shows a stylized genomic discovery pipeline. The important point is not the
biology in the boxes; it is the placement of inference after preprocessing and before scientific
follow-up. Quality control and normalization are allowed to use scientific knowledge, but the
error rate should be attached to a family of hypotheses that has been defined before individual
discoveries are interpreted.

01 INPUTS 02 PREPARE 03 TEST 04 ADJUST 05 VALIDATE

Raw assays QC and Test statistics FDR, g-values, Replication
and covariates — normalization —* and p-values —®| and local FDR |[—" and follow-up

record the study remove artifacts; define the test control the false confirm selected
design fix the scale family discovery rate scientific claims

FI1GURE 13.1. A genomic discovery pipeline. Multiplicity control follows quality
control and test-family definition; selected findings then require replication or
biological validation.

232



3. DEPENDENCE, LINKAGE DISEQUILIBRIUM (LD), AND STRUCTURED DISCOVERIES 233

An LLM evaluation pipeline has the same structure. Raw model outputs are converted into
scores, the scores are compared across many tasks or prompts, and the analyst must decide
whether a reported improvement, watermark signal, or contamination signal is strong enough to
survive the relevant multiplicity. The rest of the chapter uses this analogy repeatedly.

2. Genomic Screening

Suppose m genes or variants are tested. For each feature i there is a null hypothesis Hy;, a
test statistic Z;, and a p-value p;. In a differential-expression study, Hp; might state that gene ¢
has the same mean expression in two conditions. In a genome-wide association study (GWAS),
Hy; might state that a variant has no marginal association with a phenotype after adjustment
for pre-specified covariates.

The first temptation is to sort the p-values and report the smallest ones. That is not
an inferential procedure. If m = 20,000, then even perfectly null data will produce many
small-looking p-values. The question is not whether the best gene looks interesting; it is how
many false discoveries are expected among the genes declared interesting. This is why the
Benjamini-Hochberg procedure became central in genomics [19, 49].

For a target FDR level ¢, BH rejects

~ qk
Ho(l),...,Ho(/k\)7 k:max{kp(k)<m},

where p(1) < -+ < p(y,). The selected set R is a discovery list, not a list of guaranteed truths:

V
FDR—E{R\/J <gq
under the assumptions of the procedure. This average statement is often more scientifically
useful than familywise error control, because the goal is to produce a stable set of candidates for
follow-up rather than to certify that no false positive exists anywhere.

Storey’s g-value and Efron’s local FDR refine this view [52, 53, 149]. A Storey g-value Q;
can be read as the smallest FDR level at which feature ¢ would enter the discovery set. The local
FDR, defined under a two-groups empirical-Bayes model in which each feature is null with prior
probability mp and nonnull with probability 1 — mg, is

Ifdr(z) = P(Hy; is true | Z; = z)

and can be read as a posterior null probability under that mixture model. BH, g-values, and
local FDR answer related but distinct questions. BH controls an error rate over a selected set;
Q; records where a feature enters such a set; lfdr(z) summarizes feature-level evidence under a
model for the mixture of null and nonnull effects.

3. Dependence, Linkage Disequilibrium (LD), and Structured Discoveries

Genomic p-values are rarely independent. Nearby variants are correlated by linkage dise-
quilibrium (LD), expression measurements share batch and pathway effects, and sample-level
covariates can create broad shifts across many features. Dependence does not merely change a
proof condition. It changes the shape of the evidence. A region with many correlated variants
may produce many small p-values even when there is one underlying signal.

Several responses are possible.
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e If the dependence is positive and satisfies the PRDS-type conditions from Chapter 6,
BH remains valid.

e If the analyst wants protection under arbitrary dependence, the Benjamini—Yekutieli
correction is valid but can be conservative.

o If the goal is to identify regions or pathways, the hypotheses should be defined at the
region or pathway level rather than pretending that every correlated variant is a separate
biological discovery.

o If the target is conditional variable importance, knockoffs or conditional randomization
tests (CRTs), as developed in Chapter 9, are more appropriate than marginal p-values.

The last point is particularly important in genetics. Let
X e R™P

be a genotype or feature matrix and let y be a phenotype. A marginal test of X; asks whether
X is associated with y. A conditional null asks whether

Y LX;| X,

These are different null hypotheses when features are correlated. Concretely, suppose variant X
is in tight linkage disequilibrium with a causal variant Xj: X carries no independent biological
signal once X}, is conditioned on, yet a marginal test of X; versus y will reject because of the
correlation. The conditional null Y L X; | X_; is the one a model-X knockoff procedure targets,
and X is null under that null even though it is highly significant marginally. Model-X knockoffs
construct artificial variables X ; that act as negative controls for the original variables X;. Feature
statistics WW; are built so that large positive values favor the original variable, large negative
values favor its knockoff, and null signs are symmetric. The knockoff threshold estimates how
many false positives are entering the selected set [8, 36].

Figure 13.2 separates two consequences of genomic dependence. The upper heatmap displays
blocks of correlated variants created by LD, explaining why several marginal associations can
reflect one underlying signal. The lower panel switches to the conditional target: knockoff
contrasts W; compare each original feature with its negative control, and the marked threshold
turns those contrasts into an FDR~controlled discovery set.

Debiased Lasso intervals from Chapter 11 can be used for pre-specified variants or low-
dimensional contrasts. Knockoffs are more natural when the primary objective is discovery
among many correlated features. Selective-inference ideas from Chapter 12 enter after a set of
genes or variants has already been selected and the analyst wants intervals for selected targets.
The methods are complementary because they attach error control to different inferential targets.
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F1cURE 13.2. A schematic GWAS dependence problem. The heatmap displays
an LD-like correlation structure among variants, with the color bar reporting LD
correlation. The lower panel shows knockoff feature statistics W, where large
positive values indicate evidence for conditional importance and the threshold is
chosen to control FDR.

4. Benchmark Multiplicity for Language Models

Large language models are usually compared across many tasks, datasets, metrics, prompts,
and decoding settings. Let A, denote the performance difference between a model and a baseline
on task b, or between two models a and a’ on task b. Each comparison may have a standard error
from paired examples, bootstrap resampling, or a binomial model for success/failure outcomes.
If many comparisons are inspected, then the largest improvements will be noisy in the same way
that the smallest genomic p-values are noisy.

What is random? The inferential unit must be named before a standard error is computed.

TABLE 13.1. Sources of randomness in benchmark evaluation.
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Random unit Natural estimand Resampling or variance unit

None: fixed finite cen- Average performance on these exact No population sampling error; report the

sus items and runs finite-census result.

Sampled Expected performance on future Resample or cluster by item.

prompts/items items represented by the benchmark

Decoding seeds Expected stochastic-decoding perfor- Repeat and resample seeds within item;
mance on fixed items retain item pairing.

Annotators or judges Mean score under a specified anno- Cluster repeated labels and model
tator/judge population judge/item effects.

Independent training Expected performance of the train- The training run is the outer replicate;

runs ing algorithm item-level repeats do not replace it.

Only a population-of-future-items target automatically licenses item resampling as population
inference. “Average performance on this fixed benchmark” is a valid but different finite-census
claim.

Example 13.1: Worked benchmark evaluation: 30 predeclared comparisons

The reproducible synthetic case in Figure 13.3 compares five candidate models with a
common baseline on six tasks. Each task contains paired items, and each item is evaluated
under three nested decoding seeds. For model a, task b, item 4, and seed r, let dup;- be the
candidate-minus-baseline outcome and first average over seeds, dgp; = 37 > dabir- The
task effect is the mean of Jabi, and its standard error clusters at the item level. The 30
one-sided nulls Hyp, : E(dgpir) < 0 are declared before the simulation and BH is applied once
at ¢ = 0.10. Circles mark the resulting discoveries, and every cell prints its paired effect, so
the plot remains readable without color. In the seeded realization BH discovers 23 of the 30
predeclared cells; the full effect, standard-error, raw-p-value, and adjusted-p-value table is
written to generated/chapter13_benchmark_case.csv.

Two interpretations are reported. If the items are a random sample, the intervals and tests
concern future items from the represented task population. If the benchmark is a fixed finite
census, the same point estimates describe only those items; item clustering is then a stability
analysis, not automatic population inference. The random seed and full data-generating
specification are recorded in the reproducibility bundle.

There is no universal error rate for leaderboards. If the scientific claim is “model A improves
this one pre-specified metric,” then an ordinary paired test or confidence interval may be
appropriate. If the claim is “model A improves many tasks,” the family is the collection of
task-level tests. If the claim is “we found the best model among many models and tasks,” the
selection process must be included in the uncertainty statement. The same distinction appeared
in Chapters 4 and 12: the reported claim determines the family.

Dependence is substantial. Benchmark examples overlap in topic and difficulty; models
share pretraining data and architectures; metrics can be correlated within a task. This does
not make inference impossible, but it discourages naive independence calculations. Paired
designs, bootstrap procedures that resample examples rather than cells, hierarchical testing plans,
and FDR-controlling procedures are often more defensible than a table of unadjusted p-values.
Hierarchical FDR procedures from Chapter 7 are a natural fit when benchmarks are nested
inside capability domains. Al governance documents such as National Institute of Standards
and Technology [123] and benchmark-design work such as Liang et al. [114] provide the policy
framing for how these multiplicity-adjusted reports should be presented to decision makers.
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F1cUrE 13.3. Benchmark multiplicity for model evaluation. Each cell is a model-
by-task comparison, and circled cells are discoveries after a BH-style adjustment.
Reporting only the best cells without multiplicity control overstates the strength
of evidence. Labels and discovery outlines switch to white on the darkest cells to
preserve contrast.

5. LLM-as-a-Judge and Latent Entanglement

Route: Research frontier

A particularly subtle multiplicity problem arises when language models are themselves used
to evaluate the outputs of other language models. The LLM-as-a-Judge paradigm has become
standard for evaluating tasks where ground-truth answers are expensive or impossible to collect:
ask a strong LLM to score the output of a candidate model, treat the score as a measurement,
and average across many examples.

Dependence of a useful judge on the candidate output is expected; independence from the
output is not the relevant validity criterion. The statistical questions are calibration to a latent
target, systematic bias, shared item effects, and dependence among judge errors. One simple
measurement model is

(25) Jirk = Lir + b, + wir, + €iric,

Here L;, is latent answer quality for item ¢ and response r, by is judge k’s average bias, and u;,
is an item-by-judge effect. A family-favoritism extension adds ¢, ¢(,y, where f(r) records the
candidate model family. Shared pretraining data, tokenizers, distillation pipelines, and alignment
can make both u;; and the remaining errors correlated across judges.

Mavrogiannis et al. [120] formalize this as a problem of behavioral entanglement: ensembles of
judges that look superficially independent share correlated error modes that produce confabulation
consensus — apparent agreement that reflects shared bias rather than independent validation.
Statistically, an analysis that omits these terms can understate uncertainty and, more importantly,
estimate the wrong quality contrast because of systematic judge bias. Sun et al. [153] propose
multi-agent reasoning-tree auditing as an alternative to flat majority voting, demonstrating that
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conventional LLM-as-Judge ensembles can be Pareto-dominated by procedures that account for
reasoning-trace correlations.

For our purposes the import is methodological: an LLM-as-Judge evaluation is not a
flat multiple-testing family of independent measurements. It is at best a clustered family in
which the cluster structure is partially observable through pretraining-data and architecture
metadata. The hierarchical and group-aware procedures of Chapter 7 therefore suggest an
analysis plan only after valid cluster-level p-values or e-values and their dependence assumptions
have been specified: control error at the cluster (model-family) level, and treat within-cluster
variance as nuisance. Hierarchical FDR cannot repair a biased measuring instrument; calibration,
design-based comparisons, or a defensible measurement model must come first. Cumulative
Information Gain and similar dependence-corrected metrics offer one operationalization [120].
Selective inference (Chapter 12) gives a second planning principle: when an analyst picks the
“best” judging ensemble from multiple candidates, the post-selection inference target should be
explicitly the selected ensemble’s performance, not the population performance.

6. Watermarked Generation

Route: Research frontier

Watermarking asks whether a piece of text was generated using a known hidden randomization
scheme. The typical setting has a trusted model provider, a secret key sequence, and a public
text that may have been edited. A detector uses the key to test whether the text carries the
statistical signature of the watermark. Modern watermarking methods differ in their engineering
details, but the inferential core is a hypothesis test [96, 139].

Let A be the vocabulary and K = |A|. Write Y., for the history of tokens generated before
step t (truncated to the context window when one is in force). At time ¢, the autoregressive
model assigns probabilities

pe(k) =P(Y:i =k | Yo = yt), ke A

A keyed decoder receives p; and a key & drawn from a specified key distribution that is independent
of Y., and outputs
Yy =T(&.pr)-
In practice the & across positions are produced by a pseudorandom function (PRF) of a master
secret and the position, so each token uses fresh keyed randomness but the entire sequence
is reproducible by anyone holding the master secret. The watermark should not degrade the
distribution of model outputs in a way that is visible to ordinary users. This motivates the
following definition.

Definition 13.2: Distortion-free keyed generation

A keyed decoder I is distortion-free for a key distribution under which & is independent of
Y<t if

P{T (&, pt) = k | Yar = y<t} = pi(k), ke A
Thus the secret key changes the coupling between the text and the key, but not the marginal
distribution of the next token.

For a binary vocabulary A = {0, 1}, a simple distortion-free decoder is
}/t == 1{Ut S pt(].)}, Ut ~ Unlf[O, 1]
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Another distortion-free decoder used in practice is exponential minimum sampling. Assume for
the moment that p1,...,pxr > 0 and Zlepk = 1. Draw independent

“logU
Uy ~ Unif[0,1], By = 27k,
Dk

Then Ej, ~ Exp(pg), where the parameter is the rate, and the decoder chooses the token with
the smallest exponential variable:

Y = argmin E}.
1<k<K

Proposition 13.3: Exponential minimum sampling is distortion-free

With FEi, ..., Ex as above,
P(Y = k) = px, k=1,..., K.

Proof of Proposition 13.3

The minimum of independent exponential variables with rates pi,...,px has total rate
>_jpj = 1. For a fixed k,

PY =k)= / P(E; >t for all j # k) ppe P+" dt.
0
Independence gives
P(E; >t forall j #k)=exp | —t ij
i#k

Therefore
oy

MY:M:A]M 2575 gt = py.

Tokens with pr = 0 can be excluded or assigned Fj = oo. [l

7. Watermark Detection and Scanning

Route: Research frontier

Let y1.¢ be a public text segment and let £ denote the secret key sequence. A detector
computes a watermark statistic

Twm(f, gl:@) = ¢(§7 gl:f),
where larger values mean stronger agreement between the text and the key. The null hypothesis
is that the text was not generated using this watermark key. The alternative is that the text was
generated, or partly generated, by the keyed decoder.

The cleanest p-value is obtained by key resampling. Draw independent fake keys €1, ... ¢(B)
from the same key distribution and compute their scores against the same text. If large scores
are evidence for the watermark, use
(26) Do = 1 + Zszl 1{Twm(§(b)ag1:£) 2 Twm(é-v gl:Z)} ]

B+1
The direction of the inequality is part of the method. If the statistic were defined so that smaller
values were more suspicious, the inequality would have to be reversed.
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Proposition 13.4: Key-resampling p-value

Suppose &, & @ ... N3 (B) are exchangeable—normally iid from the declared key distribution—
and, under the null, 77., is independent of all B + 1 keys. Then the p-value in (26) is
super-uniform:

P(pwm < @) < o

Proof of Proposition 13.4

Write the observed-key score as Sy and the resampled-key scores as Si, ..., Sp. Conditional
on the text, these B + 1 scores are exchangeable under the null. Attach independent
continuous tie breakers Uy, ...,Up, and rank the pairs (S, Up) from largest to smallest,
using U, only when scores tie. The randomized rank Ry of (Sp, Up) is then exactly uniform
on{l,...,B+1},so

Prand = B+1
is discrete-uniform on {1/(B+1),...,1}. The reported p-value uses “>" and therefore counts

every score tied with Sy as at least as extreme. It is no smaller than the randomized-rank
p-value: pwm = Prand- Consequently, conditionally on the text,

_ ~ a(B+1
]P)(pwm <a ‘ 2/1:4) < IP)(pramd <a | yl:f) = L-(B‘|‘1)J > o
Integrating over the text proves super-uniformity. The added 1 in (26) is the observed key’s
own contribution to this rank count. [l

Remark 13.5: Statistical random keys versus a deployed PRF

The proposition is information-theoretic: the observed and reference keys are genuinely
exchangeable draws from a declared distribution. A deployed system usually derives key
material from a secure PRF. In that setting the analogous statement is computational,
not literal exchangeability: an efficient adversary should be unable to distinguish the PRF
outputs from iid random keys, under the PRF’s security assumptions. A statistical proof
should state the ideal random-key experiment; an implementation claim should separately
state the cryptographic reduction and threat model.

Editing creates an additional search problem. A long document may contain a short water-
marked passage, or a watermarked passage may have been moved. A substring detector might
scan over key locations a, text locations ¢, and a fixed block length L:

Twm,max = H(lzacx M (ga:a—l—L—la gc:c—l—L—l)v

where M is a local match score. This is a multiple-testing problem in disguise. Calibrating
a single window and then taking the largest window score would be anti-conservative. One
should either use a Bonferroni correction over the scan or, more powerfully, resample the entire
maximum statistic:

b ~
Tvggl,max = I%aéXM(g(g;c)H_L_p yC:CJrL*l)a b = ]-a e 7Bu

using resampled keys () indexed by b. The reference law must include the same search that
was used to find the reported match.
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Example 13.6: Worked watermark audit: resample the full scan

The reproducible synthetic audit first canonicalizes the displayed text, fixes the candidate
window lengths and scan domain, and evaluates the observed key with the maximum-scan
statistic Tya*. It then draws B = 999 iid reference keys from the declared ideal key
distribution and repeats the entire maximization for every key. The valid p-value is
L+ T 1T, > T

pmax - 1000
The companion calculation calibrates the reported maximum against a reference distribution
for one fixed, predeclared window. That shortcut is invalid: the observed statistic received
many chances to be large while each reference statistic received only one. The simulation
records both rejection rates and shows the resulting anti-conservatism.
This is an ideal random-key experiment. If reference keys are generated by a PRF in
deployment, the audit inherits the computational caveat in Proposition 13.4; canonicalization
removes representation selection but does not replace key exchangeability or the identical-
scan requirement.

Figure 13.4 visualizes the worked full-scan audit. Its upper panel gives every reference key
the same maximization opportunity as the observed key, which is the valid comparison. The
lower panel instead compares the observed maximum with fixed-window reference scores; the
resulting shift in the reference distribution shows why omitting the scan is anti-conservative.

valid: repeat full maximum scan

B =999, p[max] = 0.083
0.75

0.50

o
)
a

o
o
S

invalid: fixed-window reference

mismatched p = 0.009

reference density

o
3
a

0.50

Twm

FIGURE 13.4. A watermark maximum-scan audit with B = 999 reference keys.
The upper panel repeats the full scan for every key; the lower panel shows the
invalid fixed-window reference for the same observed maximum. Direct labels and
a dashed observed-score line keep the comparison legible in grayscale.
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Tokenization multiplicity. A subtle complication of any token-level watermark or auditing
scheme is tokenization multiplicity. With a fixed deterministic tokenizer, the encoding of a
displayed string is usually unique. The statistical issue arises when the testing protocol accepts
token sequences, byte strings, provider-side encodings, or other representations that are not
canonically tied to the displayed text. In that broader protocol, an identical semantic string
can be represented by multiple distinct token sequences. For example, “Multilingual” might
decode as (Multi,ling,ual), (Mu,1ti,lingual), or (M,ulti,lin, gual), each carrying a different
probability under the model.

Artola Velasco et al. [6] show that this multiplicity is not merely a theoretical curiosity: an
LLM service provider can exploit alternative tokenizations to inflate token counts (and therefore
pay-per-token charges) by arbitrary amounts without altering the displayed text. For statistical
auditing, the same multiplicity can attack watermark detectors if the protocol lets a service
provider choose, after the fact, a representation that minimizes the detection statistic while
preserving the displayed output.

The statistical remedy is canonical generation. Define a deterministic mapping from semantic
strings to a unique canonical token sequence, and compute the watermark detection statistic
only on the canonical sequence. Canonicalization prevents the analyst or provider from choosing
among representations after seeing their watermark scores; it does not itself create exchangeability.
Resampling validity still requires exchangeable keys under the null and the identical scan or
maximization for the observed and resampled statistics. The representation constraint can be
enforced cryptographically by hashing the canonical token sequence and including the hash in
the watermark verification protocol.

Verifiable oblivious watermark detection. A second cryptographic refinement targets
the user-privacy implications of watermark detection. In the basic detection protocol, the user
submits the generated text to the provider for verification; the provider learns the text content
and can use it for training or auditing. When the underlying text is sensitive — legal documents,
medical communications, or private correspondence — this raises a privacy concern.

Fairoze et al. [55] propose verifiable oblivious watermarking (VOW): the user can verify
watermark presence with the provider’s cooperation, but the provider learns nothing about the
text being verified. The construction combines a watermark embedding scheme with a verifiable
oblivious pseudorandom function. The detection statistic is computed inside a secure two-party
computation between the user and the provider, with the user contributing the text and the
provider contributing the watermark key; the output of the computation is a p-value, but neither
party learns the other’s input.

For our statistical purposes, the key point is conditional: if the VOW implementation exactly
evaluates the same detection statistic with the same key distribution and canonicalization rule
as the public detector, then the resulting p-value has the same null distribution as the public
detection p-value. Under that protocol-level equivalence, verifiable oblivious detection inherits
the validity statements developed in this chapter without modification.

8. Contamination Auditing by Exchangeability

Route: Research frontier

Benchmark contamination asks whether a model had access to evaluation data during
training or tuning. String matching can be useful evidence, but it is not a statistical proof
by itself. A strong audit states a null hypothesis under which a test statistic has a known or
resampling-calibrated reference distribution.
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The exchangeability test of Oren et al. [126] uses a simple idea. Let
X =(X1,....,X,)

be a benchmark dataset in its canonical order, and let P be the language model being audited.
Write T'(X) for a score that should be large if the model assigns unusually high likelihood to
the canonical sequence. For the test to have power, T'(X) must actually depend on the order:
scoring rules that evaluate each example independently and then sum or average produce a score
that is invariant under permutations, giving zero power. A sequence-level model evaluation
that conditions on previously seen examples, or a score that explicitly uses adjacent-example
structure, is needed. A canonical choice with this property is

T(X)=1logP(X)
when P scores the whole sequence with cross-example conditioning. The null hypothesis is not
“the model is generally clean.” A sharper null is that P is independent of the benchmark dataset

and that the benchmark examples are exchangeable under permutations relevant to the audit.
Under this null, the canonical ordering is not special.

Proposition 13.7: Permutation p-value for canonical-order contamination

Let my,...,mp be independent random permutations of {1,...,n}. If X is exchangeable
and independent of the audited model under the null, then
L TR 1{T(Xn,) > T(X))
contam B+1
is a valid Monte Carlo permutation p-value when large T is evidence of contamination.

Proof of Proposition 13.7

Under the null, the canonical ordering and the randomly permuted orderings are exchangeable.
Conditional on the unordered collection of examples, the scores

T(X), T(Xr,), ., T(Xrp)

therefore have an exchangeable joint distribution. The rank argument used in Proposi-
tion 13.4 applies verbatim. [l

Figure 13.5 makes the permutation calibration concrete. The canonical-order score is
compared with the full reference distribution of scores obtained by permuting the same examples,
and the upper-tail fraction is the p-value. A visible separation supports the stated contamination
claim only when the examples are exchangeable under the audit’s permutations and the score is
genuinely sensitive to their order.

The canonical ordering matters. If the benchmark has a natural order that could have
appeared in training, a contaminated model may assign high probability to the transitions
between consecutive examples. Shuffling the examples breaks those transitions. Conversely, if
examples are not exchangeable because the benchmark is deliberately ordered by difficulty or
topic, the null reference distribution needs to preserve that structure.

Watermark-based contamination tests are another route [139]. If a benchmark or synthetic
dataset is released with a known watermark, then a later model can be audited for the statistical
signature of that watermark. The logic is again a hypothesis test. The null must specify how the
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FIGURE 13.5. A canonical-versus-permuted contamination audit. If the canonical
ordering receives much larger likelihood than random orderings, the upper-tail
permutation p-value based on B = 250 random permutations is small. The test
supports a specific contamination claim only under the exchangeability and scoring
assumptions.

watermark statistic behaves when the model was not trained on the watermarked data, and the
p-value must be calibrated with the same statistic that will be reported.

When many datasets, models, or watermark keys are audited, the resulting p-values form a
family. A single small p-value among thousands of audits is not the same claim as a pre-specified
audit. FWER, FDR, or e-value methods from earlier chapters should be chosen according to the
intended conclusion: one certified violation, a list of suspicious benchmarks, or an ongoing audit
that may continue as new models are released.

9. Reference-Relative Factuality

Route: Research frontier ‘

Watermarking and contamination auditing are defensive evaluations of a model. Reference-
relative factuality uses the same exchangeability logic to modify model outputs so that they
satisfy a coverage guarantee. The construction below follows the statistical structure of Mohri
and Hashimoto [122].

Remark 13.8: What the guarantee does not mean

The result below concerns marginal, reference-relative entailment over deployment inputs
under exchangeability. It is not a guarantee of metaphysical truth, and it does not certify
correctness when the reference or the entailment verifier is wrong.

Let z € X be a user input and let a language model produce a base answer Ag(z). Let
y* € YV denote a reference answer or reference knowledge object. We write

Yy =a
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to mean that the reference entails the answer a. For an answer a, define its entailment set
E(a)={ye€eY:y=a}.
The answer a is factual for reference y* exactly when
y* € E(a).
The challenge is that the base answer may be too specific. A back-off family {F; : t € T}
indexed by a totally ordered threshold set 7 C R (so the infimum below is well-defined) turns
the base answer into less specific answers as t increases. For example, F;(z) may remove claims

whose verifier scores are below a threshold, replace a precise numerical claim by a range, or
eventually abstain from making any factual claim. The induced entailment sets should be nested:

E(Fy(x)) C E(Fy(z)) fort<t.

Larger t means a safer but less informative answer.
For a calibration pair (Xj, Y;*), define the strict-safe score

(27) Asate( X3, Y7) =1inf {t € T : Y € E(Fs(X;)) for every s > t}.

The phrase “strict-safe” is useful. It is not enough that one threshold happens to be safe; every
more conservative threshold should also be safe. This avoids pathologies when the back-off
path is not perfectly monotone in its surface form. The infimum is over a possibly empty set:
if no level of back-off entails the reference (for example, when the prompt is unanswerable in
the chosen family), the score is set to 0o, and Agafe takes values in 7 U {oco}. In that case the
conformal quantile may also equal co, and the conformalized output abstains from a factual
claim. For the theorem below, assume the upper-safe set in (27) is closed in T for every (x,y*);
this is automatic when 7 is a finite grid.

Figure 13.6 links the nested back-off path to the calibration step. Each calibration pair
contributes the first threshold after which every more conservative answer remains safe; ordering
those strict-safe scores produces tn. Applying F?a to a new prompt then trades specificity for
the stated marginal reference-entailment guarantee.

Let (X1,Y7),...,(X,,Y)) be calibration examples and let Agape; = Asafe(Xi,Y; ). For
a>1/(n+1), set

k=[(n+1)(1—a)]
and let %, be the kth order statistic of Agate,15 - - > Asafen- The conformalized output is

P(z) = F; (x).

Theorem 13.9: Split conformal reference-relative factuality

Assume

(le va)a 000 (Xnv Yrj)v (Xn+1, er(—f—l)
are exchangeable. Assume also that the back-off family is sound in the sense that a sufficiently
large threshold abstains or makes a claim entailed by every reference in the target class,

and that each upper-safe set defining (27) is closed so its infimum is safe. Then

P{Y;H € E(75(Xn+1))} >1—a.
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FIGURE 13.6. Reference-relative factuality. Increasing t trades specificity for a
larger entailment set; the kth ordered strict-safe score supplies the calibrated
threshold t,,.

Proof of Theorem 13.9

The scores
Asafe,la s 7Asafe,na Asafe,n—|—1 = Asafe (Xn+17 YJ-H)
are exchangeable because they are deterministic functions of exchangeable pairs. By the

split conformal rank argument from Chapter 10,
IP)(félsza‘fe,n—&—l < i\a) >1—-a.

On the event Agafent1 < t., the upper-safe set property and the closedness assumption
imply that t, itself is a safe threshold, so
Vi € B(F (Xa)).

This is exactly the desired reference-relative entailment event. O

The guarantee is marginal over future prompts drawn like the calibration prompts. It is not
a pointwise guarantee for every possible prompt. It also inherits the definition of entailment used
to score the calibration examples. If entailment is judged by humans, the target is human-labeled
factuality. If entailment is judged by an automated verifier, the guarantee is only as meaningful
as that verifier and its calibration labels.

10. What the Assumptions Are Doing
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Assumption diagnostic
Checkable Audit the inferential unit, family, measurement model,

resampling symmetry, full scan, and reference/verifier error.
Not identified from Latent quality, undisclosed training contamination, PRF

these data security, and future exchangeability are not identified by
the reported p-values.
Sensitivity analysis Vary clustering units, judges, feature/key models, scan

domains, and reference/entailment rules.
Conservative fallback  Narrow the claim, use conservative multiplicity control, and
report an audit result rather than a causal or truth claim.

The applications in this chapter are useful precisely because the assumptions are visible.

In genomics, the main threats are measurement artifacts, population structure, dependence
among features, and target confusion. A marginal association test does not become a conditional
importance statement just because the p-value is small. A selected gene list controlled at FDR
q does not imply that every gene has posterior null probability at most ¢. A debiased Lasso
interval for a pre-specified coefficient is not the same object as an interval after choosing a model.

In LLM watermarking, the p-value is only valid for the statistic and search procedure that
were calibrated. If the analyst scans many substrings, edits the statistic after seeing the text,
or reports the best key among many keys, the reference law must include that search. In
contamination auditing, exchangeability is the engine of the test. If the benchmark ordering is
not exchangeable under the null, the permutation p-value is not justified without modification.
In reference-relative factuality, the coverage statement is marginal and distributional; it does not
remove the need to define the deployment population and the entailment target.

11. Bibliographic Notes

For genomic multiple testing, see Dudoit and van der Laan [49] for a broad treatment of
multiple testing in genomics and Efron [53] for empirical Bayes and local FDR. Knockoffs were
introduced for fixed designs by Barber and Candeés [8] and extended to the model-X setting
by Candes et al. [36]; hidden Markov model knockoffs for genome-wide association studies are
developed by Sesia et al. [141]. Standard data resources for human genetic association studies
include the NHGRI-EBI GWAS Catalog [147] and the GTEx tissue-expression atlas [70], which
provide vetted summary statistics and annotation links underlying many of the multiple-testing
analyses in this chapter.

For statistical significance testing in natural-language-processing benchmark evaluation,
see the survey of Dror et al. [48]. The Holistic Evaluation of Language Models framework of
Liang et al. [114] provides the operational template for benchmarking Al systems across many
metrics; the NIST AI Risk Management Framework [123] gives the policy framing for how
these evaluations should be reported. Green-token watermarking for LLM outputs is due to
Kirchenbauer et al. [96]; distortion-free watermarks based on exponential minimum sampling
are developed by Kuditipudi et al. [99], and benchmark-level watermarking is studied by Sander
et al. [139]. Tokenization multiplicity and its consequences for pricing and watermark auditing
are documented by Artola Velasco et al. [6]. Verifiable oblivious watermark detection, which
preserves user privacy through a secure two-party computation, is from Fairoze et al. [55]. The
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exchangeability-based contamination test is developed by Oren et al. [126]. The reference-relative
factuality framework is due to Mohri and Hashimoto [122].

LLM-as-a-Judge latent entanglement is analyzed by Mavrogiannis et al. [120], who propose a
cumulative-information-gain metric to quantify behavioral correlation between judges. Multi-
agent reasoning-tree auditing as a corrective procedure is from Sun et al. [153]. Replicability
across multiple studies, which is increasingly relevant for Al-evaluation reproducibility, is treated
in Bogomolov and Heller [28] and Heller and Bogomolov [76].

12. Exercises

Basic.

Exercise 13.10: A genomic discovery list

An expression study tests m = 18,000 genes and reports R = 240 discoveries using BH at g = 0.05.
State the FDR guarantee in words. Does the guarantee imply that every reported gene has
probability at most 0.05 of being null? Explain the difference between FDR and local FDR in this
example.

Exercise 13.11: Watermark null and alternative
Write a null and an alternative hypothesis for a watermark detector whose statistic Tywm (€, 7) is

larger when the text agrees more strongly with the secret key. Then write the key-resampling
p-value and state which inequality direction should be used.

Exercise 13.12: Exponential minimum sampling

Prove Proposition 13.3 directly for K = 2 by integrating over the value of F;. Then explain how
the same calculation extends to general K.

Exercise 13.13: Benchmark families

A team compares four language models on ten tasks. For each model-task pair, it tests whether the
model improves over a fixed baseline. What is the natural family if the team wants to report all
improved cells? What is the natural family if it pre-specified one task as primary and treats all
others as exploratory?

Intermediate.

Exercise 13.14: Marginal versus conditional genomics

Let X; be a genetic variant correlated with X3, and suppose X}, is causal for a phenotype Y while
X is not. Explain why a marginal test of X; may reject. State the conditional null targeted by
model-X knockoffs.

Exercise 13.15: Scanning correction

A watermark detector scans 500 possible substrings and computes a single-window p-value for
each substring. Describe a Bonferroni correction. Then describe a permutation or key-resampling
procedure that calibrates the maximum statistic directly. Which approach is likely to be less
conservative, and why?
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Exercise 13.16: Contamination p-value orientation

In a contamination audit, T(X) is the log-likelihood of the canonical benchmark ordering. Large
values are suspicious. Write the permutation p-value using B random permutations. How would
the formula change if the statistic were a loss for which smaller values were suspicious?

Exercise 13.17: Reference-relative factuality score

Suppose Fy(x) is the original answer, F(z) removes unsupported numbers, Fs(z) removes unsup-
ported named entities, and F5(z) abstains from factual claims. For a calibration reference y*, define
the strict-safe score in this four-level family. Why is it important to require all more conservative
thresholds to be safe?

Advanced.

Exercise 13.18: Multiple contamination audits

An organization audits one model against 1,000 benchmark datasets and obtains one permutation
p-value per dataset. Propose an analysis plan if the goal is to identify a list of suspicious datasets
while controlling FDR. What dependence concerns arise, and how might e-values or hierarchical
testing help if audits are repeated over time?

Exercise 13.19: Design a reference-relative factuality study

Design a calibration study for reference-relative factuality in a medical question answering system.
Specify the population of prompts, the reference answers, the entailment rule, the back-off family,
and the target value of a. State clearly what the resulting guarantee does and does not say.

Exercise 13.20: Knockoff interpretation

In a genotype study with strong LD, a knockoff procedure selects one variant from a correlated
block. Explain why this should not automatically be interpreted as identifying the unique causal
variant. What additional analyses or study designs would strengthen the biological interpretation?

Exercise 13.21: From a p-value to a claim

For each of the following, state the inferential target, the statistic or score, the reference distribution
or calibration law, and the claim justified by the reported output: a gene-level BH analysis, a
watermark key-resampling test, a canonical-order contamination test, and a reference-relative
factuality calibration procedure. For the first three items, identify the null hypothesis and the claim
justified by rejection. For factuality calibration, identify the prediction-set or back-off output and
its marginal coverage claim; do not recast it as a p-value rejection.




APPENDIX A

Advanced Safe and Sequential Inference

Route: Advanced ‘

The core route in Chapter 8 introduces e-values, e-BH, and the principal guarantees. This
appendix collects the derivations that are most useful for a second course or research read-
ing: numeraire optimality, reverse information projection, process-level arguments, asymptotic
constructions, online FDR, and confidence-sequence inversion.

1. Numeraires and reverse information projection

Route: Advanced

Definition A.1: Numeraire
An e-value E* for Ho with E* > 0 Q-almost surely is a numeraire for the pair (Ho, Q) if

E
Eg [E*} <1 for every e-value E for Hp.

The numeraire condition implies log-optimality in one line: by Jensen’s inequality applied to
the concave logarithm,

E E
Eq [log E*] <logEq [E*} <logl=0.

Three structural facts, whose fully general proofs are beyond this chapter, organize the whole
topic [100, 130]. First, for every null model and every alternative @), a numeraire exists and is
Q-almost surely unique; no regularity conditions on Hg are needed. Second, the numeraire is
log-optimal, and it is the only log-optimal e-value. Third, the numeraire is a likelihood ratio in a
generalized sense: the measure P* defined by dP*/d@Q = 1/E* has total mass at most one and is
called the reverse information projection of @ onto the null. When the null is simple and Py
shares the support of @, P* = Py and the numeraire is the ordinary likelihood ratio dQ/dP,.
When the projection is attained at a genuine null mixture Qg+ with finite Kullback-Leibler
divergence, it solves the minimization

D@ Qe-) = min D(Q || Q).

where G ranges over priors on ©g and D(Q || P) = Eg[log{dQ/dP}] is the Kullback-Leibler
divergence: among null mixtures, choose the one closest to the alternative. In general, however,
the projection can be a sub-probability measure lying outside the set of null mixtures, which is
why the modern theory defines it through the numeraire rather than through the minimization.

The attained case has a short proof that also explains why the minimization must range
over null mixtures. Let Cy be a convex family of null distributions. For a parametric null,
one may take Cp = {Q¢ : G is a prior on O}, the family of all null mixtures. Here Q¢ is the
distribution obtained by first drawing # ~ G and then drawing the data from FPy. This family is

250
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convex because mixing two priors produces another prior. An e-value is valid for the original
null family if and only if it is valid for all these mixtures. Point-mass priors recover the original
null distributions, while averaging the original expectation bounds over any prior G proves the
other direction.

Proposition A.2: Attained reverse information projection

Suppose @ and every P € Cy have densities ¢ and p with respect to a common measure v.
If P* € Cy, with density p*, attains

D@ P*) = inf D(Q|P) < oo,

then P* is a null mixture closest to @) in Kullback-Leibler divergence. The finite-divergence
assumption implies () < P*: every set assigned probability zero by P* also has probability
zero under (). Thus the following ratio is defined Q-almost surely; set it equal to zero where

p* =0
q(X)
p*(X)
is an e-value for Cy. Moreover, E* is the numeraire for (Cp, @), and hence is log-optimal
against Q).

EY(X) =

Proof of Proposition A.2

The proof has two steps. First, we turn the KL optimality of P* into the expectation bound
required of an e-value. Second, we use the fact that P* is itself a null mixture to verify the
numeraire condition.
Step 1: KL optimality implies e-validity. Fix any P € Cp, and let p be its density. On
{p* > 0}, define
P

p*
This density ratio measures how P differs from the minimizing distribution P*. For
t € (0,1/2], let

Po=(1-t)P*+1tP.

The distribution P; moves a fraction t of the way from P* toward P. Convexity ensures
that P, € Cp. Define ¢(t) = D(Q || P;). Since P* minimizes the divergence, ¢(t) > ¢(0),
so every right difference quotient {¢(t) — ¢(0)}/t is nonnegative. The calculation below
shows that these quotients have a limit; consequently, the right derivative exists and satisfies
¢'(0+) > 0. Moreover,

¢(t) — ¢(0) = —Eq[log{l +¢(r — 1)}].
To compute the derivative without imposing an extra integrability condition, set
_log{l +t(r—1)}

ha(r) -
For every r > 0, elementary calculus gives hy(r) 17— 1 as t | 0, and
log(1—t 1
ht(r)>0g(t)>—2, 0<t< .
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Along any sequence tj | 0, the nonnegative variables h¢, (r) + 2 increase pointwise to
r 4+ 1. The monotone convergence theorem therefore justifies passing the limit through the
expectation:

#(0+) = - lim Eqlhe, (r)) = 1~ Eqlr)

Because ¢'(0+) > 0, we obtain Eg[r] < 1. This is exactly the e-value bound under P,
written after a change of density:

q
E E*:/ —dv =Ep[r] < 1.
e = [ pddv = Eql]

Since P was arbitrary, E* is an e-value for Cp.

Step 2: e-validity under P* implies the numeraire property. Let E be any e-value for Cy.
Because P* € Cy, we have Ep«[F] < 1. The ratio E* is positive Q-almost surely, and
changing density once more gives

E
E {] :/ Ep*dv < Ep«[E] < 1.
“|B {g>0}

The integral is restricted to {g > 0}; adding the omitted nonnegative part can only increase
it, which explains the inequality. The final display is exactly the numeraire condition, and
Jensen’s inequality then gives log-optimality. O

Convexity is essential to this argument because the path (1 —t)P* + ¢ P must remain feasible.
Thus minimizing D(Q || Py) only over parameter values 6 € ©¢ does not by itself prove that q/pg=
is an e-value. One must either minimize over the full null-mixture family, as in the proposition,
or verify the null expectation bound directly.

For practice, what matters is a verification criterion that turns a guess into a certificate of
optimality, and that involves only the null distributions, never abstract mixtures.

Proposition A.3: Guess and verify

Suppose densities exist, let G be a prior on Oy with mixture density pg, and suppose
pc(X) > 0 and ¢(X) > 0 almost surely under @ and under every null distribution. If the
candidate

q(X)

pa(X)
then E* is the numeraire for (Ho, @); in particular E* is log-optimal against Q.

E* =

satisfies Ep,[E*] <1 for every 0 € Oy,

Proof of Proposition A.3

The displayed condition says E* is an e-value. Let E be any e-value for Hy. Then

o[ 7] = [ @8 ey do = [ B@)pote) o = [ EnlE1d0(0) <1

Ex q(x)
where the interchange of the two integrals uses Tonelli’s theorem for nonnegative integrands,
and the final inequality holds because Ep,[E] < 1 for every 6 € O. O

The recipe is: guess the null mixture closest to the alternative, often a single boundary
point, and check the expectation inequality over the whole null parameter set. Passing the check
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certifies not only that ¢/p¢ is valid but that no e-value whatsoever grows faster under Q. The
Gaussian half-line example below runs this verification directly.

Example A.4: A one-sided Gaussian composite null

Consider one observation X ~ N(u,1), with
Hy:p<0 and Q= N(u1,1), w1 >0.

The null distribution closest to @) in Kullback-Leibler divergence is the boundary distribution
N(0,1), because for normals with common variance

2
H1 — [
D{N(u, 1) | N 1)) = P12
which is minimized over p < 0 at u = 0. The resulting e-value is

E(X) = exp{m X — 1i7/2}.
For every u <0,

Ep, [E(X)] = exp{p1p} < 1.
Thus the same likelihood ratio is valid for the whole half-line null, not only for the boundary
point. Proposition A.3, applied with G equal to the point mass at y = 0, upgrades this
conclusion: the display certifies that F(X) = exp{u1 X — p?/2} is the numeraire for the
half-line null against N (p1,1). No e-value for Hy : < 0 has a larger expected logarithm
under the alternative. The same computation, with the boundary point as the guess, works
for one-parameter exponential families with one-sided nulls [130].

2. Optional Continuation and E-Processes

Route: Advanced

Optional continuation means that future data collection may depend on current evidence. A
study may continue only if the interim evidence is promising, or a second group may decide to
add data after seeing an inconclusive first result. The key requirement is that the next evidence
multiplier must be valid after conditioning on the information already seen.

Definition A.5: Conditional e-value

Let (F¢)e>0 be a filtration. A nonnegative F;-measurable random variable E is a conditional
e-value at time ¢ for Hg if

Ep[E; | Fi-1] <1 for every P € Hp.

Recall the standard vocabulary of stochastic processes. An adapted sequence (M):>o is a
supermartingale under P if Ep[M; | Fi—1] < M;_; for every t > 1; it is a martingale if equality
holds. A supermartingale cannot drift upward in conditional expectation.
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Proposition A.6: Products of conditional e-values

If F; is a conditional e-value at every time ¢, then
¢
My=][Es, Mo=1,
s=1

is a nonnegative supermartingale under every P € H.

Proof of Proposition A.6

The product M;_; is determined by information available before time t, so it is F;_1-
measurable. Therefore
Ep[M; | Fi—1] = Ep[M;_1E; | Fy_1]

= M; 1Ep[E: | Fr—1] < M.

Nonnegativity is inherited from the factors E;. This is exactly the definition of a nonnegative
supermartingale. O

A nonnegative supermartingale with My = 1, used as accumulating evidence against H, is
called a test supermartingale, and products of conditional e-values are the canonical way to build
one. In the literature, conditional e-values are also called sequential e-values; the two names
describe the same object.

The general notion of a sequential evidence process is broader than a test supermartingale,
and the extra breadth is used by real constructions.

Definition A.7: E-process

An adapted sequence of nonnegative random variables (M;):>o with My < 1 is an e-process
for Hyg if

Ep[M;] <1 for every stopping time 7 and every P € H,,
where on the event {7 = oo} the stopped value is understood as liminf;_, ., M;.

In words, an e-process is a process whose value is a legitimate e-value at every stopping time,
whichever stopping rule is used. Every test supermartingale is an e-process. The argument is
inside the proof of Ville’s inequality below: for a bounded horizon, Ep[M rx] < 1, and letting
K — oo with Fatou’s lemma gives Ep[M;] < 1. Notice that no conditions on the stopping time
are needed; the nonnegativity of the process is doing the work that boundedness or uniform
integrability does in the optional stopping theorems of a standard probability course.

The converse fails: an e-process need not be a supermartingale under any null distribution.
The equivalent characterization, whose proof is beyond this chapter, is that (M;) is an e-process
for Ho if and only if for every P € Hq there exists a test supermartingale (M/) under P, a
different, one for each null distribution, with M; < MF P-almost surely for all ¢ [82, 130, 132].
Two examples show that the inclusion is strict. The sequential version of universal inference,

ngt @—I(Xj)
maxpeo, ngt Do (Xj) ’

in which the numerator uses predictable alternative fits as in the plug-in method and the null
maximum likelihood in the denominator is recomputed from all data at every step, is an e-process

M, =
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for the composite null but is not a supermartingale, because the denominator can jump upward
and is not a running product. And for the exchangeability null of Example 8.8 in sequential
form, it can be shown that every test supermartingale is essentially constant, so no interesting
supermartingale evidence exists, while nontrivial e-processes do [133]. The betting language
extends to the general definition: the analyst plays a separate fair game against each null
distribution P and reports the worst-case wealth over the games.

Theorem A.8: Ville’s inequality

If (M;)¢>0 is a nonnegative supermartingale under a probability measure P, with My = 1,
then for every a € (0, 1),

1
P (suth > ) < .
t>0 «

Proof of Theorem A.8

Let

T=inf{t : My > 1/a},
with inf @ = oco. Fix a deterministic horizon K. The stopped time 7 A K is bounded.
For a bounded stopping time p < K, the stopped process M;,, 0 < t < K, is still a
supermartingale; iterating the one-step inequalities gives E[M,] < E[M,]. Applying this
with p =7 A K gives

E[M:rk] < E[Mp] = 1.
On the event {T < K}, the stopped value is at least 1/a. On the complementary event it is
nonnegative. Hence

1
1> E[M,px] > ~P(r < K).
(6%

Thus P(r < K) < a. The events {7 < K} increase to {7 < oo} as K — o0, so continuity
from below bounds the probability of the crossing event {3¢: M; > 1/a} by a. Finally, on
the event {sup, M; > 1/a}, the process exceeds 1/a’ at some finite time for every o/ > «;
applying the crossing bound at level o/ and letting o/ decrease to a gives the claim as
stated. ]

Ville’s inequality extends beyond supermartingales to every e-process, with a proof that is
now immediate. If (M;) is an e-process for Hy, fix P € Hp and let 7 = inf{t : M; > 1/a}. The
crossing time 7 is a stopping time, M, > 1/« on the event {7 < oo}, and Ep[M;] < 1 by the
definition of an e-process, so Markov’s inequality gives

1
Pp (315 >0:M; > ) =Pp(1 < 0) < aEp[M;] < a,
«

and the supremum form follows by the same limiting argument as in the proof of Theorem A.8.
The e-process framework is also complete for sequential testing: nothing outside it can be reached.
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Proposition A.9: Sequential tests are thresholded e-processes

Call a nondecreasing binary process (¢¢);>1 adapted to (F¢), with ¢ = 0, a level-a sequential
test for Hy if ¢; = 1 means that the null has been rejected at or before time ¢, and

sup Pp(F3t>1:¢,=1) < a.

PeHy
Then M; = ¢/« is an e-process for Hy, and the test rejects by time t exactly when
M,; > 1/a. For a stopping time that never stops, ¢, is read as the limit lim; ¢, which exists
by monotonicity.

Proof of Proposition A.9

The process M; takes only the values 0 and 1/«. For any stopping time 7 and any P € H,,

_Pp(¢r=1) _Pp(3t:¢i=1)
B o o e}

Ep[M,] <1

O

Together, the two statements say that e-processes are exactly the right abstraction for
monitored testing: every e-process yields a level-a sequential test by thresholding at 1/a, and
every level-a sequential test arises this way.

0.4

probability of ever crossing
o o
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o
=
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FiGURE A.1. A null simulation with 4000 Monte Carlo runs and 250 looks. Repeat-
edly checking a fixed-sample one-sided Gaussian p-value inflates the probability
of ever crossing 0.05. The likelihood-ratio e-process boundary stays controlled
because Ville’s inequality applies to the whole monitored path.

Optional stopping versus optional continuation. Two distinct freedoms are protected
here, and it pays to name them separately. Optional stopping concerns one monitored study:
the analyst may stop at any stopping time 7 and report M,. Optional continuation concerns
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a chain of studies: after seeing the current evidence, someone, possibly a different laboratory,
decides whether to collect more data, and how much. Both are covered, the first by Ville’s
inequality, the second by the product rule for conditional e-values, because each factor is only
required to be valid conditionally on everything already seen, including the decision to continue.
Combining p-values across such a chain is much harder: whether the second study exists at all
depends on the first p-value, so even the number of p-values to be combined is random, and the
standard combination rules do not apply. E-values simply multiply; the running product acts as
a continuously updated meta-analysis.
The next example shows what validity under an unknown stopping rule buys.

Example A.10: The design does not need to be known

A collaborator reports eight coin tosses,
]" 17 O? ]‘7 ]" ]‘7 1? ]‘7

seven successes in all, and asks whether the coin favors success. Test Hy : the success
probability is 1/2. A conventional fixed-design p-value requires a sampling and stopping
design, which we were not told. If the design was “toss exactly n = 8 times,” the one-sided
binomial p-value is

D+E _ 9 _ooss

28 256 R
If the design was “toss until five successes in a row appear,” which produces exactly these
data as well, the relevant p-value is the null probability of stopping within eight tosses. The
first run of five successes can be completed at toss 5, 6, 7, or 8, with null probabilities 272,
276 976 976 59

Py (at least 7 successes in 8 tosses) =

1 3 5
Py (stop by toss 8) = R 0.078.

Identical data, and the verdict at level 0.05 flips with the unverifiable design choice. Now
compute the likelihood-ratio e-process against a design alternative with success probability
q>1/2:
8 X, 1-X;
¢ (1 —q)
v =1 1 2) =2%¢"(1-g),
g1 /

which equals, for instance, 12.2 at ¢ = 0.9. Because (M) is a test supermartingale under the
null, this number is a valid e-value at any stopping time: the analyst does not need to know
whether the collaborator used a fixed sample size, stopped on a streak, or stopped when
the evidence looked promising. No method, however, survives hidden data: if unsuccessful
runs of the whole experiment are discarded and only the best run is reported, p-values and
e-values are broken alike.

One practical hazard of plain products deserves a fix. A single factor Es = 0 sends the
product M; to zero permanently; all accumulated evidence, and all future evidence, is destroyed.
The remedy is to hedge each factor toward one:

¢
My =JJ{1 =X+ AsEs},  As €0,1] predictable.
s=1

Each hedged factor is again a conditional e-value, since
Ep[l - )‘s +)\5Es | —stl] =1- )\s +)\SEP[ES | ]:571] § 1;
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so Proposition A.6 applies unchanged, and no single disastrous factor can zero out the account
when A\; < 1. The affine form is canonical. If a function g has the property that g(FE) is an
e-value whenever FE is, then g is dominated pointwise by e — 1 — A+ Ae for some A € [0, 1]: affine
shrinkage toward one is the only admissible way to post-process a single e-value [130, 170]. For
instance, v/E is tempting as a way to soften zeros, and indeed /e < (1 + €)/2 pointwise, so the
hedge with A = 1/2 dominates it. Data-driven choices of Ay, tuned on the past to approximately
maximize the growth rate, are developed by Waudby-Smith and Ramdas [175].

3. Universality of e-BH

Route: Advanced ‘

Universality of e-BH. The relationship between FDR control and compound e-values
runs in both directions. The reverse direction gives a useful structural representation: every
FDR-controlling procedure, whatever its construction, can be expressed as e-BH applied to a
suitable vector of compound e-values.

Proposition A.11: Any FDR procedure yields compound e-values

Let D be any multiple testing procedure with rejection set Rp C {1,...,m}, and suppose
it controls FDR at level o under every distribution in the model. Define

m 1{i € Rp}
« RpVv1 '’
where Rp = |[Rp|. Then Ey,..., E,, are compound e-values.

E; =

ey T,

Proof of Proposition A.11

Under any distribution in the model,

> F

i€Zo

E

a =1m.

I
mg PRDN ol

m m
= — FDRp < —
Rp\/l] « D_a

a

Theorem A.12: Universality of e-BH

With FEy,..., E,, as in Proposition A.11, the e-BH procedure at level « applied to Ey, ..., By
rejects exactly Rp. Consequently, every FDR-controlling procedure coincides with e-BH
applied to some compound e-values.

Proof of Theorem A.12

Write r = Rp. If r = 0, all induced e-values are zero and both procedures reject nothing.
If » > 0, the r rejected hypotheses have E; = m/(ar) and all others have E; = 0, so the
ordered values are Ey = m/(ar) for k <r and Eg,) = 0 for & > r. The e-BH condition
Ey > m/(ak) holds at k = r, with equality, and fails for every k > r, where the ordered
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e-value is zero. Hence the e-BH rank is k = r, and the rejected hypotheses are the r
hypotheses with positive induced evidence, namely Rp. [l

The theorem explains why compound e-values are the common structure underneath FDR
control: any procedure with a valid FDR proof implicitly certifies condition (A) for its induced
evidence vector. The threshold template of the next section is the constructive version of this
statement, deriving the induced e-values in closed form for threshold-based rules. The universality
viewpoint also gives a general recipe for aggregating several FDR, procedures, of entirely different
constructions, into one rejection list: convert each procedure ¢ into compound e-values via

Proposition A.11, form a convex combination }_, ngi(g) with fixed nonnegative weights summing
to one, which is again compound by linearity of expectation, and run e-BH once on the combined
vector. This is a special case of the combining results developed two sections below. Averaging
over repeated runs of a randomized procedure, such as the derandomization of knockoff or
data-splitting methods in Chapter 9, is a leading application [85, 135]. A refinement worth
knowing: if the original procedure is admissible among FDR. procedures, meaning that no other
level-a FDR procedure rejects a superset of its rejections on every dataset with strict containment
on some, the induced compound e-values can be rescaled so that their aggregate null budget is
exactly m; see Ignatiadis et al. [85] and Chapter 9 of Ramdas and Wang [130].

4. Asymptotic E-Values

Route: Advanced

Much of this book runs on test statistics that are only asymptotically normal: the debiased
lasso statistics of Chapter 11 and the applied pipelines of Chapter 13 are leading examples.
For such statistics a useful finite-sample e-value may be out of reach. For the unrestricted
nonparametric null that the observations have mean zero and finite variance, Ramdas and Wang
[130] report that no nonconstant nonasymptotic e-value is currently known. This is a statement
about current knowledge, not an impossibility theorem. A bridge between this chapter and
large-sample practice therefore needs a relaxed notion, together with a statement of what survives
of the downstream guarantees.

Definition A.13: Approximate and asymptotic e-values

Let € : Ho — [0,00) and 0 : Ho — [0, 1]. A nonnegative statistic E is an (e, d)-approzimate
e-value for Hg if
Epmin{FE,t}] <1+¢e(P)+0(P)t for every ¢t > 0 and every P € Hy.

When ¢ and ¢ are constants, the same bound applies uniformly to every P € H.
A sequence E(™ is a sequence of pointwise asymptotic e-values if each E™M ig (Eny On)-
approximate and, for every fixed P € Hy,

en(P)—0 and on(P) — 0.
It is a sequence of uniformly asymptotic e-values if, in addition,

sup e,(P) — 0 and sup 0p(P) — 0.
PeHy PeHy

Unless uniformity is stated explicitly, asymptotic means pointwise.
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The two slack parameters play different roles. For a fixed P, the parameter (P) inflates the
evidence budget, while 6(P) permits a rare wild event: if there is an event Ap with Pp(Ap) < §(P)
such that Ep[E14¢] <1+ ¢(P), then for every ¢,

Ep[min{E, t}] < EP[E lA%] -f-th(Ap) <1+ €(P) + 5(P)t,

so E is (e,d)-approximate. The truncation at ¢ in the definition is what makes the relaxation
compatible with e-BH, as the proposition at the end of this section shows: e-BH never uses the
value of an e-value beyond m/a.

The central limit theorem supplies asymptotic e-values directly.

Proposition A.14: E-values from asymptotically normal statistics

Let Z(™ be a test statistic with Z(™ = N(0,1) under every P € Hp, where = denotes
convergence in distribution. Fix A > 0 and set

2
EM = exp {)\Z(") — )\2} .

Then E™ is a sequence of pointwise asymptotic e-values. Moreover, for every t > 0 and
every P € Hy,
lim sup Ep[min{ E™, ¢}] < 1.

n—oo

Proof of Proposition A.14

For Z ~ N(0, 1), the random variable exp{\Z — A?/2} has mean one; it is the likelihood ratio
of N(A, 1) against N(0,1). The continuous mapping theorem therefore gives convergence in
distribution of E™ under each fixed P, to this exact e-value. The distributional criterion
for asymptotic e-values, Proposition 10.7(i) of Ramdas and Wang [130], gives the pointwise
asymptotic conclusion. In addition, the function z + min{exp(Az — A\2/2),¢} is bounded
and continuous, so convergence in distribution gives

Epmin{E™, t}] - Emin{e*? /2, ¢}] < E[e}? /2] = 1.
(|

Pointwise convergence does not supply a uniform guarantee over P € Hg. If the normal
approximation is uniform over a specified null class in the sense required by the distributional
criterion, then the construction is uniformly asymptotic. This additional uniformity must be
verified for that class. Uniform integrability for each fixed P can strengthen the pointwise
expectation conclusion, but does not by itself make the convergence uniform over Hjy; see
Chapter 10 of Ramdas and Wang [130].

Example A.15: A universal t-test e-value

Test the nonparametric null E[X] = 0 with unknown finite nonzero variance, from i.i.d.
observations X7, ..., X,. Take the self-normalized statistic

2 Vi Xn R
Z(): Sn y Sn:EE:lX]’
i
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which converges in distribution to N(0, 1) under every null distribution, by the central limit
theorem and Slutsky’s lemma. Then

Y 2
o —onfs 55 1)

satisfies the pointwise guarantee of Proposition A.14 under every null distribution, even
though, as noted above, no nonconstant nonasymptotic e-value is currently known for this
unrestricted null. Thus it is a pointwise asymptotic e-value. If the null is restricted to
a class over which an appropriate self-normalized central limit theorem has been proved
uniformly, the same construction is uniformly asymptotic. Under an alternative () with
0 < Eg[X] < 0o and 0 < Eg[X?] < oo, the exponent diverges at order /7, so the evidence
diverges and the test that rejects when E(™ > 1 /o is consistent.

The point of the truncated definition is that the e-BH guarantee degrades gracefully rather
than breaking.

Proposition A.16: e-BH with approximate e-values

Let Ei,...,E, be nonnegative, and suppose each true null i € Z; satisfies the (g,0)-
approximate condition for fixed constants e > 0 and § € [0,1]. Then e-BH at level «
satisfies

FDR < %(1 + )+ mod < (1+ &)+ md.

Proof of Proposition A.16

Let R be the e-BH rejection set and R = |R| > 1 without loss of generality. Every rejected
i satisfies E; > m/(aR), and since R < m, also min{E;, m/a} > m/(aR). Therefore, path

by path,
71{1 S 1) < 2 mnin {Ei, m} .
R m «

Summing over true nulls and taking expectations,

FDR< — Y E {min{Ei,mH <% me <1+5+6m> = 0 4 &)a + mod.
m (0% m (0% m
€21y
0

The ¢ slack is multiplied by the number of true nulls: a rare wild event per hypothesis is
not rare once m hypotheses can each have one. Consequently, if all true-null coordinates obey
a common (&y,,d,) bound, e-BH has asymptotic FDR control at level a provided ¢, — 0 and
m &, — 0. When m grows with n, the wild-event probability must shrink faster than 1/m. This
is the honest statement licensing central-limit-theorem e-values inside the e-BH pipelines of later
chapters: the guarantee is asymptotic exactly because the e-values are.

5. Online FDR Control

Route: Research frontier
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The procedures above handle a fixed family of m hypotheses. Online testing is different.
Hypotheses arrive one at a time, and the decision on H; must be made before seeing future
hypotheses. This is the right abstraction for monitoring many experiments, testing safety signals
as they appear, or screening a long sequence of scientific questions.

Let F; be the information available after the first ¢ tests. At time ¢, the procedure may use
Fi—1 to choose how hard to test H;, but it may not use the current p-value or e-value before
choosing the level. Let

t
I, = 1{H, is rejected}, Ry = ZIS, Vi = Z I,.
s=1

s<t:s€Zp

Here Zy C {1,2,...} denotes the true null times. For a deterministic finite horizon K, the online
FDR is

Vi
FDR(K)=E :
(K) {RK V 1]
For an almost-surely finite data-dependent monitoring time 7, the stopped online FDR is
v,
FDR(7) =E .
™ {RT v J

A finite-horizon guarantee asks for FDR(K) < « for each fixed K. A stopping-time guarantee
asks for the same bound when the time at which we look can depend on the past.

The common design template is simple. Before seeing the current evidence, choose a
predictable testing level a;. For a p-value, reject when p; < 4. For an e-value, reject when
E; > 1/ay, with the convention that no rejection is made if ay = 0. The problem is to choose the
sequence oy so that early false discoveries do not spend the entire error budget, while genuine
discoveries allow the procedure to keep testing with useful power.

P-value online rules: alpha wealth, LORD, and SAFFRON. For p-values, the basic
null condition is conditional super-uniformity: for each true null ¢,

Pp: <u|Fi-1) <w, 0<u<l.

Here predictable means that «o; is chosen from the past information F;_i: it may depend on
previous p-values, e-values, rejections, and covariates already revealed, but not on the current
p-value p; before H; is tested. If H, is tested at a predictable level ay, then

P(I; =1 Fi—1) <oy

for a true null. This is the basic one-step inequality. Online FDR rules turn it into a many-step
guarantee by deciding how much level can be spent at each time.

Alpha wealth is bookkeeping for this spending. The wealth W; is not a new error rate; it
is an internal balance that limits future testing levels. Start with wealth Wy < «. Testing at
level ay spends some wealth. A rejection earns a reward, which permits more testing later. A
simplified update is

Wi =Wi1 — ap + bily,
where b; > 0 is a predictable reward. The statistical idea is: spend a small amount of Type I
error budget now, and allow larger future levels only after past discoveries have paid for them.
Different online FDR rules differ mainly in how they choose a; and the rewards.

LORD, short for significance Levels based On Recent Discovery, is the first main example. It
chooses testing levels from two sources: initial wealth and rewards from past discoveries. Choose
nonnegative numbers 71, 72,... with >>;5;9; = 1. Think of v; as a schedule that spreads one
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unit of wealth over future tests. If D1 < Dy < --- denote the discovery times revealed so far, a
LORD-style level has the following simplified form:

ar = Woy + Z bjVt-D;-
Dj<t
The full LORD rule imposes additional constraints on the rewards b; so the wealth account never
overspends. This displayed formula is predictable because it depends only on previous rejections.
Operationally, each discovery releases a new stream of future testing levels.
Proof outline for LORD-type rules. For true nulls,

E[It | Ft—l] S ai.

Therefore, for any deterministic horizon K,

EVk]<E| Y | <E|)
t<K:teTy t<K

The LORD design makes the cumulative spending ), a; controlled by initial wealth plus
rewards from Ry discoveries. This is why discoveries matter in the denominator of FDR: if
there are few discoveries, the rule has little reward and cannot keep spending large levels; if
there are many discoveries, the denominator Rg V 1 is larger. A full LORD theorem turns this
accounting into a bound for E[Vx /(Rx V 1)], not just for E[Vk]. Standard LORD FDR theorems
also impose assumptions on how true-null p-values relate to the past, commonly independence or
conditional super-uniformity strong enough for the rejection history being used. The proof has
two moving parts: the p-value assumption controls false rejections at predictable levels, and the
wealth equation prevents those predictable levels from growing too fast without discoveries.

SAFFRON, short for Serial estimate of the Alpha Fraction that is Futilely Rationed On true
Null hypotheses, is the next idea after LORD. LORD treats every tested hypothesis as a place
where alpha might have been wasted. SAFFRON tries to estimate that waste online. Before
seeing p;, choose a predictable candidate threshold A\; with a; < Ay < 1, and define

Ay =1{p < M}

A candidate is not necessarily rejected; it is a hypothesis whose p-value is small enough to be
worth counting as a serious opportunity for rejection. Very large p-values are not candidates.
SAFFRON uses the number of candidates and discoveries to estimate how much alpha was
effectively spent on nulls, and then reallocates the saved budget to later tests. This is the online
analogue of Storey’s offline idea: estimate how many hypotheses look null, then use the saved
budget for power.

For implementation, track four objects at every time: the predictable test level ay, the
predictable candidate threshold A;, the candidate indicator A;, and the rejection indicator
It = 1{p; < a;}. The full SAFFRON formula specifies how candidates reduce the estimate of
wasted alpha and how discoveries replenish wealth. Its proof follows the LORD template, but
replaces raw spending > a; by an online estimate of alpha spent on true null candidates.

E-value online rules: a clean e-LOND theorem. E-values give a particularly transparent
online theorem. The p-value rules above must carefully ration ;. For e-values, the test Ey > 1/oy
is controlled directly by conditional expectation. We do not need independence between the
current evidence and the past; we need only conditional e-value validity. The resulting rule is
called e-LOND, the e-value analogue of LOND, short for Levels based On Number of Discoveries,
a simpler predecessor of LORD in which the testing level is proportional to the number of
discoveries made so far.
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The design is deliberately simple. Choose a deterministic spending schedule «; with total
mass at most one. At time ¢, enlarge the level in proportion to the number of previous discoveries:

ap = oy (Ri—1 + 1).

Then reject large e-values. More past discoveries permit a larger current level, but the factor
keeps the total evidence budget summable.

Theorem A.17: A simple e-LOND bound

Let E; be nonnegative and F;-measurable. For every true null ¢, assume
E[E; | Fi—1] < 1.
Let 7 > 0 be deterministic with > ;~, 7 < 1. Define the predictable testing level
ar =avy (Ri—1+1).

Reject Hy when E; > 1/ay, with no rejection if oy = 0. Then for every almost-surely finite

stopping time T,
[ T ] =

Proof of Theorem A.17

Let I, = 1{FE; > 1/ay}. If t < 7 and [; = 1, then the final number of rejections by time 7 is
at least R;—1 + 1. Therefore,
1{t < T}It

R, \/1_teI Ri1+1

The rejection event implies E; > 1/ay, so, path by path,
I < By
when a; > 0; when oy = 0, both sides are zero by convention. The factor
1{t < 7}y
Ry 1+1
is F;_1-measurable. Indeed, for a stopping time, {t < 7} = {7 > t} is determined by whether
the procedure had already stopped before time ¢, and oy, R;—1, and ; are predictable. Using

Tonelli’s theorem for the nonnegative sum, followed by the tower property and conditional
e-value validity, gives

E{RVVJ ZE{l{t<T}R t]

t€lo

=1{t < 1}ay

= Y E[1{t < T}ayE(E; | Fi-1)]

teZly
< Z E[1{t < t}ay] < oszyt < a.
t€To t>1

6. Confidence Sequences

Route: Advanced
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Testing asks whether a null value should be rejected. Estimation asks which parameter values
remain plausible. In a monitored experiment, the interval should be valid no matter when we
look.

Definition A.18: Confidence sequence

Let 6 be a target parameter and (F;):>0 a filtration. A sequence of random sets (Cy)>1,
adapted in the sense that {0 € C,} € F; for every candidate value ¥, is a (1 — «) confidence
sequence if

Py{0 € C; for every t > 1} > 1 —a.

The universal quantifier over ¢ is the key difference from ordinary fixed-time confidence
intervals. A 95% interval at each fixed time does not imply 95% simultaneous coverage over all
times.

An equivalent formulation replaces the universal quantifier by stopping times: (C);>1 is a
(1 — o) confidence sequence if and only if

PpeCr)>1—a for every stopping time 7.

One direction is immediate, since simultaneous coverage implies coverage at any random time.
For the converse, apply the hypothesis to the stopping time 7 = inf{¢ : 0 ¢ C;}, with Cy read as
the whole parameter space. Adaptedness makes this first-exclusion time a stopping time, and
coverage at this 7 forces Py(7 = 00) > 1 — v, which is simultaneous coverage. The stopping-time
form is how confidence sequences are used in practice: an experiment monitored until an arbitrary
data-dependent moment still reports a valid interval.

Theorem A.19: Confidence sequence by inverting e-processes

For each candidate value 6, suppose (Mte )¢>0 is a nonnegative supermartingale under the
null model Hy : § = 6, with M = 1. Define

Cy = {6 : M < 1/a}.

Then (Ct)¢>1 is a (1 — «) confidence sequence.

Proof of Theorem A.19

The true value 6 is excluded at some time if and only if
M >1/a
for at least one t. Since M/ is a nonnegative supermartingale under the true distribution,

Ville’s inequality gives

Py <suthe > l/oz> <a.
t>1

Thus the probability of ever excluding the true 6 is at most a. (Il
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Example A.20: A simple bounded-mean confidence sequence

Let X1, Xs,... € [0,1] be independent with common mean #. The fixed-time form of
Hoeffding’s inequality says that, for each ¢ and each n, € (0, 1),

(o> [B20T) o,

Choose 1; = 6a/(m%t?), so that 352, n; = . By the union bound,

% wogwt?/(sa)} P wog{ﬂt?/(w)}} o]

C p—
t ot ’ o

is a (1—a) confidence sequence. This construction is conservative, but it is fully self-contained
and shows the simultaneous-coverage idea.

Betting-style confidence sequences use the e-process inversion theorem more directly. For
bounded means, fix a candidate value 6y € (0,1) and choose predictable bets
1 1
AME|[————, —]|.
! { 1 -6 90]
Define

M = f[{1 + Xs(Xs — o)}
=1

The bounds on As keep each factor nonnegative for every X, € [0,1]. Under 6 = 6,
E[1 4+ As(Xs — 6p) | Fs—1] =1,

SO Mf Y is a nonnegative martingale. Inverting these processes over 6y gives a confidence sequence.
More refined choices of the bets adapt to the observed variance and often give much shorter
intervals than the simple union-bound construction.

The affine form of the factors 1 + Ag(Xs — ) is not a stylistic choice. Each observation
Xs € [0,1] yields two elementary conditional e-values for the null § = 6y, namely X;/6y and
(1 = X5)/(1 — 6y), each with conditional expectation one, and, as noted in the discussion of
hedged products, affine shrinkage toward one is the only admissible way to post-process an
e-value. Shrinking the first e-value produces the factors with A € [0,1/6p]; shrinking the second
produces those with As € [—1/(1 — 6p),0]. Together the two shrinkage families recover exactly
the displayed range of bets, so the betting construction uses the entire admissible family, not a
convenient corner of it.

Confidence sequences also seed a multiple-testing story that this book takes up later. A
family of e-values E(fp) indexed by the candidate value defines an e-confidence interval {6y :
E(6y) < 1/a}, and a confidence sequence stopped at any stopping time is exactly of this form
by the inversion theorem above. When intervals are reported only for parameters selected after
looking at the data, the relevant error rate is the false coverage rate, the expected fraction of
reported intervals that miss their targets: FCR = E[|{i € S: 0; ¢ C;}|/(|S] V 1)] for the selected
set S. Reporting each e-confidence interval at level a; = 9|.S|/m, out of m candidates, controls
the false coverage rate at level 6 under arbitrary selection rules and arbitrary dependence, by
an argument with the same three-line structure as Theorem 8.15 [177]. We return to selective
confidence statements systematically in Chapter 12.



APPENDIX B

Advanced Conformal Theory

Route: Advanced ‘

Chapter 10 contains the core full- and split-conformal algorithms and their principal coverage
statements. This appendix collects proof mechanisms and extensions that can be deferred on a
first reading.

1. What Conditional Coverage Means

Route: Advanced

The word “conditional” is used in several different ways in conformal prediction, and mixing
them up is a common source of mistakes.

First, split conformal has a clean statement conditional on the proper training set D;. Once
D is fixed, the fitted predictor is fixed, and the calibration scores and the future test score are
exchangeable. Thus Theorem 10.3 actually proves

P{Yn—H S Cn(Xn+1) ’ Dl} >1—a.
This is still an average over the random calibration set and the random test point.

Training-conditional coverage. Second, one can condition on the realized calibration set
as well. Then the coverage is no longer guaranteed to be exactly 1 — «; it is a random quantity
determined by the calibration quantile, and the useful question is how this random coverage is
distributed across draws of the calibration sample. The answer is a classical Beta law. Recall that
the Beta(a, b) distribution is the distribution on [0, 1] with density proportional to ¢4~ (1 — #)b~1;
its mean is a/(a + b). One further piece of vocabulary is needed: a real random variable T
stochastically dominates a random variable T" if P(T < t) < P(T” <'t) for every t € R, that is, if
T is at least as large as T in distribution.

Theorem B.1: Training-conditional coverage of split conformal [166]

Assume Z1,..., 72,41 are i.i.d. and consider the split conformal set from Section 4 of

Chapter 10, built from a nonconformity score S(z,y) = S(x,y; fn,) trained on Dj, with
calibration scores R; = S(X;,Y;) for i € Do, calibration quantile § = Ry, and

k=[(1-a)(n2+1)] < no.
Let R
G(t) =P{S(X,Y; fn,) <t| Du}
be the conditional distribution function of the score of a fresh draw, so that
T= G(Zj) - P{Yn—H € Cn(Xn—i-l) | D17D2}

is the realized coverage of the fitted prediction set. Then, conditional on D;:

267
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(a) T stochastically dominates a Beta(k, no + 1 — k) random variable;
(b) if G is continuous, then T' | D1 ~ Beta(k, n2 + 1 — k) exactly;
(c) for every A >0, P(T <1—a— A | Dy) < exp(—2n2A?%).

Proof of Theorem B.1

Condition on D; throughout; the score function is then fixed, and the calibration scores
R; = S(X,;,Y;), i € Do, are i.i.d. with distribution function G, independent of the test pair.
Set Ui = G(RZ)

The first observation is that 7" is an order statistic in disguise. The function G is nonde-
creasing, so applying G preserves the ordering of the scores, and ¢ = Ry gives

T = G(Ry)) = Uny,
the kth smallest of Uy, ..., Upy,.

Step 1: the transformed scores are super-uniform. For every T € [0, 1],
P(Ul ST’Dl) ST.

The inequality is trivial when 7 = 1, so take 7 < 1 and let ¢, = sup{t : G(¢t) < 7}; the
supremum is finite or —oo because G(t) — 1 > 7 as t — oo, and if the set is empty then
G(R1) > 7 always and the probability is zero. Since G is nondecreasing, G(s) > 7 for
every s > t; and G(t) < 7 for every t < t,. If G(t;) < 7, then {G(R;) < 7} C{R1 <.},
so P(U; <7 | Dy) <G(t;) < 7. If G(t;) > 7, then {G(R;1) < 7} C {R1 < t:}, whose
probability is limsy, G(t) < 7. When G is continuous, U; is exactly uniform: for 7 € (0, 1),
the intermediate value theorem supplies ¢ with G(t) = 7, whence P(U; < 7 | D1) > P(R; <
t | D1) = 7, and combining with super-uniformity gives P(U; < 7 | Dy) = 7.

Step 2: a binomial representation. For 7 € [0,1], the event {U ;) < 7} states that at least k
of the ng variables U; fall at or below 7. The number of such variables is a binomial count,
Bin(ng, p;) with p, = P(U; < 7| Dy), so

P(Uy < 7| D1) = P{Bin(nz,p;) > k}.

A binomial count is stochastically increasing in its success probability: realizing the ith
Bernoulli variable as 1{V; < p} for i.i.d. uniform Vi,...,V,, couples the counts at two
success probabilities so that the count with the larger p is pointwise larger. Since p, < 7 by
Step 1,

P(U(k) < 7| D;) < P{Bin(ne, ) > k}.
Step 3: uniform order statistics are Beta. Let UY,..., Uy, beii.d. uniform on (0,1). The
same counting identity gives, for ¢ € [0, 1],

n2
]P){U(*k) < t} = ]P’{Bin(ng,t) > k‘} = Z <n2> (1 — )27,
e \J
i=k
Differentiating term by term and using the identities j("?) = na("2') and (n2 —j)('7) =

j—1
n2 (nz‘fl

J

d " ng—1\ . 4 o—15 na! k—1 no—k
— P <t} = t 1—¢)" " = t 1—¢)"
7 T =t ”2<k—1) (1=-4) (k—1)! (ng — k)! (1=,

), the sum telescopes:
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which is the Beta(k,n2 + 1 — k) density. Hence Uy ~ Beta(k,n2 + 1 — k), and combining
with Step 2,

P(T <7|Dy) <P{Upy <7} for every T,
which is part (a). When G is continuous, Step 1 gives p, = 7, every inequality above
becomes an equality, and T' | D; has exactly the Beta(k,ns + 1 — k) distribution, which is
part (b).
Step 4: the tail bound. Fix A > 0. The bound is trivial when 1 — a — A < 0, so assume
l1-a—A€][0,1]. By Steps 2 and 3 with 7 =1 —a — A,

P(T'<1—a—A|D;) <P{Bin(ns,1 —a—A) > k}.
The binomial count has mean ns(1 — a — A), while
E>(1—a)(ne+1) >na(l —a) =na(l —a—A)+ngA,

so the event requires the count to exceed its mean by at least noA. Hoeffding’s inequality for
a sum of ng independent variables with values in [0, 1] states that P{Bin(ng,p) > nop+ s} <
exp(—2s2/ny) for every s > 0; the same inequality reappears in the Learn-Then-Test
calibration of Section 7. Taking s = naA gives exp(—2n2A?), which is part (c). O

The theorem says that the realized coverage of a fitted split conformal set is not the constant
1 — «; it is a random variable whose distribution is pinned down by the calibration size alone.
The Beta(k,n2 + 1 — k) law has mean k/(ng +1) € [1 —a, 1 —a+ 1/(n2 + 1)) and standard
deviation of order n, 2 The realized coverage therefore concentrates near 1 — o as ng grows,
but at any finite no it falls below 1 — « with appreciable probability on unlucky calibration draws.
Larger calibration sets do not change the marginal guarantee, which holds at every finite no;
they tighten the distribution of the realized coverage around it [4, 166].

High-probability coverage. Part (c) can be read as a recipe when the requested confidence is
feasible. Suppose the goal is that the realized coverage exceed 1 — a with probability at least
1 — 6 over the draw of the calibration set, and assume

log(1/9)

2712

Run split conformal at a smaller working level o € (0, ), so that the quantile index becomes
E =1(1—-a)(n2+1)]. If ¥ = ng+ 1, the prescribed set is the full response space and the
desired coverage statement is trivial. Otherwise, applying part (c) at level o with A = a — o/
gives P(T < 1 —a | Dq) < exp{—2ns(a — a’)?}, which is at most & as soon as
VI V)
277,2

In words: a high-probability guarantee over the calibration draw costs only a reduction of the
nominal level of order \/log(1/d)/n2, which vanishes as the calibration set grows [166]. If the
displayed feasibility condition fails, this tail bound does not supply a nontrivial positive working
level o/; one must accept a weaker confidence statement or use the trivial full prediction set.

Scope of the guarantee. Theorem B.1 is a statement about split conformal prediction with
i.i.d. data and a score function fixed by the proper training set. For full conformal prediction,
where the score of each point depends on the entire augmented sample, there exist symmetric
score functions for which training-conditional coverage fails badly, with realized coverage equal
to zero with probability close to «, even though marginal coverage continues to hold [25]; this is
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one of the few places in the theory where the independence assumption genuinely buys more
than exchangeability.

Test-conditional coverage is impossible. Third, and strongest, is coverage conditional
on the exact covariate value:

P{Ypt1 € Cp(2) | Xpy1 =2} > 1—« for every x.

This is the guarantee a practitioner usually wants: whatever covariate the next case presents, the
reported set should cover its response with probability 1 — «.. In continuous feature spaces, no
procedure can deliver it distribution-free unless the reported sets are essentially uninformative.
Two definitions are needed to make this precise. An atom of a probability distribution is a
point that carries positive probability, and a distribution is nonatomic if it has no atoms; for a
real-valued covariate, nonatomic means a continuous distribution function. The total variation
distance between two probability distributions P and @ on the same space is dpy(P,Q) =
sup4 |P(A) — Q(A)]|, the supremum running over all measurable sets A; it is the largest change
in the probability of any single event when P is replaced by Q.

The result applies to an arbitrary set-valued procedure, not only to conformal prediction: C),
may be any measurable rule that maps a training sample of size n and a covariate value to a

subset of ).

Theorem B.2: Impossibility of test-conditional coverage [12, 105]

Suppose the procedure C), satisfies distribution-free test-conditional coverage: for every
distribution P on X x Y, when (X1,Y1),..., (Xp+1, Yot1) are i.i.d. draws from P,

P{Y 41 € Cn(Xny1) | Xnt1} 21—« almost surely.

Then for every distribution P whose covariate marginal Px is nonatomic, every x € X, and
every y € Y,
P{ye Cp(z)} > 1—a,

where the probability is over the training sample drawn i.i.d. from P.

The conclusion says that at any fixed covariate value, the set must contain every candidate
response with probability at least 1 — o, no matter how implausible that response is under P. A
set with this property carries essentially no information about where the response actually lies.

Proof of Theorem B.2

Fixz € X,y € Y, and € € (0,1). Define the perturbed distribution
P = (1 —6)P+€5(

where §(, . is the point mass at (z,y): a draw from P’ comes from P with probability 1 — e

and equals (z,y) with probability e.

Step 1: coverage under the perturbed distribution. The hypothesis applies to every distribu-

tion, in particular to P’. Under P’, the event {X,,+1 = 2} has probability at least € > 0, so
the almost-sure conditional bound applies at X,,+1 = =:

PP’{YnJrl € Cn(Xn+1) | Xnt1 = {L‘} >1-a,

where Pp/ indicates that all n + 1 observations are i.i.d. from P’. Because Py is nonatomic,
P assigns probability zero to {X = z}, so under P’ the event {X,,+1 = 2} can occur only

x,y)»
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through the point-mass component; conditional on X, 1 = z, therefore, Y, 11 = y almost
surely. The display becomes

Pp{y € Cp(z)} > 1—a.
The event {y € Cy,(x)} no longer involves the test point at all; the probability refers only to
the training sample (X1,Y1),...,(X,,Y,) drawn i.i.d. from P’
Step 2: transfer back to P. Two facts about total variation are needed. First, dpy(P’, P) < e,
because P'(A) — P(A) = €{d(5,)(A) — P(A)} for every event A. Second, the laws of i.i.d.
samples of size n satisfy

drv ((P)®", P®™) < ndry(P', P) :

write the difference of the two product measures as a telescoping sum of n terms, where the
1th term changes the ith coordinate from P to P’ while the first ¢ — 1 coordinates follow P’
and the last n —i follow P; each term changes any event’s probability by at most dpv (P’, P).
Applying the definition of total variation to the event {y € C),(z)},

Pp{y € Cn(z)} > Pp{y € Cp(z)} — drv ((P)®", P®") > 1 — a — ne.

Step 3: remove the perturbation. The sample size n is fixed. Letting € | 0 gives Pp{y €
Cp(x)} >1—a. O

Corollary B.3: Infinite length

In the setting of Theorem B.2, suppose in addition that )V = R. Then for every distribution
P with nonatomic Px and every x € X,

P{Leb(Cy(x)) = 0} > 1 — q,

where Leb denotes Lebesgue measure on R. In particular, E[Leb(C),(z))] = oo whenever
a <1

Proof of Corollary B.3

Fix finite constants a,b > 0. Deterministically,

a-+b
Leb(Cn(2)) > /0 1{y € Co(z)} dy,

so on the event {Leb(C),(z)) < a} the set Cy,(x) occupies at most a of the interval [0, a + b],
and hence

a+b
| g cu@yay =

By Markov’s inequality applied to this nonnegative integral, followed by the Fubini—Tonelli
theorem to exchange expectation and integration,

a+b a
P{Leb(Cn@))st}szE[/O* Ly ¢ Cula }dy] R ey < 02,

where the last step uses Theorem B.2, which gives P{y ¢ C,(x)} < «a for every y. Send
b — oo with a fixed: P{Leb(Cy(z)) < a} < « for every finite a. Now send a — oo; the
events {Leb(Cy(z)) < a} increase to {Leb(Cy(z)) < oo}, so P{Leb(Cy(z)) < oo} < a,
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which is the first claim. When « < 1, the length is infinite with positive probability, so the
expected length is infinite. [l

Sharpness. The bound is attained. The trivial randomized procedure that ignores the data
and returns C),(z) = Y with probability 1 — a and the empty set otherwise satisfies the test-
conditional guarantee for every distribution, and it has P{y € C),(z)} = 1 — « for every z and y.
Theorem B.2 is therefore exactly tight, and it can be read as saying that, at each fixed covariate
value of a nonatomic feature distribution, any distribution-free test-conditional procedure is no
more informative than this trivial construction. The conclusion holds for every distribution with
a nonatomic covariate marginal, not merely for some worst-case distribution: there is no class of
nice distributions on which such a procedure gives short intervals while paying the price only
elsewhere.

A reusable proof device. The proof combines two moves: perturb the data-generating distribu-
tion by a small point-mass mixture, and transfer conclusions between the original and perturbed
distributions at total cost ne through the product total variation bound. Any guarantee required
to hold for all distributions must survive the perturbation, and letting ¢ — 0 makes the transfer
free. This template is a general tool for distribution-free impossibility results; the same device
underlies the hardness of testing conditional independence without assumptions on the joint law,
which motivates the model-X viewpoint of Chapter 9.

Achievable relaxations. The impossibility theorem closes one door and points to several
others. Distribution-free conditional coverage survives in weakened forms in which the con-
ditioning event has positive probability. Coverage within pre-specified groups of covariates is
achievable: partition the feature space into bins fixed before calibration, calibrate a separate
quantile within each bin, and the rank argument applies bin by bin. Group-wise calibration of
this kind is known as Mondrian conformal prediction [171]. Coverage conditional on membership
in a selected subset of test points is achievable as well. Both guarantees are instances of the
selection-conditional theorem of Section 3, since membership in a fixed covariate group is a
symmetric, feature-based selection rule. Finally, localized conformal methods can give approxi-
mate test-conditional statements under explicit smoothness and localization assumptions; this is
different from the density-ratio weighting developed later in this chapter, which gives marginal
coverage under the target distribution [12, 105].

2. The conformal PRDS argument

Route: Optional proof

Proof of Theorem 10.6

Consider first p; and assume Z, 1 ~ P. Let
Sy £+ £ Sy

be the order statistics of

S(Z1),...,5(Zn), S(Zpt1)-
The unordered multiset of these n + 1 scores, equivalently the vector of order statis-
tics, is a permutation-symmetric function of the exchangeable vector (Z1,...,Z,41).
Lemma 10.1 therefore applies: conditional on the order statistics, the vector (Z1,..., Zn11)
remains exchangeable, and conditioning further on the scores of the remaining test points
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Zn+42, - - -y Znt+m changes nothing, because those points are independent of (Z1,..., Zy4+1).
Under this conditioning, since the scores are continuous and hence distinct almost surely, the
rank of S(Z,,11) among the n+ 1 scores is uniform on {1,...,n+1}. If p; = k/(n+1), then
S(Zn+1) = S(x), and the reference scores used to compute ps, ..., py, are the order statistics
with S(z) removed. Increasing k, equivalently increasing p;, removes a larger reference score.
This cannot decrease any of the other conformal p-values, because each p; counts how many
reference scores are less than or equal to S(Z,;).
In symbols, fix another test score r = S(Z,4;) and remove S from the ordered list to
form the reference sample used for p;. The resulting count is

Nj(k) =#{€: Sy <r} —1{Sx) < r}.
If k is increased, the indicator 1{S(;) < r} can only decrease, so N;(k) can only increase.
Hence p;(k) = {1+ N;(k)}/(n + 1) is nondecreasing in k, and therefore nondecreasing in
p1=k/(n+1).
To make the final conditioning step explicit, let W’ collect the order statistics (S(1y, - -, Stn41))
and the remaining test scores. Thus W records all the numerical score information except
which ordered position belongs to the first test point. For a supported value z, let G(x, W)
be the full vector (p1,...,pm) reconstructed by assigning the first coordinate the value
p1 = x and recomputing the remaining p-values from W. The preceding argument shows
that G(z, W) is coordinatewise nondecreasing in z for every fixed W.
Under the null, the rank of S(Z,+1), and hence py, is uniform on its grid and independent of
W. In particular, conditioning on p; = x does not change the distribution of W. Therefore,
for every increasing set D and every z € {1/(n+1),...,1},

P{(p1,.--,pm) € D |p1 =2} =P{G(p1,W) € D | p1 =z}
— E[1{G(z, W) € D}].

The second equality is precisely where independence of p; and W is used. The integrand
is nondecreasing in x, so the conditional probability is nondecreasing as well. The same
argument applies to any true-null p-value, which is the PRDS property. [l

3. Coverage After Selection

Route: Advanced

Marginal coverage can also fail after we select the test points that look most interesting. For
example, a scientist may fit a model, choose only compounds whose predicted response exceeds a
threshold, and then ask for prediction intervals only for those compounds. The original conformal
guarantee averages over all future compounds; it does not automatically guarantee coverage
within the selected subset.

There is a conformal fix when the selection rule treats the calibration and test points
symmetrically. To state the clean and most common version, condition on the proper training
set D1, so the score function and any fitted predictor are fixed. Let

I:I(Xi:iEDQ; Xn+1)gD2U{n+1}

be a feature-based selection rule that is invariant to relabeling the calibration points and the test

~

point. For instance, I might select points with f(X;) >c. If n+1 € I, let
ri=[INDyf,  kr=[(1-a)(rr+1)],



3. COVERAGE AFTER SELECTION 274

and let g7 be the krth order statistic of the selected calibration scores {S(X;,Y;) :i € I N Da},
with g7 = oo if kf = r7 4+ 1. For a selected test point, report

Cr(z) ={y: S(z,y) < qr}.

Theorem B.4: Selection-conditional conformal coverage [93]

Under exchangeability of the calibration and test observations conditional on Dj, and for a
symmetric selection rule I as above,

P{Yn+1 € C[(Xn+1) ‘ n+1e I} >1—aq,

provided the conditioning event has positive probability.

The proof runs the rank argument of Proposition 10.2 conditionally on the selection event.
Two preliminary results make this precise: a lemma showing that conditioning on the outcome of
a symmetric selection rule preserves exchangeability among the selected points, and a corollary
converting that exchangeability into a conformal p-value computed from the selected points
only. Throughout the argument, condition on the proper training set D1, so the fitted predictor,
the score function S, and the selection rule are fixed. To lighten notation, this conditioning is
suppressed in the probabilities of the lemma and the corollary; it is restored at the end of the
proof of the theorem.

The setup above described symmetry of the selection rule informally, as invariance to
relabeling. Here is the formal condition. Write N’ = Dy U {n + 1} for the calibration and test
indices, and view the selection rule as a function of the data vector Z = (Z;);en that depends
on Z only through the features (X;);en and returns a subset I(Z) C N. For a permutation o of
N, let Z, = (Z,(;))ien denote the relabeled data vector. The rule is symmetric if

i€l(Z,) <= o(i)el(2)

for every permutation o and every index i € N; equivalently, I(Z,) = o~ {I(Z)}. In words,
relabeling the points relabels the selection in the same way, so the order in which the points

are listed does not affect which points are selected. The threshold rule I = {i : f(X;) > ¢} is
symmetric, and so is the rule that selects the points with the k£ largest predicted responses.

Lemma B.5: Conditional exchangeability after symmetric selection

Assume the observations {Z; : i € N'} are exchangeable conditional on Dy, and let I be a
symmetric feature-based selection rule as above. Fix a subset Iy C N with n +1 € Iy and
P{I = Iy} > 0. Then the observations (Z;);c1, are exchangeable conditional on the event

{1 =1Io}.

Proof of Lemma B.5

Fix a permutation o of Iy, and extend it to a permutation & of N by

AR U(’i), iEIo,
o(i) = {z i ¢ Io.
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Then 6 maps Iy onto itself and fixes every index outside Iy. Fix a measurable set A C
(X x Y)Mol with coordinates listed in a fixed enumeration of Iy. The chain of equalities is

P{(Zi)ier, € A, I(Z) = Io} = P{(Z5(:))ic, € A, 1(Z5) = I}
=P{(Zs0))icr, € A, 1(Z2) = I}
=P{(Z,())icr, € A, 1(Z2) = Io}.

The first equality is exchangeability: the two lines apply one and the same measurable
functional to the vectors Z and Zz, and these two vectors have the same law conditional on
D;. The second equality is the symmetry of the selection rule: I(Zz) = 6= 1{I(Z)}, so the
event {I(Zz) = Iy} is the event {I(Z) = 5(Ip)}, and &(Iy) = Iy. The third equality holds
because ¢ agrees with o on I. Dividing the two ends of the chain by P{I = Iy} > 0 gives

P{<Zz’)ielo €A ‘ I = Io} = P{(Za(i))iEIO €A ‘ 1= IO}.

Since A and o are arbitrary, the conditional law of (Z;);c1, given {I = Iy} is invariant under
every permutation of Iy, which is the claimed exchangeability. O

The lemma does not say that selection has no effect. Conditioning on {I = Ip} changes
the law of the selected observations; under a threshold rule, every selected point has a large
predicted response. It changes the law symmetrically, so the selected calibration points remain
interchangeable with the selected test point, and that is all the rank argument needs. The proof
never uses n + 1 € Iy; the restriction appears in the statement only because it is the case needed
below.

The corollary converts this exchangeability into a p-value. Because this section works with
nonconformity scores, where larger values are less conforming, the p-value counts the selected
calibration scores that are at least as large as the test score; this is the mirror image of the
conformity convention used in Section 7 of Chapter 10.

Corollary B.6: Selective conformal p-value

In the setting of Lemma B.5, write S; = S(X;,Y;) for i € M. On the event {n + 1 € I},
define
_ 1+#{ielInNDy:S;>Sni1}

141N Dy

If P{n+1 € I} > 0, then
Plp<aln+lel}<a for every a € [0, 1].

Proof of Corollary B.6

Fix I C N with n+ 1 € Iy and P{I = Iy} > 0, and abbreviate
7’:|I()ﬂD2‘, 8= [(1—0&)(?“4—1)1, N:#{ieloﬁDQ:SiZSn+1}.
On the event {I = Iy}, the p-value is p= (1 + N)/(1 +r). When o = 1 the claimed bound
is trivial, so assume a < 1; then k£ > 1.
Two deterministic equivalences come first. The inequality p > « is N > a(r + 1) — 1, and

since N is an integer this is the same as N > |«a(r + 1)|; checking the cases where a(r + 1)
is and is not an integer verifies the equivalence. Moreover, since m — [z] = |m — z] for
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every integer m and real z,
r+l—k=r+1-[1-a)(r+1)] =lalr+1)],

so{p>a}={N >r+1-k}. Next,let Sy <--- < S, be the ordered selected calibration
scores, with the convention S, 1) = oo. The event {N > r+1—k} is exactly {Sny1 < Si }-
Indeed, if Sp4+1 < S, then the r + 1 — k scores Sy, ..., S are all at least S,11, so
N >r+1—k;if Spi1 > Sy, then the k scores Sy, ..., S, are all strictly smaller than
Sn+1,80 N <r—k. When k = r+1 both events hold trivially. Note that S is exactly the
threshold gy, of the selective prediction set on the event {I = Iy}, so the two equivalences
together identify {p > a} with {S,+1 < g1, }-

Now the probabilistic step. By Lemma B.5, the observations (Z;);cs, are exchangeable
conditional on {I = Ip}. Given Dj, the score function is a fixed function applied to each
observation separately, so the r + 1 scores {S; : i € Iy} are also exchangeable conditional on
{I = Iv}. The event {Sp41 < S} says that the test score is among the k smallest of these
r 4+ 1 exchangeable scores, so Proposition 10.2 gives

k
P{Sy.1 < I=I)>—" >1_q,
{Sn+1 < Sy | 0}_r+1_ o

equivalently P{p <o | I = Ip} < a.

Finally, average over the selection events. The event {n + 1 € I} is the disjoint union of the
events {I = Iy} over the finitely many subsets Iy C N that contain n + 1 and have positive
probability. Summing,

Plp<a,n+lell= Y P{I=I}P{p<al|l=I}<aP{n+1el}
Ipon+1

and dividing by P{n + 1 € I} completes the proof. O

In words, p remains a valid p-value even after conditioning on the test point having been
selected: an analyst who screens points with a symmetric feature-based rule and then tests only
the selected ones can use p at face value. The bound holds for every a simultaneously, and no
continuity of the scores is required; ties only make the p-value larger, hence more conservative.
With the corollary in hand, the theorem is a restatement.

Proof of Theorem B.4

Work conditionally on D; and on the event {n + 1 € I}. Because the selection rule is
feature-based, the selected set I, the count ry, and the threshold ¢; do not depend on the
candidate response y, so the definition of the prediction set gives

Yo € Cr(Xn11)} = {S(Xnt1, Ynr1) < qr}-

On each selection event {I = Iy} with n+1 € Iy, the deterministic equivalences in the proof
of Corollary B.6 identify {S,+1 < q1,} with {p > a}, where p is the selective conformal
p-value. Hence, on {n + 1 € I}, the coverage event is exactly {p > a}, and Corollary B.6
gives

P{Yp11 € Ci1(Xp41) I n+1€l, D1} =P{p>aln+1e€l, Di} >1—q.
This is the conditional-on-D; form of the theorem. For the unconditional form, note the

joint bound P{Y,,+1 € C1(Xn41),n+1€I| D1} >(1—a)P{n+1€1|D;}, which holds
for every realization of Dy, trivially so when the conditional selection probability is zero.
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Taking expectations over D; and dividing by P{n + 1 € I} > 0 gives P{Y,41 € C1(Xpn+1) |
n+lel}>1—a. O

The lemma-and-corollary route follows the textbook treatment of selective coverage in
Angelopoulos et al. [4]; the result and its extensions to more general selection rules are developed
by Jin and Ren [93].

This result should not be confused with the X = = conditional coverage that is impossible
without assumptions. It is a conditional guarantee for a specified selection rule. If the rule
depends on the unknown candidate response y, the prediction set must be built by the full
conformal inversion logic, checking which candidate values would have made the test point
selected. Modern selective conformal methods develop these ideas for more complex selection
rules, covariate shift, and false-coverage-statement rates [7, 92, 93].

Group-conditional coverage as a special case. Let g : X — {1,...,G} be a fixed grouping
function, chosen before the data are seen or fitted using D; only, so that ¢ is fixed once we
condition on D;. For each group k, the rule

I={ieDyU{n+1}:g(X;) =k}

is a symmetric feature-based selection rule, and the event {n + 1 € I'} is exactly {g(Xn+1) = k}.
Theorem B.4 therefore gives, for every group k with positive probability,

P{Yn+1 € Cr1(Xn41) | 9(Xny1) =k} =21 —a.

On the conditioning event, the selected calibration points are exactly the calibration points
in the same group as the test point, so the procedure reads: calibrate the conformal quantile
within the group of the test point, and report the resulting set. Calibrating within the bins of
a fixed partition of the feature space is the basic instance. In classification, the same idea is
applied with groups defined by the class label; the label of the test point is unknown, so each
candidate label y is checked in turn against the calibration scores from class y, an instance
of the full conformal inversion logic noted above, because the grouping then depends on the
response. The general scheme, in which the sample is partitioned by a fixed grouping of the
data, the conformal quantile is calibrated within each cell, and coverage holds conditional on
the cell of the test point, is known as Mondrian conformal prediction [171]. This makes precise
the group-wise relaxation promised in Section 1: coverage conditional on X,,+1 = = cannot be
guaranteed distribution-free in nonatomic feature spaces, but coverage conditional on a fixed
finite grouping is available, at the price that only the within-group calibration points are used, so
a group with far fewer than 1/« calibration points yields an uninformative set. The guarantee is
also a distribution-free instance of conditioning on selection: the coverage statement holds given
the event that determined which calibration points were used, which is the theme of Chapter 12.

4. The jackknife4 tournament argument

Route: Optional proof‘

The tournament argument. The proof rests on a single combinatorial object. Imagine N
players in a round-robin competition, with one game for each pair of players. A tournament
matriz is a 0/1 array A € {0, 1}N *Nin which A;j; = 1 records that player ¢ loses its game against
player j, subject to the constraint

Aij+A; <1 forall 7,5 € {1,...,N},

so that at most one of the two ordered comparisons between a pair is recorded as a loss. Ties
are allowed: a game may produce no loss at all. The row sum Zé»v:l A;; counts the games that
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player i loses. The following deterministic lemma says that not too many players can lose nearly
all of their games [4].

Lemma B.7: Tournament lemma

Let N > 1 and let A € {0,1}V*V satisfy A;; + Aj; <1 for all 4,j € {1,...,N}. Then, for
any t € [0, 1],
N N
S 1> 4> (1-t)N} <2tN.
=1

=1 9

Proof of Lemma B.7

Let N
J={ie{1,....N}: Y 4y > 1 -t)N}
j=1
be the set of heavy losers; the goal is to bound |J|. Count the losses of the players in J in
two ways. By the definition of J,

N
JIL—eN <D D A =3 A+ > Ay

ieJ j=1 icJ jeJd i€J j¢J
The first double sum runs over ordered pairs inside J, so it can be symmetrized and then
bounded by the tournament constraint:

1 712
DD Ay = 5 DD (Ay +45) < 5
i€J jeJ ieJ jeJ
The second double sum has |J|(N — |J|) terms, each at most one. Combining the last two
displays with the first,

72 712

710~ N < U4 1V = (7)) = 171N — 15
If J is empty there is nothing to prove. Otherwise, dividing by |J| gives (1—¢t)N < N —|J|/2,
and rearranging gives |J| < 2tN. O

The lemma is a double count. Each heavy loser needs at least (1 —¢)N losses, but at most
N — |J| of them can come from games against players outside .J, and the games inside J supply
at most one loss per pair, roughly |.J|?/2 losses in total. A large set of heavy losers cannot find
enough games to lose.

Proof of Theorem 10.8

Algorithmic symmetry means that the fitting rule returns the same fitted function when
its input data are presented in a different order, so every fit below depends only on the
unordered set of points supplied to it.

Step 1: a tournament on the augmented data. Augment the data with the test point, giving
Z1y .y Znt1 with Z; = (X;,Y;). For each pair i # j in {1,...,n+ 1}, let f,(m) be the fit
obtained by applying the algorithm to the augmented data with both points ¢ and j removed;
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note that f,(m-) = f,(j,i), so the two players in each game are judged by a shared fit. Define
the residual of point 4 in its game against point j as

Rij =Y — f_u5(X)l, R =Y — f_i.5(X5)l,

and declare that 7 loses to 7 when its residual is strictly larger,

Ai]’ = 1{Ri,j > Rj7i}, A; =0,
so a loss means that the point conforms strictly less well than its opponent under their
shared fit. The strict inequalities R; ; > R;; and R;; > R; ; cannot hold simultaneously, so
Aijj + A <1and A is a tournament matrix over N = n + 1 players; when the two residuals
tie, neither player loses that game.
The games against the test point recover the jackknife+ ingredients. For i < n, removing
both point ¢ and point n + 1 from the augmented data leaves exactly the original n
observations without point i, so f_(i7n+1) = f,i and

Rinp1=Yi— Fi(X)| = RI%°,  Rnpri= Y1 — fi(Xnga)l-
Step 2: miscoverage forces player n + 1 to lose heavily. Suppose first that Y11 > gyp. This
forces gup < 00, 80 qyp is the [(1 —a)(n + 1)1th smallest of Uy, ..., Uy, and Y, 11 exceeds at

least [(1 — a)(n + 1)] of the values U; = f—i(Xpt1) + + RLOO. For each such index i,
Yoi1 — foi(Xng1) > RO >0,

hence Rp41; = Vo1 — f,i(Xn+1)| > R{-“OO = Rj n+1, which is exactly A,11; = 1. Suppose
instead that Y41 < qow. This forces giow > —00, SO qlow is the [a(n + 1) |th smallest of
Li,..., Ly, and Y, falls below at least n — [a(n+1)] +1 > (1 — a)(n + 1) of the values
Li = foi(Xpt1) — RIOO. Each such index gives FoilXpg1) = Yny1 > RIOO > 0, hence again
Ap+14 = 1. In both tails the conclusion is the same:

n+1

Yoi1 € [Giow, Qup] = Z Any1j 2 (1—a)(n+1).

J=1
No union bound is needed: each tail separately forces player n+1 to lose at least (1 —a)(n+1)
of its games.
Step 3: exchangeability makes the losing row uniform. The matrix A is a fixed function of
the augmented data. Write A(z1, ..., 2,41) for the matrix computed from a generic list of
data points, so A = A(Z,..., Zn+1) By algorithmic symmetry, the fit f ;) depends only
on the unordered set of the remaining n — 1 points, so relabeling the data by a permutation
o of {1,...,n+ 1} merely relabels the players:

(A(ZU(1)7 0oog ZO'(TLJrl)))Z] = (A(Z17 000 g Zn+1>)0'(i)0'(j)'

Exchangeability says that (Z, 1), -, Zs(nt1)) has the same joint law as (Z1,..., Zny1), so
the left side has the same distribution as A itself. Combining the two facts, the relabeled
matrix (Ag(;)s(j))i; has the same distribution as (4;;);; for every permutation o. Fix
i€ {l,...,n+ 1} and choose o with o(n + 1) = 4. The (n + 1)th row sum of the relabeled

matrix is 3, A; 5(;) = X225 Aij, SO

n+1 n+1

P{Z App1;>2(1—a)(n+1) } {Z Aij > ( lfoz)(nJrl)} for every i.
j=1
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Step 4: average and apply the tournament lemma. By Step 2, the miscoverage probability is
at most the probability that row n + 1 is a heavy loser. Averaging the display of Step 3 over

i=1,...,n+ 1 and writing the average of probabilities as the expectation of an average of
indicators,
n+1 n+1
P{Yn11 ¢ [Qlow, Gup]} < P{>" 4> (1-a)(n+1)}
n+1 el

1 n+1 n+1
_ ELH 1> 452 - )+ 1)}}
i=1 7j=1
For every realization of the data, Lemma B.7 applied with N = n + 1 and ¢ = « bounds the
indicator sum by 2a(n + 1). The expectation is therefore at most 2a(n +1)/(n+ 1) = 2a,
which proves P{Y,,+1 € [qiow, qup]} > 1 — 20 O

The factor 2« is the price of the tournament bound, not of a union bound over the two
tails. The tournament route follows Angelopoulos et al. [4]; the original proof of Barber et al.
[11] bounds the same event by a closely related combinatorial argument. Stronger statements
are possible under additional stability assumptions, but the robust message stands: jackknife+
restores a finite-sample guarantee, at level 1 — 2a, that the ordinary jackknife does not have in
general.

Why the factor of two. It is natural to ask whether the constant 2« could be improved by a
sharper argument using only the tournament constraint. The generic tournament bound cannot
be improved without additional structure. Full conformal prediction ranks all n 4+ 1 points by a
single list of scores computed under one shared fit on the augmented data. A single score list
induces a transitive comparison structure, that is, a total order: if player i loses to player j and
player j loses to player r, then player ¢ loses to player r. In such a tournament, a player loses at
least (1 — a)(n + 1) games precisely when its score is in the top « fraction of the list, so at most
a(n + 1) players can be heavy losers. This is the rank argument of Proposition 10.2 again, and it
is why full conformal achieves 1 — « with no factor of two. R

Jackknife+ compares each pair of points under a different fit, f_(; ;. The comparisons
need not be consistent with any single ordering, and the tournament can contain cycles: ¢ loses
to 7, j loses to r, and r loses to i. Cycles let losses concentrate. There is an explicit cyclic
construction that nearly attains the bound of Lemma B.7: arrange 2m + 1 players in a circle,
where m = a(n + 1) — 1 is assumed to be an integer satisfying 0 < m < n/2, and let each circle
player lose to the m players that follow it in cyclic order and to all n — 2m players outside the
circle. Each circle player then loses exactly m+ (n+1) — (2m+ 1) = (1 — a)(n + 1) games, so
the tournament has 2m + 1 = 2a(n + 1) — 1 heavy losers, nearly twice the transitive count [4].
The 1 — 2« guarantee is therefore essentially tight over all tournaments; it is not an artifact of a
loose union bound. What the worst case does not say is that jackknife+ typically loses coverage:
for stable algorithms its empirical coverage is usually close to 1 — .

Averaging p-values. Jackknife4+ has a K-fold analogue: split the data into K folds, replace
each leave-one-out fit by the fit with one fold held out, and build the interval from the held-out
residuals; the resulting interval is called CV+, and the prediction set defined directly by the
rank comparisons is called cross-conformal prediction [4, 11]. For a hypothesized test response,
membership in the cross-conformal set amounts to thresholding the average of K split-conformal
p-values, one per fold, each valid on its own but all dependent because they share the data. An
average p of dependent valid p-values is not in general a valid p-value, but min{2p, 1} always
is [138, 169], and this doubling is exactly where the 1 — 2« level arises in the p-value route to
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opponent j
12 1

1 4 8 4 8 12

transitive: score ordering with cycles: leave-two-out comparisons

1 EHl SEEEEEEER

HE EEEEEEER
3 heavy losers .........
[ | EEEEEEEN
[ 1| EEEEEER

|
]
(1]

5 heavy losers . . . .
EEEEN
EEEEEE

player i

FicURrE B.1. Transitive versus cyclic tournaments. Left: a single score list, as in
full conformal prediction, induces a total order. Players are displayed in score
order, best conformity first, so losses fill a staircase, and a player can lose at
least (1 — «)(n + 1) games only by having one of the a(n + 1) worst scores; these
are the bottom rows, so at most a(n + 1) players are heavy losers. Right: the
pairwise leave-two-out comparisons of jackknife+ can produce cycles, and a cyclic
arrangement makes nearly 2a(n + 1) players lose at least (1 — a)(n + 1) games
each. The tournament lemma shows that this factor of two is the worst case.

the cross-conformal guarantee [4]. By contrast, the average of e-values is always a valid e-value
(Chapter 8), which is one motivation for the conformal e-prediction methods discussed later in
this chapter.

5. Online Conformal P-Values and Testing Exchangeability

‘ Route: Research frontier

The chapter has so far calibrated once, on a batch. Many deployments instead see a stream.
Data arrive one at a time, and each new point must be predicted from all earlier ones: a bank
scores transactions as they occur, a hospital monitors each incoming patient, a deployed model
is checked on each new query. Formally, let

Zy = (X, Yy), t=12,...,

be a sequence of observations. At time ¢, the analyst has observed Zy, ..., Z;_1 and the covariate
Xi, reports a prediction set Cy(Xy) for Y;, then observes Y; and folds Z; into the training data
before moving on to time t + 1.

Online full conformal prediction runs the full conformal construction of this chapter at every
step:

Ci(Xe) = {y : pu(y) > o},

where p;(y) is the full conformal p-value computed from the training data 71, ..., Z;_1 augmented
with the candidate pair (X¢,y). At time ¢ = 1 there is no training data, and we set C;(X1) = V.
For each fixed ¢, exchangeability of Z1,..., Z; and the rank argument of Proposition 10.2 give
the marginal guarantee P{Y; € Cy(X;)} > 1 — a. This is not new. The new question is the
joint behavior over time. Every observation is reused as training data at every later step, so the
coverage errors at different times share data and look as though they should be dependent in a
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complicated way. The surprise of this section is that, for online full conformal prediction with a
symmetric score and almost surely distinct scores, the conformal p-values at different times are
exactly independent. Fresh independent smoothing can replace the distinct-score assumption, as
discussed after the theorem.

To state this precisely, fix a score algorithm S that maps a data set D and a point z to a
nonconformity score S(z; D), where smaller values mean better conformity, as in the rest of the
chapter. The algorithm is symmetric if the scores it produces do not depend on the order in
which the data set is presented: S(z;D) = S(z;D,) for every point z and every permutation o
of the entries of D. Symmetry is the same requirement made of the fitting step in full conformal
prediction. Write Dy = (Zy,..., Z;) for the data observed through time ¢, and compute all ¢
scores at time t:

Rt,i:S(Zi;Dt), 1=1,...,t.
The online conformal p-value at time t is the rank-based p-value of the tth score among the ¢
scores available at time ¢:
I+ H#{I<i<t—1: Ry > Ry} #{1<i<t:Ryg > Ry}
- t - t ’
where the second form holds because the term ¢ = ¢ always contributes one to the count. In
particular p; = 1, and p; takes values on the grid {1/¢,2/t,...,1}. The quantity p; is the full
conformal p-value p;(y) evaluated at the realized response y = Y}, so the miscoverage event at
time ¢ is exactly a small p-value:

Yt ¢ Ct(Xt) — yo < a.

bt

Theorem B.8: Independence of online conformal p-values

Fix T > 1. Suppose Z1, ..., Zr are exchangeable, the score algorithm S is symmetric, and
for each t < T the scores Ry 1,..., R are distinct almost surely. Then each p; is uniformly
distributed on {1/¢,2/t,...,1}, and p1,...,pr are mutually independent [165, 172].

Proof of Theorem B.8

For t < T, let 1315 denote the empirical distribution of Z1,..., Z;, that is, the unordered
multiset of the first ¢ observations, and let

Gt = 0(P, Zyy1,-- -, Zr)

be the information consisting of this multiset together with all later observations. The proof
establishes two claims and then combines them.

Claim 1: conditional on G, the p-value py is uniform on {1/t,2/t,...,1}. Exchangeability
implies that permuting Z1, ..., Z; while holding Z;1, ..., Zr fixed does not change the joint
law, and every such permutation produces the same value of the conditioning information
G¢. Hence, conditional on Gy, the vector (Z1, ..., Z;) is a uniformly random ordering of the
multiset I3t; this is the conditioning device of Lemma 10.1. Because the score algorithm is
symmetric, the fitted score function z — S(z;D;) depends on D; only through P,. Under the
conditioning it is therefore a fixed function, and the multiset of score values {Ry1,..., Ry}
is fixed as well. The only randomness left in p; is which element of this fixed multiset sits in
position £. The scores are distinct almost surely, and the ordering is conditionally uniform,
so the rank of R;; among the ¢ scores is conditionally uniform on {1,...,t}. The event
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{pt = k/t} is exactly the event that Ry, is the kth largest score, so
pt | Gt ~ uniform on {1/t,2/t,...,1}.

Claim 2: for every s > t, the p-value ps is a function of G;. Let o be any permutation
of {1,...,T} that permutes {1,...,t} and fixes every index larger than ¢, and relabel the
stream by o. At time s > t, the relabeled data set contains the same points as Ds, only
in a different order, and the test point is still Zs because o(s) = s. Symmetry of the score
algorithm gives S(z; (Ds)s) = S(z;Ds) for every z, and the p-value computed from the
relabeled stream is

S S
%Z UHS(Zo(; Ds) 2 §(Zs; Ds)} = EZ 1{8(Zi; Ds) > S(Zs; Ds)} = ps,
i=1 i=1

because the sum runs over the same collection of indices. Thus p; is invariant to permutations
of the first ¢ observations: it depends on the data only through the unordered multiset ﬁt
and Z;11,...,Z7, which is the claim.

Combining the claims. By Claim 2, the vector (pg41,...,pr) is a function of G;. Claim 1
and the tower property of conditional expectation therefore give

pt | (Pt+1s---,pr) ~ uniform on {1/t,2/¢t,... 1},

a conditional law that does not depend on the values of the later p-values. Now induct
backward from ¢t = T'. For any grid values a; € {1/¢,...,1}, the chain rule of conditional
probability gives

T T
1
P(pl :a17"'7pT:aT) = Hp(pt = at ‘pt-‘rl :at+17"'7pT:aT) = H;
t=1 t=1
The joint probability mass function factorizes into the product of the marginal mass functions,
which is mutual independence, and each marginal is uniform on its grid. O

Three remarks keep the theorem honest. First, the independence is exact, not asymptotic,
and it holds even though every pair of p-values is computed from overlapping data. The proof
explains why: once the multiset of the first ¢ observations and the later observations Z;y1,..., Zr
are fixed, all later p-values are determined, while the position of the tth observation within that
multiset is still completely random. Second, the result is about online full conformal retraining
with a symmetric score. If the training or calibration data are frozen and all future test points
are compared with the same reference sample, as in Section 7 of Chapter 10, the p-values are
dependent, and the right tool is the PRDS property of Theorem 10.6. Independence is bought
by refitting on all data at every step, not by conformal prediction as such. Third, distinct scores
matter: with ties the p-values need not be independent, although ties only push conformal
prediction toward conservatism, and the long-run coverage below survives as an inequality. Exact
continuous uniformity and independence can instead be recovered by smoothing the tied rank
at every time t with a fresh U; ~ Unif(0,1), where the U,’s are mutually independent and
independent of the data; the backward-rank proof then applies to the smoothed ranks [4, 172].
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Corollary B.9: Independent errors and long-run coverage

Suppose Z1, Zo, ... is an infinite sequence whose every finite initial segment satisfies the
assumptions of Theorem B.8. Fix o € (0,1) and let

err, = 1{Y; ¢ Ci(Xy)}

be the miscoverage indicator of the online full conformal set at level a. Then erry,errs, ...
are mutually independent Bernoulli variables with

o ta] 1
Plerr; = 1) = — € (oz— 7 a},
and the running coverage frequency converges:
T
1
T Z H{Y, e Ci(Xp)} — 1 -« almost surely as T — oo.

t=1

Proof of Corollary B.9

The miscoverage event is exactly {p; < a}, so err, = 1{p; < a} is a function of p; alone, and
functions of mutually independent random variables are mutually independent. Since p; is
uniform on {1/¢,...,1}, the number of grid points at most « is |ta], which gives the stated
success probability, and o — 1/t < |ta|/t < a. For the running frequency, the summands are
independent with variances at most 1/4, so 3, Var(err;)/t? < oo, and Kolmogorov’s version
of the strong law of large numbers for independent, not identically distributed summands
gives T~ 3", . r{err; — Elerry]} — 0 almost surely. Since |E[err;] — a| < 1/, the averaged
means converge to a. Hence the miscoverage frequency converges almost surely to a, which
is the displayed statement. (I

Three dependence regimes. It is worth pausing to organize how conformal p-values interact
with the multiple-testing machinery of this book, because the dependence structure is decided
by how the data are reused. (i) With online full conformal retraining, a symmetric score, and
almost surely distinct scores, Theorem B.8 makes the p-values exactly independent, and the
Benjamini-Hochberg procedure [19] applies exactly as in the independent case. (ii) With a single
shared calibration set, mutually independent test points that are independent of the reference
sample, and a continuous true-null score distribution, the p-values are PRDS on the true nulls by
Theorem 10.6; BH remains valid by the results of Chapter 6. (iii) Under arbitrary or unknown
dependence, one falls back on the Benjamini—Yekutieli correction [20], or on conformal e-values
combined with the e-BH procedure of Chapter 8 [14, 104, 118]. Figure B.2 summarizes the three
regimes.

An anytime-valid test of exchangeability. The independence theorem has a second
use: it turns the stream of conformal p-values into a sequential test of exchangeability itself.
Recall from Chapter 8 that a nonnegative process My, M1, ... with My = 1 whose conditional
expectation given the past cannot increase under the null is a nonnegative test supermartingale,
obtained for instance as a running product of conditional e-values (Proposition A.6); such
processes are the e-processes of that chapter. Ville’s inequality (Theorem A.8) guarantees that,
under the null, the entire path exceeds 1/« with probability at most «, so the process can be
monitored at every time without a multiplicity penalty.
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online full conformal one shared calibration set arbitrary dependence

newest point ranked within the dashed sample O
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independent p-values PRDS p-values
- . ) . dependence unknown
(symmetric score, distinct scores) (independent tests, continuous scores)
BH as under independence BH remains valid BY, or e-values with e-BH

F1GURE B.2. Three dependence regimes for conformal p-values, and the matching
multiple-testing tool. Online full conformal retraining with a symmetric score
and distinct scores gives exactly independent p-values, so BH applies as under
independence. Fresh independent smoothing gives the analogous conclusion when
ties are possible. A single shared calibration set gives PRDS p-values when the test
points are mutually independent and independent of the reference sample and the
true-null score distribution is continuous, so BH remains valid. Under arbitrary
or unknown dependence, the guarantees fall back on the Benjamini—Yekutieli
correction or on conformal e-values with e-BH.

Here the null hypothesis is exchangeability of the stream: for every T', the vector (Z1,..., Zr)
is exchangeable. This is the assumption on which every guarantee of this chapter rests, and in
deployment it is the assumption most likely to fail, through drift, changepoints, or feedback from
the deployed model itself. The next theorem shows that betting against the online conformal
p-values produces a valid e-process for this null.

Theorem B.10: Conformal test supermartingale

Let p1,po, ... be the online conformal p-values of this section, computed with a symmetric
score algorithm whose scores are almost surely distinct at every step. For each t, let
ft :10,1] — [0, 00) be a nonincreasing function with f01 fi(u) du < 1, where f; may be chosen
as a function of p1,...,pi—1. Define

50
Mo =1, My =TT fi(po).
t=1

If the stream is exchangeable, then (Mr)r>o is a nonnegative supermartingale with respect
to the filtration Fr = o(p1,...,pr), and for every a € (0,1),

]P’(?l;% Mp > é) < .

In particular, the sequential test that rejects exchangeability at the first time Mp > 1/«
has level at most o simultaneously over all stopping rules.
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Proof of Theorem B.10

Fix t and condition on F;_1. The function f; is then fixed. By Theorem B.8, applied at
every horizon, p; is independent of py,...,p;—1 and uniform on {1/¢t,2/t,...,1}, so

Elfe(pe) | Fe—1] = %Z fe(k/t).
k=1

This is where the nonincreasing hypothesis does its work. The p-value is discrete uniform,
not continuous uniform, so the conditional expectation is a grid average rather than an
integral; monotonicity converts one into the other. Since f; is nonincreasing, f;(k/t) < fi(u)
for every u € ((k —1)/t, k/t], hence

k/t

1
Pk < [ ) du

and summing over k =1,...,% gives

1
E[fi(pr) | Fio1] < /0 filu)du < 1.

Without monotonicity this step fails: a nonnegative f; with unit integral can concentrate its
mass near the grid points k/t and make the grid average arbitrarily large. Therefore

E[M; | Fi1] = My—1 E[fi(pe) | Fe—1] < M1,

and My > 0 with My = 1, so (Mr)r>0 is a nonnegative supermartingale starting at one.
Ville’s inequality (Theorem A.8 in Chapter 8) gives P(supp My > 1/a) < a. For any
stopping rule 7, the rejection event {M; > 1/a} is contained in {supp M7 > 1/a}, so the
level bound holds uniformly over stopping rules. (Il

A simple concrete choice is the one-parameter betting family

. 1-— /\tu
fi(u) = W) A € [0,1],

which is nonnegative and nonincreasing on [0, 1] and integrates to exactly one; the parameter
At, which may be tuned from the past p-values, controls how aggressively the test bets on small
p-values [172].

Three punchlines summarize why this construction is remarkable. First, the p-values are
computed from the same growing data stream, with each observation reused at every later step,
yet Theorem B.8 means that no multiplicity correction for data reuse is needed: each factor fi(p;)
is a valid conditional e-value given the past. Second, the division of labor is clean: conformal
prediction supplies the e-process, and Chapter 8 supplies the betting interpretation, the optional-
stopping guarantee, and the reading of large Mp as accumulated evidence against exchangeability.
Third, this is a monitoring tool in the strict sense: it detects when exchangeability fails, which is
exactly the assumption whose failure the next section addresses. A word of caution completes the
picture: failing to reject is not evidence that the stream is exchangeable, and the test has power
only against departures that make the chosen score produce unusually small conformal p-values.

Finally, when the data are not merely drifting but adversarially nonstationary, no guarantee
based on exchangeability survives, and a different idea takes over: update the conformal threshold
online so that the realized coverage frequency tracks the target 1 — o no matter how the data are
generated, an approach known as adaptive conformal inference [66]. Its guarantee is deterministic
and long-run: the average miscoverage over time approaches « for every sequence, random or



6. WHEN EXCHANGEABILITY FAILS 287

not. This is a different kind of statement from the distributional coverage of this chapter, and
we do not develop it here [4].

6. When Exchangeability Fails

Route: Advanced ‘

Conformal prediction is often described as distribution-free. The phrase means distribution-
free under exchangeability. If the calibration data and the future test point are drawn from
different distributions, the rank of the test score among the calibration scores need not be
uniform.

0.9

o
©

empirical coverage

o
3

0.6

0.0 0.5 1.0 1.5 2.0 25
test covariate mean shift

FIGURE B.3. A split conformal interval calibrated for nominal 90% coverage
under one covariate distribution can undercover after test covariate shift. The
issue is not model misspecification alone; the exchangeable-rank argument no
longer applies.

Weighted and distribution-shift conformal methods modify the calibration weights or the
target coverage statement when the shift structure is known or estimable. Those methods require
extra assumptions. Without such structure, finite-sample conditional or shifted-distribution
coverage cannot be obtained for free.

Weighted conformal prediction. When the test distribution differs from the calibration
distribution by a known likelihood-ratio function w(z,y) = dPiest/ dPeal, weighted conformal
prediction [160] replaces the empirical CDF of calibration scores by a weighted distribution that
includes an atom at +oo. The likelihood ratio is the density of the test law with respect to the
calibration law; when both laws have densities, it is their ratio, and we assume throughout that
it is finite at every point. To match the displays below, the split-conformal calibration set of
Section 4 of Chapter 10 is indexed by 1,...,n in this subsection, the score function S is trained
on a separate split, and S; = S(X;,Y;) are the calibration scores. The weighted distribution is

]_’:w _ Z w(Xi,Y;) 5 w(Xn+l7y)

4 0400
i=1 Z?:l U)(Xg, YZ) + w(XTH-l) y) ‘ Z?:l ’U)(X[, }/Z) + w(Xn+17 y) e
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The finite-score part of this distribution has CDF
?:1 w(Xz‘,Y;‘) 1{Si < S}
im1 WX, Yi) + w(Xns1,y)

For a finite collection of atoms z1, ..., 2, € RU{+occ} carrying nonnegative weights wq, ..., wp,
that sum to one, define the weighted quantile

m m
Quantile(z W05 7') = inf{t cR: Z w;1{z; <t} > 7'},
=1 =1

the smallest point at which the cumulative weight reaches 7, with the convention that the infimum
of the empty set is +00. The weighted conformal prediction set is

C¥(x) = {y: S(z,y) < Quantile(]?;”; 1—a)}.

With a constant weight function w = 1, every atom receives weight 1/(n + 1) and the set
reduces to the split conformal set of Section 4 of Chapter 10: the atom at 4oco reproduces the
finite-sample correction [(1 — a)(n + 1)] of Proposition 10.2.

The analysis rests on two ingredients: a deterministic property of weighted quantiles, and
a description of where the test point sits inside the pooled sample once its distribution has
shifted. The deterministic ingredient, due to Harrison [75], states that a weighted quantile always
captures at least its nominal fraction of the weighted atoms.

FY(s) =

Lemma B.11: Deterministic weighted-quantile bound

Fix real numbers 21, ..., 2, and nonnegative weights w, ..., w,, with >/ w; = 1. Then
for every 7 € [0, 1],

m m
Zwi l{zi < Quantile(z wjézj; 7')} > T
i=1

Jj=1

Proof of Lemma B.11

Write G(t) = 3772, w;1{z; < t}; this is a nondecreasing, right-continuous step function.
If 7 = 0 the claim is trivial, so assume 7 > 0. Then ¢ = inf{t : G(t) > 7} is finite, since
G(t) =1 > 7 for t > max; z; while G(t) = 0 < 7 for ¢ below the smallest atom carrying
positive weight. Taking ¢, | ¢ with G(t;) > 7 and using right-continuity gives G(q) > 7,
which is the claim. O

With equal weights 1/(ng+ 1) on the ny calibration scores and the test score used in Section 4
of Chapter 10, Lemma B.11 says that at least [(1 — «)(n2 4+ 1)] of the ng + 1 scores lie at or
below their empirical quantile; this is exactly the deterministic step inside the rank argument of
Proposition 10.2.

The probabilistic ingredient replaces the uniform-rank statement of Proposition 10.2. Under
a distribution shift the test point is no longer equally likely to occupy each position in the pooled
sample, but its conditional position remains explicit: given the observed values, it lands on each
of them with probability proportional to the likelihood ratio.
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Proposition B.12: Weighted exchangeability

Let Z1,...,Z, be independent draws from a distribution P, and let Z,,4+1 ~ @ be drawn
independently of them, where @ is absolutely continuous with respect to P with likelihood
ratio w = dQ/dP satisfying w(z) < oo for every z. Let

N 1 n+1
P, = oz,
T ; Zs

denote the empirical distribution of the pooled sample; conditioning on ]3n+1 means observing
the multiset of values {Z1,..., Z, 41} without their order. Then

n+1
~ w(Z;
Zny1 | Pag1 ~ > pidyz,, pi = 7%1( J :
= > w(Z;)

When @) = P, the likelihood ratio is constant, every p; equals 1/(n + 1), and the proposition
reduces to the exchangeability statement behind the rank argument: the test point is uniform
over the pooled values. Under a shift, the test point preferentially occupies the values at which
w is large.

Proof of Proposition B.12

The claimed conditional law is characterized by the following statement: for all measurable
sets A and B,

n+1

P(Zps1 € A, Poiy € B) [Z pi1{Z; € AA1{P,,; € B}}
=1
Indeed, Z?ﬁl pi1{Z; € A} is invariant under permutations of (Zy,...,Z,1), hence a

function of Pn+1 alone, and the display is the defining property of a conditional probability
given P,41. The second tool is a change-of-measure identity: for any bounded measurable
function h,

E(zy,....Zns1)~Prx@ (21, - s Zni1)] = Bz, zp)oprtt [W(Zns1) M(Z1, - -, Zng)],
which is the defining property of the likelihooAd ratio, applied to the last coordinate.
Apply the identity with h = 1{Z,,+; € A}1{P,4+1 € B}:

P(Zns1 € A, Poy1 € B) = Epns1 [w(Zny1) 1{Zns1 € A} 1{Pny1 € B}].

Under P"*!, extend the definition of the p; by setting p; = 0 on the event Z"H (Z;) =0;

this event can have positive probability under P"*! even though it is null under the original
law. With this convention the identity

n+1

W(Zp41) = Pn+1 Z

holds almost surely under P"*!, both sides vamshlng when the sum does. Substituting and
expanding the sum,
P(Znt1 € A, Poy1 € B) =Y Epnsi [pry1w(Z;) 1{Znt1 € A} 1{Poy1 € BY].
j=1
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Under P™*! the coordinates are independent and identically distributed, so the jth expecta-
tion is unchanged when the coordinates j and n 4 1 are swapped. The swap sends p,+1 to
pj, sends w(Z;) to w(Zy41), sends 1{Z,11 € A} to 1{Z; € A}, and leaves P, unchanged.
Hence the jth term equals

Epnit [W(Zny1) pj 1{Z; € A} 1{Pny1 € B}] = Epnxq[p; 1{Z; € A} 1{P,;1 € B}],

where the equality applies the change-of-measure identity in the reverse direction. Summing
over j gives the characterizing display and completes the proof. O

The two ingredients combine into the coverage guarantee. Because the weights in .7?;“ are
normalized by their own sum, the construction requires the likelihood ratio only up to a positive
multiplicative constant: any unknown normalizing constant of w cancels.

Theorem B.13: Coverage of weighted conformal prediction

Let the score function S be trained on data independent of the calibration sample and the
test point, as in Section 4 of Chapter 10. Let Z1,...,Z, be independent draws from P,
and let Z,,11 ~ Piest be independent of them, with likelihood ratio w = dPiest/d Pra1 finite
everywhere and known up to a positive multiplicative constant. Then

P{Ypi1 € C¥(Xny1)} > 1 —a.

Proof of Theorem B.13

Condition on the training data, so S is fixed. Write S; = S(X;,Y;) fori =1,...,n+ 1 and
pi = w(Z;)/ Z?;rll w(Z;). At the candidate value y = Y}, the distribution ]?{}’HH places
mass p; at S; for ¢ < n and mass p,11 at +00. Moving the last atom from 400 down to
Sn+1 can only decrease the quantile, so the coverage event S;,11 < Quantile(]?}lﬁ’wl; 1—a)

contains the event
n+1

E= {Sn+1 < Quantile(Z pids;; 1 — oz)}.
i=1

Condition further on the multiset {Z1,...,Z,4+1}. The weights p;, the scores S;, and hence
the quantile in E are functions of the multiset alone. By Proposition B.12, the test point
takes the value Z; with conditional probability p;, so

n+1 n+1
P(E | {Z1,...,2Zn+1}) = ij l{Sj < Quantile(z pids;; 1 — a)} >1-a,
=l i=1

where the inequality is Lemma B.11 with 7 = 1 — a. The tower rule, averaging first over
the multiset and then over the training data, gives the marginal statement. O

Two special cases lead the applications. Covariate shift, where the test and calibration laws
share the conditional distribution of Y given X so that the likelihood ratio w(z,y) = w(x)
depends only on the covariate, is the setting of Tibshirani et al. [160]; label shift, where the
two laws share the conditional distribution of X given Y and w(x,y) = w(y) depends only on
the response, is handled by the same theorem, the unknown test label being supplied by the
candidate value y inside .7?;” . In practice the likelihood ratio must usually be estimated, and the
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estimation error enters the coverage gap; the theorem itself assumes the ratio is known up to its
normalizing constant.

Weighted conformal prediction requires the shift to be known through a likelihood ratio. A
complementary strategy makes no attempt to model the shift. Fix the weights in advance to
encode how much each calibration point is trusted (for example, downweighting older observations
in a time series), and accept a coverage penalty that grows with the actual, unknown drift [13].
The penalty is measured in total variation distance, the largest difference between the probabilities
that two laws assign to a common event, as recalled in Section 1.

Theorem B.14: Fixed-weight conformal prediction under drift [13]

Let wy,...,wy11 be fixed nonnegative constants with Z?:ll w; = 1 and wy,41 > w; for every

i <n.Let Z=(Z1,...,Zn+1) have an arbitrary joint distribution, and let Z® denote the
sequence with the test point and calibration point ¢ swapped:

ZD =(Z4,...,Zi-1, Zni1, Ziv1y - - - Zny Zi).

Let S be a fixed measurable score function, or a random score function trained using data
independent of Z, and set S; = S(X;,Y;). Define the fixed-weight conformal set

C¥(x) = {y :S(x,y) < Quantile(zn: w;ids;, + Wp+104+00; 1 — a) }
=1

Then )
P{Yn41 € C¥(Xp41)} 21— a— Y widry(Z, Z29),
i=1
where drv(Z, Z (i)) denotes the total variation distance between the laws of the two sequences.

No exchangeability is assumed. If the data are exchangeable, then Z and Z() have the same
law, every penalty term vanishes, and the bound is the usual 1 — «. Away from exchangeability,
each calibration point pays a penalty proportional to its own weight: points suspected of being
far from the test distribution should receive small weight, and points believed to be close to it
may keep large weight.

Proof idea. If S was trained independently, condition on its training data first; the distribution
of Z and every total variation term in the theorem are unchanged. Thus the rest of the argument
treats S as fixed. This independence condition is essential for the displayed data-level penalty: a
merely disjoint training split need not be independent when Z has an arbitrary joint distribution.
The set C" contains the variant in which the atom at 400 is replaced by an atom at the
candidate score S(z,y), so it suffices to bound the coverage of that smaller set; this is the form
analyzed by Barber et al. [13], whose result covers any score computed symmetrically from the
pooled sample, the split score used here being the simplest case. The argument has three steps.
First, a data-processing step. The coverage event depends on the data only through the score
vector (S1,...,Sn+1), and swapping Z; with Z,, 1 induces exactly the corresponding swap of the
score vector. The proof therefore establishes the sharper bound in which each penalty term is
the total variation distance between the laws of the original and swapped score vectors; since
total variation distance cannot increase under a measurable transformation, that sharper bound
implies the data-level bound displayed in the theorem. In high dimensions the difference can be
large: two raw data sequences can be nearly mutually singular while their score vectors have
nearly identical laws, so the score-level form of the penalty is the one to use when the displayed
bound looks vacuous. Second, a mixture comparison. The coverage probability is expanded as a
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weighted sum over which index occupies the test position, and each summand is compared with
its swapped counterpart at a cost of one total variation term; comparing the two quantile events
uses a mixture generalization of the quantile comparison, stated as an exercise at the end of this
chapter, and it is here that the condition w,+1 > w; enters, since the mixture weight wy,4+1 — w;
must be nonnegative. Third, the deterministic weighted-quantile bound of Lemma B.11 certifies
that the weighted fraction of scores at or below the weighted quantile is at least 1 — «, exactly as
in the proof of Theorem B.13.

The guarantee has the same validity-minus-drift structure as the dependence-robust false
discovery rate bounds of Chapter 6: an exact guarantee under an ideal assumption degrades
continuously, with an explicit penalty, as the assumption fails, and choosing weights that
decay with the age of an observation trades statistical efficiency against robustness to drift.
The penalty involves the unknown joint law, so the bound quantifies robustness rather than
certifying an achieved coverage level from data. Localized variants that reweight calibration
points by proximity to the test covariate deliver approximate test-conditional coverage by the
same weighting mechanism [71, 81].

7. Conformal Risk Control and Learn-Then-Test

Route: Research frontier

The conformal guarantee controls miscoverage, the expectation of a 0/1 loss. Many modern
deployments care about quantities that are not miscoverage: the false-negative rate of a medical-
image segmentation, the intersection-over-union of a detected object, the token-level F1 score
of a generated summary, or the maximum sub-group loss of a fairness-constrained predictor.
Angelopoulos et al. [3] introduce conformal risk control (CRC), which generalizes coverage control
to the expectation of any bounded, monotone loss function.

Theorem B.15: Conformal risk control

Let A range over a fixed compact interval [Amin, Amax), and let Ly(X,Y") be a loss function
such that, for every realization of the data, A — Ly(X,Y") is non-increasing, right-continuous,
and 0 < Ly(X,Y) < B. Assume also that L, (X,Y) = 0 for every realization. Fix a
target loss level o € [B/(n + 1), B], and let A be the smallest A € [Amin; Amax] such that

1 n
Ly(X;,Y; B <a.
n+1<; )\( iy z)+ )—a

Then the test-point loss satisfies

E[L/A\(XnJrlaYnJrl)} <a
under exchangeability of (X1,Y7),...,(Xnt1, Ynt1)-

Proof of Theorem B.15

Write Z; = (X;,Y;), and define the empirical surrogate

Rn(A) = . (Xn:LA(Xi,E'H—B).
i=1

Cn+1

The map A — R, () is non-increasing because A — Ly (X;,Y;) is non-increasing for every
i. The endpoint condition and o > B/(n + 1) make the feasible set nonempty. Define
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A= inf{\ € [Amin, Amax] : Bn(A) < a}; compactness and right-continuity ensure that the
infimum is achieved, so R,(A) < o

To justify the test-point expectation, use a leave-one-out symmetrization. For each ¢ €
{1,...,n+1}, let A= be the threshold obtained by applying the same rule to all observations

except Z;:

1

Lx(Z B| <.

n+1 (; MZe) + ) =«
#i

The endpoint condition makes every one of these leave-one-out feasible sets nonempty. By

exchangeability,
1 n+1

E[Ly(Zn+1)] = p—— 2 E[Lg i (Z3)]-
It remains to show the deterministic inequality

n+1

D Lyo(Zi) < (n+ e
=1

Let i, be an index for which A(=i%) is smallest. Since losses are non-increasing in A,
Locy(Zi) < Lyiy (Z4) for every i.
The defining inequality for A(=ix) gives
> Lyin(Zi)+ B< (n+1a,

i
Because Ly, (Z;,) < B, the full sum at A=) is at most (n + 1)a. Combining the last
two displays proves the deterministic inequality, and hence ]E[LX(XHH, Yoi1)] < a. O

The proof uses exactly the same exchangeability device as the split-conformal rank argument:
a symmetric function of the data inherits the exchangeable behavior of the data, which lets the
calibration sample certify a bound that transfers to the test point. When Ly(X,Y) = 1{Y ¢
C\(X)} and C), is the prediction set indexed by quantile level A, CRC reduces to ordinary split
conformal coverage. For richer losses such as 1 —IoU(C)(X),Y), 1 = F1(C\(X),Y), or per-token
false-negative rates, the same theorem yields an expected-loss guarantee with no change in the
proof; only the requirement that the loss be monotone in A and uniformly bounded.

Beyond monotone losses: Learn Then Test. CRC requires monotonicity of the loss in
the calibration parameter. Many operational losses are not monotone: a fairness-adjusted error
metric may rise and fall with calibration parameter, and token-F1 in a multi-step generation
need not respond monotonically to a single threshold. The Learn-Then-Test (LTT) framework
of Angelopoulos et al. [2] reduces calibration of an arbitrary risk-controlling parameter to a
multiple-testing problem.

Fix a finite grid A = {A1,..., Ak}, and define the population risk of a fixed candidate by

R(\) = E(x y)~p[LA(X, Y)].
For each candidate A, test the null hypothesis
H, : R()\) >«

on an i.i.d. calibration sample of size n using a concentration-based p-value py. This independence
assumption is stronger than the exchangeability used by CRC above; it is what justifies the
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usual Hoeffding calibration test. For losses bounded in [0, B], Hoeffding’s inequality gives the
closed-form valid p-value

n
pl;\loeff:exp<—z7;(a—l})\)2+> , L, = Tllz:lLA(Xi’Yi)’
=
which is super-uniform under H) (a direct application of Hoeffding to Ly bounded around its
mean). Sharper Bernstein- or e-value-based p-values can be used when the loss has small variance
or when the experimenter prefers anytime-valid certificates.

There are two ways to use the grid. If we want a high-probability guarantee that every
accepted tuning value is safe, apply Bonferroni, Holm, or another FWER-controlling rule from
Chapter 4. If we want to keep many candidate tuning values and control the average fraction of
unsafe ones, BH can be used when the grid p-values satisfy the dependence conditions needed
for BH, such as independence or PRDS. Without such a condition, one should use a dependence-
robust rule such as BY, or use e-values with e-BH. The theorem below states the simpler FWER
version.

Theorem B.16: LTT validity

Suppose each p) is a valid super-uniform p-value for Hy under the calibration sample. Apply
Bonferroni at level § to the family {py : A € A}, so Aont = {\ : px < J/K}. If this set is
nonempty, then for any selection rule A € Apgpt,

P(R(}) <a)>1-4.

If KBonf is empty, the procedure abstains.

Proof of Theorem B.16

The event “KBonf contains a null A” is exactly the event “some p) < §/K for A € A with
R(A\) > a”. By the union bound,

P(KBonf contains a null) < Z P(py <6/K) < K-§/K =9,
AN:Hy
using super-uniformity of each py under Hy. Hence with probability at least 1 — 4, every A
in the rejected set is not a null, i.e., R(A) < a. The bound transfers to any selection rule A
that returns an element of KBonf. O

Using BH instead of Bonferroni preserves the rejection structure, but the usual BH guarantee
requires the same kind of dependence care discussed in Chapter 6. Under independence or PRDS,
BH controls FDR on the calibration grid: the expected fraction of rejected A’s that fail to satisfy
R(A\) < a is at most 0. For bounded losses calibrated with Hoeffding p-values, the concentration
scale at familywise level ¢ is By/log(K/d)/n, matching the usual uniform-concentration rate.

The interplay between LTT and the rest of this book is direct. LTT applies a multiple-testing
procedure from earlier chapters (BH, Bonferroni, or e-BH on e-value calibration tests) to a
calibration grid. Risk-controlling prediction sets in the sense of Bates et al. [15] are a special
case in which the test is constructed from a known concentration inequality.



APPENDIX C

Method-Selection Matrix

The matrix is a routing device, not a substitute for the theorem statements. Start with the
target and output columns; then check whether the required model or dependence condition
describes the intended data-generating process.
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APPENDIX D

Glossary

Familywise error rate (FWER): The probability of at least one false rejection in a specified
family: FWER =P(V > 1).

False discovery rate (FDR): The expected false discovery proportion: FDR = E{V/(RV1)}.

Positive FDR (pFDR): The expected false discovery proportion conditional on making at
least one rejection: E(V/R| R > 0).

Marginal FDR (mFDR): The ratio of expected false to expected total discoveries, commonly
E(V)/E(R), with the exact denominator convention stated by the method.

False coverage rate (FCR): The expected proportion of noncovering intervals among the
intervals selected for reporting.

Selected-family FDR: An average FDR across data-selected families, usually conditional
or weighted according to a hierarchical selection path. It is not automatically an
unconditional levelwise FDR.

Super-uniformity: A null p-value property: P(P < t) <t for every ¢t € [0, 1]. Exact continuous
uniformity is sufficient but not required.

PRDS: Positive regression dependence on a subset: conditioning a true-null p-value to be larger
makes every coordinatewise increasing event no less likely, in the precise formulation
used by the theorem. PRDS plus super-uniform nulls licenses ordinary BH.

Exchangeability: Invariance of a joint distribution under permutation of the indexed units. It
is weaker than independence and supplies the rank symmetry behind conformal and
randomization procedures.

Marginal coverage: Coverage averaged over the training/calibration data and the next test
unit:

P{YnJrl € Cn(Xn+1)} Z 1—oa.

Conditional coverage: Coverage after conditioning on specified information, such as a covariate
value, training sample, or selection event. The conditioning sigma-field must be stated.

Simultaneous coverage: The probability that all intervals or all times cover together is at
least 1 — . This is stronger than separate marginal coverage.

E-value: A nonnegative random variable with null expectation at most one. The rule E > 1/«
is a valid level-a e-test, not a numerical p-value conversion.

E-process: A nonnegative process dominated under the null by a test supermartingale, usually
normalized at one. Ville’s inequality gives time-uniform evidence.

Selective coverage: Coverage defined after a data-dependent selection step. It may refer to
FCR, coverage conditional on a complete selection event, or simultaneous protection;
these are distinct guarantees.

Least-squares projection target: For fixed mean vector p and selected design Xy, the
coefficient (X ]\—ZX M)_lX]\T[ w. It is not automatically a population or structural regression
coefficient.

Canonicalization: A deterministic map from equivalent representations to one representation.
In watermark auditing it removes representation selection; key exchangeability and
identical observed /reference scans still supply resampling validity.
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